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Npeaucnosue

., KHHra coepXxur noapoGHOEe M3INOXEHHE BCEX BOMPOCOB MpO-
rpaMMBI Kypca OORIKHOBEHHHIX AH(depeHUMANBHEIX YPaBHEHMI st
MEXaHMKO-MAaTEMaTHYECKUX M (PH3NKO-MaTEMaTUYECKUX ClELHaNb-
HOCTe#l YHMBEPCHTETOB, a TaKXE HEKOTOphbIE APYIrHe BOMPOCHI, aKTy-
albHbBIE VIS COBPEMEHHOI Teopun audxbepeHLMaNbHBIX YPABHEHHIA
M NPUNOXEHUIA: KpaeBhi¢ 3alla4YH, JUHCHHBIC ypaBHEHMSI C NMEPHO-
JWYECKUMM Ko3(ddHULIMEHTAMM, ACUMITOTHYECKHUE METOABI pELlICHUS
nndbepeHUMANLHEIX YpaBHEHUIH, pacIIMpeH MaTepHan MO TEOPHH
YCTONYUBOCTH.

Hoselit MaTepuan 1 HEKOTOpPLIE BOMPOCH!, TPAAMLIMOHHO BKIIO~
yaloluKecs B Kypc (Hanmpumep, TEOpeMHI O KOJEGMIOLIMXCS pelie-
HMSX), HO He o0s3aTeNbHBIEe IS TEPBOTO 3HAKOMCTBA C TeopHeit
auddepeHIIMATBHEIX YPaBHEHMH, JTaHH MENKUM LipudTOM, HaYano
M KOHELl KOTOPOTro OTAEJICHB NOPU3OHTANIBHBIMH CTpeIKaMH. B 3aBH-
CMMOCTH OT npoduns By3a U HAmnpaBl€HUit NMOATOTOBKU CTYAEHTOB
Ha Kacdenpe octaercst BbIGOp, YTO U3 3TUX BOMPOCOB BKJIIOYATh B KypC
NeKUuit ¥ NPorpaMMy 3K3aMeHa.

O6beM KHMIH CYLIECTBEHHO MEHbIle 00beMa M3BECTHLIX y4eh-
HUKOB 10 IaHHOMY KypCy 32 CYET COKpAIUECHHsI AOTOJHHUTENLHOTO
(He BXomslIEro B OGS3aTENBHYIO MPOrpaMMy) MaTepHaia M 3a CYeT
BeIOOpa Gosiee MPOCTHIX NOKA3aTENLCTB M3 MMCEIOIIMXCS B y4eOHOIl
JIUTEpaType.

Marepnan uanaraercst nogpoGHO M AOCTYMHO VISl CTYAEHTOB CO
CpelIHMM YPOBHEM MOArOTOBKM. MCNONB3YIOTCS JIKILID KIACCHYECKHE




Mpeducnosue

MOHSITUSI MaTEMaTUYECKOro aHAIM3a U OCHOBHHE CBENCHUS W3 JNH-
HellHo#M anreOphl, BKIIOYas XopaaHOBY ¢opMy MaTpulibi. Beoautcs
MHUHHMMAJIBHOE YUCJI0O HOBLIX onpenesieHuil. ITocne u3noxeHus Teo-
PETUYECKOr0 MaTepHaia NMPUBOAATCA C NOAPOOHBIMU MOACHEHUAMH
NMPUMEPHI €r0 NPUMEHEHHS. YKa3hIBAIOTCA HOMEPA 3a1ay s yIpax-
HeHMit U3 «C60pHHMKa 3anay o AuddepeHUHANBHBIM YPaBHEHUAM»
A. D, ®ununnosa.

B KoHlIe nmouTH Kaxnoro naparpada nepeuucasiorcsi HECKOIBKO
HampaB/ieHHH, B KOTOPHIX Pa3sBUBAIMCh MCCACAOBAHMSA MO JAHHOMY
BOIPOCY, — HAaNpaBl€HUI, KOTOpPHIE MOXHO Ha3BaTb, MONB3YACH
yXe€ M3BECTHBHIMM ,IOHSATUSMHU, M 1O KOTOPHIM MMEETCH JIMTEpaTypa
Ha PYCCKOM SI3BIKE.

B xaxnoii rnaBe KHUIM NPUHATA CBOSI HYMEPALUs TeOpeM, NpH-
MepoB, ¢dopmyn. CchlIKM Ha MaTepUan APYTHX I/1aB PEAKH U AAIOTCS
C yKa3aHMEeM HOMEpAa IJIaBH WM naparpada.




[JIABA 1

AnddepeHymanbHbie
ypaBHeHuA
W UX pelueHus

§ 1. Nouarye o puddepeHynanbHOM
ypaBHeHUH

E] Jupdpepernyuansiuim ypasrenuem Ha3bIBACTCA COOTHOIICHHE

F(z,9.9,....4™) =C, (1)

CBS3LIBAIOLLECE 3HAYEHUS] HE3aBUCMMOIO MEPEMEHHOTO Z, MCKOMO
GyHkuMn y = y() ¥ ee NMPOU3BOAHBLIX A0 HEKOTOPOTO MOPSAKA
n 2> 1. Iopsanok n crapiueit NpoU3BOOHOM, BXomslieit B ypaBHe-
HMe, Ha3HBaeTCsl nopadikom ypaenenus. Tlonpasymesaercs, uro B (1)
3HaueHns ¥,y ... , ™ GepyTcs NpH OTHOM M TOM X€ Z.

Pewenuem ypaBHeHns (1) HasbiBaeTcs: GyHKUMSA, ONpeAeeHHas
Ha HEKOTOPOM MHTepBasie (MM OTpe3Ke), UMEIOIasi NMPOU3BOAHBIE
[0 TMOPAKA N U YIOBJAETBOPSIOLIAs ITOMY YPaBHEHHIO, TO €CTh NpPH




Inasa 1. [Judpdepenyuanshbie ypasHeHus u ux peuwieHus

MOACTaHOBKE €€ B ypaBHEHHE 0GpalILaloLasi er0 B TOXIECTBO Ha 3TOM
MHTEPBAJIE.

Ecnu uckoMasi GyHKLIMSI 3aBUCHT OT HECKOJIBKHMX NMEPEMEHHBIX,
U B YpaBHEHME BXONST €€ YaCTHHIE TMPOU3BOAHBIE, TO YPaBHEHHE
Ha3HIBAETCH YpaGHeHuem C 4acmHuuimu npou3eodnvimu. Takue ypas-
HEHHUs 30ECh HE pacCMaTpUBAIOTCS, KPOMeE MOC/AeAHEro maparpada.
B orMume OT HUX ypaBHeHHe (1) Ha3HBaeTCs OGLIKHOBEHHBIM Aub-

depeHLIMANBHEM YPaBHEHHEM.
) TIpuMepHl MOKa3HBAIOT, 4To AuddepeHUManbHOE ypaBHEHME,
BOOGILIE TOBOPS, MMEET MHOTO peleHuit. Tak, ypaBHenuio y' —2z = 0
yaoBneTBopsieT GYHKUMS y = &* + ¢ NpH MoGOM TOCTOSHHOM C.
‘Ecnu Xe B 3aa4e, KoTopas npuseia K aAuddepeHUMANLHOMY YpaBHe-
HUIO, MILETCA eAMHCTBEHHOE PELICHHE, TO IO/DKHO GHITh 3aaHO U Ha-
YaabHoe ycaoeue, TO €CTh 3HaYeHHE UCKOMOI ¢yHKLIUM NPU KAKOM-TO
3HaueHMM z. Hanpumep, 3anaHue HavansHoro ycinosus y(l) = 5
TO3BONSIET HAWTH €, TIPH KOTODOM: EllieHHe Yy = & + ¢ ypaBHe-
Hus ¥ — 2z = 0 yIOBNETBOPSIET ITOMY YCJIOBHIO: ¥ = 5 npu = = 1,
Toects 12 4+¢=5,c=4.

B rnase 2 Gymer nokasaHo, uto ecnu f(z,y) u 8f/8y He-
NpepHIBHEL B o6nactu D, To ans moGoit Touku (zo, ¥o) € D cy-
IIECTBYET €AMHCTBEHHOE pellleHHe ypasHenus y' = f(z,y) c Ha-
YanbHBIM ycnoBueM Y(Zo) = yo. JAnA ypaBHEHHS n-r0 MOpsA-

xa y™ = f(2,9,9',...,35"") nHyxus n HavanbHEX ycnoBuit
!I(zo) = %o, y’(zo) = y('), cees y(n—l)(zo) — y(()n—l).

@ 3anaun, npusoasmne K mddepenmmanubiM ypasnenuam. Ilep-
BEIE npuMepbl NpuMeHeHus AudxbepeHUNaNbHBIX YpaBHEHMA Ui
pellleHHUsT TeOMETPHYECKHX M (HU3HYECKUX 3amay gaiu HbloToH u
JleitGHuLI.




§ 1. Nonamue o oupepenyuansHom ypasHenuu

PaccMOTpHM HECKONBKO 3a1ay TaKOro poja.
t

| 3apava 1. Haiitu xpusyio, Imo6a;| KacarenbHas K KOTOpoi# nepe- |
: cexaet ocb abcyucc B Touke, abcyucca KOTOpOi BABOE MeHblwe :
I abcumcchl TOYKU KacaHuA. ]

Pewenue 3adayu. 3anuwem ypasHeHwe Kpusoii B Buge ¥ = y(z).
KacarenbHas B Touke M(z,y) nepecexaer ocb abcumcc 8 TON-
ke K. B npamoyronbHoM Tpeyronb-
Huke MPK (puc.1) ussecreH ka-
Ter PM =y u tga = y (reome- M(z.y)
TPUYECKUA CMBICH nﬁouanomuoﬁ). No-
stony KP = PM/tga = y/y'. No
ycnoeuio KP = OK = OP/2, 1o 3 2 P

ecs y/y = 2/2, 2y’ = 2y. ‘ /K '

PewunTb 310 ypaBHeHHe MOXHO Me- Puc. 1

TOAOM, U3NOXEHHBLIM B n. 1 § 2, IT0 Aa-

et y = cx?, ¢ — nwoboe. Mpu ¢ = 0 nonyuaerca npamMas y = 0, oHa
He ABNAETCA peuieHueM 3aaa4u. Mo3ToMy UCKOMbIe KpuBkie Y = cz?
(c # 0) — napa6onui. <

YA

8|Y

i 3apava 2. Hanucarb guddepenyuanbHoe ypaBHeHUe ABUKEHUA |
I tena ¢ maccoit m no ocu Oz nop peiictenem cunul (¢, z, z'), !

HanpaeneHHoW no 3toi ocu. 3pecb = = z(f) — abcumcca |
i nz' =2'(t) — ckopoctb Tena B MoMenT £,

Pewenue 3adayu. CornacHo BTOPOMY 3aKoHy HbloTOHa uMeeM mz" =
J(t, z,2'). 310 — puddepeHunanbHoe ypasHeHue 2-ro NOPAAKa,




Inasa 1. [uddeperyuanshbie ypasHeHus u ux peulieHus

NO3TOMY HYXKHb 183 HaYaNbHLIX YCAOBUA: NonoxeHue Tena x(ty) =
Ty u ero ckopocTb z'(tg) = Z§ B KaKoi-nHGO MOMEHT £y,
PaccmoTpuM noppoGHee wacTHbiA cayval, korpa f — ynpyras
cuna, no 3aKoHy lyka NpoNOpUUOHANLHAA OTKNOHEHUIO Tena OT No-
noxeHusa pasHosecus £ = 0 u HanpasneHHas B CTOPOHY NONOKEHHS
paBHoBecus, To ectb f = —kz. Torpa ypaBHeHHe ABUKEHHA NPUHAU-
maet Bug mz" = —kz u umeer peweune = = c, cos at + ¢, sin af,
e a = y/k/m, a ¢, u ¢ — NpOU3BONbLHBIE NOCTOAHHBIE, KO-
TOpble MOXHO HaifTW, 3HaA HayanbHble YCNOBUA (HENOCPEACTBEHHO
NpPOBEPAETCA, YTO 3TO — pELeH!E; METOA ero OTHICKAHUA U3naraerca
8 §11). R |

Ecamn aBuXyTCS n TeN, CUIBI B3aUMOAEHCTBUSI KOTOPBIX 3aBUCAT

OT MOJNIOXECHMA TEN M UX CKOPOCTei, TO HANKCaB YPaBHEHMS JBHXE-
HMA I KaXOOro Tena, mnojydaem cucreMmy n auddepeHLUMaNbHBIX
ypaBHeHUit. EciiM Tena ABUXyTCA HE Mo npsMoii, a B MPOCTPaHCTBE,
TO NMOAOOHbIE YpaBHEHHS MULLYTCH WA KAXKIO KOOPAUHATHI KAXAOro
Tena, U MONy4aeTCs CUCTEMA U3 31 ypaBHEHMIA.

-
3apava 3. B a3nextpuueckyio uenb no- :
CnepoBarenbHO BKAIOYEHL MCTOYHUK NO- I~ [
CTOAHHOTO TOKa ¢ HanpsxeHuem V, xa- :
Tywka camouHaykuuu L, conportuene- v R :
Hue R u BbIKNIOMATeNb, KOTOPLIH 3aMbi- T |
[
[
[
J

kaer yenb npu ¢ = 0. Haittu cuny Toka
8 uenu npu ¢t > 0 (puc. 2). Puc. 2

Pewetue 3adayu. CornacHo pu3uyeckum 3akoxam ([7], § 13) npu no-
CNeA0BaTeNnbHOM CORAMHEHNN BO BCEX 3NEMEHTax uenu cuna Toka I(t)
ofiHa u Ta xe. Cymma napeHuit HanpAXKEHUA Ha BCeX 3iIeMeHTaxX uenu

10




§ 1. lMoxsamue o dugpeperyuansHoM ypasHeHuu

paBHa HanNpaAXeHUo UCTOYHUKA TOKA, TO eCTb

dI ,
L +RI=V; I(0)=0.

Pewutb ypaBHenue MOXHO MeTooM N.1 §2. C yyetom ycnosus
I(0) = 0 umeem

I(t) = %(.1 —e%) (t>0).

CneposarenbHo, Cuna Toka MOHOTOHHO Bo3pactaeTot I = O nput =0
U ctpemutca (Ha npakTuKe OYeHb GBICTPO) K NpeaenbHOMy 3Have-
Huo I(00) = V/R — K TOMY 3Ha4YeHI0, KOTOpOe NOAyuMaoch G
no 3aKoHy OMa npu OTCYTCTBUM CaAMOMHAYKLUK, <

Hexoropbie oGnactu npuMeHeHUst andxpepeHIIMaNBHBIX ypaB-
HEHMIt: cMCTeMbl aBTOMaTHYECKOrO YMPAaBJICHHUS; pacyeT ABHXECHHUS
paKeT, CMYTHUKOB M HEOECHBIX TeJl; pacyeT TOKOB B CIOXHHIX 3JI€K-
TPUYECKHX LieMnsAX; IMHAMMKA MEXaHMMECKMX U (PU3NYECKHX MpoLiec-
COB B TEXHHMKe; KHHETHKA XHMUYECKUX peaKLuii; OTAENbHBIE BOMPOCH
ouonorum.

@ Teomerpuaeckuit cmuicn ypasHeHus y' £ f(z,y). Ina xaxnoi
TouKH (z,y) U3 obnactn D, rae onpeneneHa GyHKums f, ypaBHe-
uue y' = f(z,y) onpenenser 3HaueHHUe NPOU3BOAHOIN y' peleHus,
NnpoXozsiero Yepe3 3ty Touky. Ho ¢ = tg @, rae a — yron HaknoHa

. KacaTeJIbHOM K KpUBOH, mpoxoasiue# yepe3 Ty Touky (puc. 1). Ta-

KuM 06pa3om, ypaHeHue y' = f(z, y) onpenensier B o6nactu D nose
Hanpaenenuii: B KaXNO# TOYKE ypaBHEHHME OIPEAC/ISET HAMpPaBICHUE
KacaTeJIbHO! K pelIeHHI0, MPOXOASIIEMY Yepe3 3Ty TOuKy. MoxHo
HarMsIHO U300pa3UTh 3TO MNoJie, €CJIM B 061acTH D B3Th JOCTATOYHO
«IYCTOE» MHOXECTBO U3 KOHEYHOTO YHCJIa TOYEK U Yepe3 KAKAYIO ero
TouKy (Z, y) MPOBECTH KOPOTKHil OTpE30K NoA YIioM a K ocu Oz,

11



Inasa 1. [upgpepenyuansHoie ypasHeHus u ux pelieHus

rae tga = f(z,y). MpoBons B ob6nactu D KpuBbie, UAYLIME Be3ne
NPUGIU3UTENBLHO MO HAMpPaBJICHUIO GIMXANAILIMX OTPE3KOB, NOJYy4YaeM
NpeACTaBJICHHE O X0 PelieHUil JaHHOTO ypaBHEHMS.

MeTtoa H30KIHH NOMOraeT NMOCTPOUTH NOJie HanpasieHuit. H3o-
Kaunoii (MMHMEN PaBHOTO HAKIOHA) WA ypaBHeHus y' = f(z, y) Ha-
3BIBAETCS TEOMETPUYECKOE MECTO TOYEK, rae f(z,y) = k, k = const.
JInst HeCKONMBKUX k U3 MHOXECTBA 3HaYeHMit pyHKuMM f, B TOM YuChe
s k= 0u k = oo (ecnu f(z, y) npUHUMAET 3TH 3HaYEHHS), CTPOUM
M30KIMHH f(z,y) = k, cTapasch He OCTaBUTb Ha yepTexe GONbILINX
obnacTeit 663 U3OKIMH WK XOTs GBI GE3 MOMETOK THMA «31€Ch Y > 2».
Yepe3 MHOTHE TOYKH KaXIOi M30KIMHBL f(2, y) = k mpoBoAMM Ko-
POTKMe OTpe3Ku mnoj yrimoM a (tga = k) x ocu Oz. o 3tomy
TOMO HanpapleHUI CTPOMM unmezpaasivle Kpueie — rpaduKu pe-
IIEHWA JAaHHOTO YpPaBHEHHsI. DTH KpMBBIE B TOMKAX IepeceyeHHs
C Kaxmoif M30KIMHOI JOMXHBI UMETh KacaTelbHbie, napaiiefibHble
OTpe3KaM, MOCTPOEHHBIM Ha 3Toit u3okiIuHe. MHOraa moje3Ho npo-
BOIMTH HE TONBKO M30KIUHBI, HO M APYTHE KPUBbIE — TaKHe, KOTOpbie
NepecexaloTcs MoJieM HanpaBieHHit TONBKO B OAHY CTOPOHY.

i NMpumep 1. C nomowybio METOAA U3OKAMH NPUOAKIKEHHO NOCTPO- |

| UTb HECKONbKO WHTErpanbHLIX KPUBLIX ypaBHeHus ¥’ = z — y2. |
e e e e e e e e e e = J

Pewenue npumepa. Qna HecKoAbKUX 3HayeHwwi k, Hanpumep, Ans
k =0, 1, 2 nposenem usoknuun & — y> = k. 310 — napabonu.
Kaxayio usoknuuy & — y> = k nepecedyeM KOPOTKUMM OTPe3KaMH
nog ymom ¢, tga = k, kK ocu Oz, He LOXOAALMMU RO APYruX
U30KAUH. [poBEeAeM MHTErpanbHbLie KpUBbIE, HaNPUMEP, Yepe3 TOYKM
(1, 1), (0,0), (1, —1), (=1,=1), cornacyacb, KaK yKkasaHo Bbile,
C HaNpaBeHUAMK OTPE3KOB Ha W30KAMHAX. MonyyeHHbii puc. 3 paer
obiyee npeacTaBnenme o peweHnsx ypasHenns y' = z — y2. <
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§ 1. Noxamue o dugpdpeperyuansrom ypasHerHuu

M
XoTs pHCYHOK NPUOAMXKEHHBil, U3 HETO MOXHO MOJAYYUTb HEKOTOPbie TOY-
Hbie CBECHMA O peiieHusAX. B obmactu z < y2 HMeeM y’ < 0, u Tam
pellieHHst TONbKO YGHBAIOT, a B 06GNacTH Z > y° — TONBLKO BO3PACTAIOT.
Ha napaGone z = y* nme-
eM ¢ =0 H uHTErpaNbHBE
KpMBBIE MOTYT MNepeceKaTh
€e¢ TONBKO CJICBA Hampaso,
JOCTHras MHHHMYMa B TOY-
Ke nepeceyeHus. IMoaromy
u3 obnactu z > y® pemwe-
HHUA He BHIXOOAT. B 3amMKkHy-
Tot obmacth z > y* + 1
umeeM yf =z -y’ > 1, no-
3TOMY BCE NMPOXOAALINE TaM
pellleHust, Bo3pacTasi, BXO-
IAT B MONOCY MeXay H3o-
KiHHaMH 2 -y’ = 1 n z~y® = 0 ¥ OCTAIOTCA TaM, TAK KaK none
HanpaBieHU Ha rPaAHULIAX 3TOl NOMOCH NpH y > 1/2 He NaeT UM BHIATH.
Gl

Puc.3

{

MeTon M30KIMH OGBIYHO AaeT NMpeACTARIEHHE O MOBEACHUH BCEX
pemeHuit naHHoro ypasHeHus. Ho oH oGiagaeT Manoit TOUHOCTBIO
U TIPUMEHHUM TONbKO K Y3KMM KJlaccaM ypaBHEHMii: K ypaBHECHMUAM
nepsoro nopsaka y' = f(z, y), K cucTeMaM Buza

dz dy
d—t - p(z: y)9 Et- - q(ﬁ, y)

(cucrema cBonutes x ypasHenuio dy/dz = q(z, y)/p(z, y)) ¥ x ypas-
HeHusm Buaa ¥ = f(y,y') (3ameHa y' = z npusomuT K cHcTeMe
¥ =2, 2 = f(y, z), orciona dz/dy = f(y, z)/z). Kpome Toro, ecnu
dbynkuusa f(z,y) cnoxHas, TO TPYJHO CTPOUTH M3OKITHHBI.
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Tnasa 1. [Jupgepenyuanstsie ypasHeHuA u ux peweHus

§ 2. Mpocreiine MeToAbl OTHICKAHUA pelleHUH

PaccMaTpuBaloTCsi OCHOBHBIE KIacchl Aud¢epeHIHAILHBIX ypaBHe-
HUA NepBOro NopsiAka, Wi KOTOPHIX PeleHUs MOTYT OBITh HallieHbI
C MOMOIIBIO TOXIECTBEHHBIX NMpPeoOpa3oBaHMit JAHHOTO YpaBHEHMS
M 3aMeH NepeMeHHBIX. YpaBHeHusi Buga F(z,y,y’) = 0 TpeGyior
TEOPETHYECKOrO UCCACHOBAaHUA U OyAyT pacCMaTpuBaThes B § 8.

@ VYpasHenns ¢ pasneisomuMica nepeMenHbiMH. OHM MOTYT OBITh

3aMMCaHH B BUME
¥ = f(2)9(y)- )

IIpeanonaraeM, yto GyHKUMHU f M g HENPEPBIBHBL
Ecmm y(y) =0npuy =9,y =49, ..., 0 GyHKUMH y(Z) = Y1,
y(z) =y, ... ABIAIOTCA PELICHUSAMH. :
B oxpecmocm Kaxnoit Touku, rae g(y) # 0, pasnenum oGe
yacTH ypaBHeHHUs (2) Ha g(y) M MpOMHTErpUpyeM Mo z obe YacTH
yDaBHEHMSI :
Y

- = f(z)’
9(v) : 3)

/g(y) /‘f(z)dﬂc’ /y(y) /f(z)dzH'

HeonpeneneHHBIH MHTErpan 31eCh O3HaYaeT Jobyio epBoOOpa3HyI0
(bYHKLHIO, TO €CTb TaKYI0 (DYHKLHIO, POU3BOAHASA OT KOTOPO# paBHa
noabiHTerpanbHoOit dyHkuuu. Ecnu ase QyHKUMH paBHBI, TO HHTe-
IPajibl OT HMX MOTYT OTJIMYATBCSA Ha NO6YI0 MOCTOSHHYIO, TO €CTh
B (3) ¢ — npousBonbHas nocTosHHasA. O603HAYMB MHTErpaibl B (3)
yepe3 H(y) u F(z), nonyyaeM peuieHHe ypaBHeHusi (2) B HesB-
HoM Buze: H(y) = F(z) + c. Ha mo6Gom unrepsane, rae g(y) # 0,
dyskuus g(y) coxpaHsier 3HaK, 3HauuT, GyHKkuusi H(y) crporo mo-
HOTOHHA, HEMpepLIBHA M UMeeT o6paTHylo dyHkuuio H ™!, Moaromy
peleHHe MOXHO 3amucath u B Buae y = H™'(F(z) + ¢).

14




§ 2. lpocmeliwue memodbl ombickaHuA pewerull

3adayu Ons ynpaxneHud:
[12), §2, Ne51-59,

PewieHue, ynosneTBopsiolee Ha4aTbHOMY YCAOBHIO ¥(Zo) = Yo,
B caydae g(y) = 0 ectb y(z) = yo. B cnyuae g(yo) # 0 Ha uHTepBane,
rze g(y) # 0, u3 (3) nonyyaeM pewenue y(z) B BUAE

y(=)

fa-fuow

3ameuanue. Mpepnonoxum, uto g(yo) = 0, f(zo) # 0 u uto Ha
Hekotopom uutepsane Y < y < ¥ (wm ¥ < y < yo) nmeem
g(y) # 0 u neewit uHTerpan B (4) UMeET KOHe4HOe 3HayeHue, TO

", eCTb cxoauTcA. Toraa MOXHO NOKa3aTb, YTO HA HEKOTOPOM OTpe3Ke
TSz <z (W z) << 2H) hopmyna (4) Takke onpepens-
eT pewenue ypasuewus (2). Ycnosuio y(zo) = yo YAOBNETBOPAIOT
u pewenue (4), u pewenune y(z) = yo.

| Mpumep 2. Pewnts ypasuenue y' = 3y*/>, |
L

Pewenue npumepa. Npasas yacTb pasHa Hymo npu y = 0, No3TOMY
y(z) = 0 — pewenue. Yto6t: HaiiTH Apyrue pewenus, aenum obe
vacTu ypasrenua Ha 3y*/> w unterpupyem:

y dy
W—l’ W—/ldm+c,

yl’3=z+c, y=(a:+c)3.

)

Yepes niobyio Touky (2o, 0) ocu Oz npoxoaut pewenne y(z) = 0
u pewenme y = (z — 2o)°, nonyuennoe u3 (5) (puc. 4). Umerorca
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Inasa 1. [Juddeperyuanstsie ypasHeHuA u ux pewleHus

TaK)e peweHus, COCTaBeHHbIe U3 ABYX UNK TPeX KYCKOB Ha3BaHHbIX
BbiWwe pewenuii, vanpumep, ABz, NB3;C3, ABB;C, u 1.n.

Takue cocraBHbie yHKUUM ABAAIOTCA PeWeHUsMH, TaK KaK OHU
BCIOAY MMEIOT NPOU3BOAHYI0 (B TOYKe CTbIKa NpaBas NPOW3BOAHAA

paBHa neBoi) u BCIOAY YROBne-
TBOPAIOT AAHHOMY YPaBHEHUIO. <«

YpaBHeHHs BuAa
y' = f(az +by +0)

NMPUBOIATCS K YPaBHEHHUSIM C
Pa3IeNAIOIIMMHUCS NMEPEMEHHBI-
MH 3aMeHo#t 2 = az + by + ¢,

z = z(z). Torna z' = a+by', cneposarensHo, 2’ = a+bf(z). 10 —
YPaBHEHHeE C Pa3NeNsIOMUMHUCA NEPEMEHHBIMH.

|| 3adayu ons ynpaxneHui:
[12], § 2, N260-65.

‘ZI 3anuch ypasnenns B Juddepennuanax — 3T0 3aMUCh

M(z,y) dz + N(z,y) dy =0,

(6)

rae M u N — ussectHole GyHKUMH. 30eCh CYMTAETCHA, YTO JIOOYIO
M3 BEJIMYMH & U Y MOXHO Ha3BaTh UCKOMOH (dyHKUMEH, a ApyryI0 —
HE3aBUCHUMBIM NEpeMEHHbIM. PelleHusiMu ypaBHeHHs (6) Ha3bIBAIOT-
Csl peleHUs XOTs GBI OAHOTO U3 YpaBHEHHUIA

dy _ _M(z,y)
dz  N(z,y)’
Hanpumep, ypaBHeHHe ydz + = dy = 0 MoXHO npeobpa3oBaTh

K 11060My M3 BUIOB
dy _ ¥

dz ~

(a),

dz  N(z,y)
dy  M(z,y)

dz z
— =—-— (0).
i (6)
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§ 2. lpocmeliwue MemoObl oMbICKaHUA pewerull

PelueHusIMM YpaBHEHHU () ABNAIOTCH %ynxmm y=aqa/z (¢ — mo-
6oe YMCNO, BKIIOYAs HYJIb), a ypaBHeHHst (6) — dyHKUMM T = /[y
(c2 — moGoe). Pynkumst y = 0 yNOBIETBOPSET TOJNBKO YpaBHE-
HMIO (a), TaK Kak i Hee CUMBO dz/dy He HMeeT CMHICHa, a ByHK-
ums 2 = 0 — TonbKo ypasHeHHio (G). Bce atn dyHkumnu (y = ¢ /z,
y = 0 u z = 0) Ha3HIBAIOTCSA PeLICHUAMH ypaBHeHUs y dz+2 dy = 0.

I:g Oxnopoanbie ypasHenns. 3TO ypaBHEHHs, KOTOpDHE MOXHO 3a-
nucats B Bune y' = f(y/z) wnn B suge (6), rae M(z,y) u N(z,y) —
OnHOpoaHHe GYHKUMHM OfHOIM U TOlk Xe creneHu. PyHkuus M (z, y)
Ha3bIBAETCH 00HOPOOHOIl yHKyueli CTETIEHH P, €CH IS NOOHIX Z, Y
U moGoro k > 0

M(kz, ky) = kK*M(z, y).

IpuMepH OXHOPOAHBIX DYHKLIMIA:

2 2 33 _*t+2 2. Y
ax+by, az’+bzy+cy’, 2x+ /23 -5y3, —-————322_%3,, z smz.

OnHOPOIHHIE YPaBHEHHS CBOAATCA K YPAaBHEHMSIM C Pa3fieisio-
IMMHCS NEPEMEHHBIMM 3aMeHON Y = £z, 2 = 2(Z); Clle0BATENBHO,
y' = 22’ + z. [puMep pelIEHHs] ONHOPOAHOTO YPaBHEHUsI CM. B [12],
§4,n.1. ,

OnHOPOIHOE YpaBHEHHE HE MEHSIETCS NPU ONMHOBPEMEHHOH 3a-
MeHe z Ha kz, y Ha ky (k = const > 0), 970 cnieayeT u3 onpeneneHus
OHOPOIHOrO ypaBHEHHUs. IT03TOMY KaXx[o€e pellleHHE ONHOPOXHOIO
YDaBHEHHSI MNP TaKOil 3aMEeHe MEPEXOAUT B PELICHHE TOTO X€e ypaB-
HeHus. M3 31010 ClieryeT reoMeTpUYECKOE CBOHCTBO: NONOGHOE Tpe-
oGpa3oBaHue z — kz, y — ky c ueHtpom nopobus (0, 0) nepesoaut
BCE MHTETPATbHBIE KPUBHIE ONHOPOAHOTO YPABHEHHSI B HHTETPANBHBIE
KDMBHIE TOIO X€ YPABHEHHS.

I 3adayu Ons ynpaxHenudi:
[12], §4, Ne101-112.
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Inasa 1. [ugdeperyuanshble ypasHeHus u ux pewerus

s>

OG ypaBHeHWsIX, NPUBOAALIMXCA K OXHOPOAHBIM, cM. [12], §4, n.2 u n. 3.
3amaumn Tam xe, Ne 113-120 x n.2 ¥ Ne 121-129 x . 3.

L ]

@ Jluneiinbie ypaBHeHHS — 3TO Te, B KOTophie ¥y U ¥ BXomaT
NMHEXHO, TO eCThb B nepBoit creneHu. OHU NMPUBOAATCH K BUAY

' = a(z)y + b(=). ()
YTO6H pEIINTh 3TO YpaBHEHHE, CHAYA/Ia PEIIAEM YpaBHEHHE
¥ = a(z)y. (8)

Pa3snesnsisi nepeMeHHbIE, Kak B (3), monyyaeM
!
¥ / L /
= =a(z), — = [ a(z)dz+ ¢y,
y (=) ” (=)

Inly| = / a(z)dz + ¢, |yl =e"p(z),

rme @(z) = e/ *® % 3yaunr, y = tep(z) = cp(z) — pemenne
ypaBHeHust (8). 3neck ¢ — moGoe. 3HaueHHe ¢ = 0 HaeT pelieHHe
y = 0, KoTopoe GBUIO MOTEPAHO NpPH ACNEHUH Ha Y.

Teneps umeM peieHue ypasHerus (7) memodom eapuayuu no-
cmosanHbiX. 3aMEHSAEM TIOCTOSIHHYIO ¢ Ha 10Ka HEM3BECTHYIO (QyHK-
umio c(z). Moxncrasmss y = o(z)p(z) B (7),nonyyaem

dp+ ey = a(z)cp + b(z). ©)
Tak kak y = @(z) — pewenue ypasHenus (8), To cp' = a(z)cp,
u u3 (9) nmeeM dp = b(z). Haxonum ¢(z), 3ateM ¢(z), u nonyyaem
peutenue y = c(z)p(z) ypasHeHus (7).
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§ 2. lpocmeliwue Memodbl ombickaHus peweHull

Pewenue npumepa. Pewaem cnavana ypasuenne zy' = 2y. Pasnenas
nepeMeHHble W UHTErpupys, nonyyaem

y 2 / dy /‘ 2

_—= - — — d ’ l = 21“ kA .

Yz ” z z+¢, Inly| 2| + ¢
Otciona umeem y = %e®z? = cz?. Teneps UileM peweHHe HCXOAHOTO
ypaBHeHHA B BuAe Yy = c(a:)z’. Mopcraenas B UCXOAHOE ypaBHEHHUE,
nonyyaem

23 +¢-22% = 2ex? - 22*, ¢ = -2z
Otciona ¢(z) = —2% + ¢, n y = c(z)z? = —z* + cy2> — uckomoe
pewenue. ' |
OG ypaBHEHHsIX, TUHEHHBIX OTHOCHTENBHO T, CM. [12], §5, n.2.

3adavu onn ynpaxHenud:
[12], §5, N2136-150.

@ Ypasnennst BepHy/uI — 3T0 Te, KOTOPHIE MOXHO 3aMKCaTh B BUAE

¥ = a(z)y+b()y" (e#0,a#1). (10)

Ilpy @ = 0 1 @ = 1 310 ypaBHEHHe — JHHetHOe. YTOOH peluTh
ypaBHeHwue (10), Hano o6e ero YacTH pa3nenuTs Ha Y

vy = alz)y'" " + b(z)

¥ BBECTH HOBYIO MCKOMYI0 byHKUMIO z = y' ™%, Torma

Z=(1-ay™,

Y ypaBHEHME CBOAUTCS K JIMHEIHOMY

!

z
=== a(z)z + b(z).
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Inasa 1. [Jugpdpepenyuansrbie ypasHeHus u ux peuleHus

DTO ypaBHEHME peEIIAeTC METONOM, MIIOXKEHHbM B m. 4. Hano
MOMHMTB, YTO NpH AeNeHHH Ha y® B cnyyae a > 0 Tepsiercs pelle-
Hue y = 0.

3adayu ona ynpaxHenuii:
[12], §5, N2 151-160.

VYpasuense B nombIX auddepenunanax — 3TO TaKOE ypaBHe-
Hue Buaa (6), neBass 4acTb KOTOPOTrO eCTh MONHbIA AnddepeHuman
or Hekoropoit dyHxuum F(z,y). Ipeanonaraem, uto GyHKUMH
M, N, M, N. HenpepbIBHHI.

Jns cymecTBoBaHus Takoit GyHkuumn F(z, y) Heo6xoamMMo, 4To-
68 M, = N,. B camom nene, dF(z,y) = F, dz + F, dy; 4ToGH
310 paBHsIoch Mdx + Ndy, Hano, YTOGH! BBIMOJHSJINCh PAaBEHCTBA
M =F,, N =F,. Hotorna My = F;; = F;, = N;.

B Kypce MaTeMaTHYeCKOro aHajliu3a J0Ka3biBaeTCs, YTO B CIy-
yae, Korma GyHkumn M U N paccMaTpUBalOTCS B OXHOCBSI3HOM
061acTH, TO ecTh B.0GNacTH Ge3 «abip», yciosue My = N, sBni-
eTcs M AOCTATOYHBIM, M PyHKumus F(z,y) BHIpaxaeTcsi C MOMOIIBIO
KPUBOJIMHEHHOrO MHTErpana. ‘

H3znaraeMuiit HXe Gonee MPOCTOit cnocod OThHICKaHMST QyHK-
K F(z,y) MOXHO NMPUMEHATH B oGOl 06acTH, HO MHOTAA OH
naeT HenpephiBHYIO dyHKumMio F(z, y) muumb B yacTH o6nacTu.

IposepsieMm, yto M, = N}. U3 ypapuenus F, = M nonydaeM

F(z,y) = / M(z, y) dz + ¢(y). (11)

INpoussonHass F; — 4acTHas, OHa Gepercsi NMpH TNOCTOSHHOM ¥,
MO3TOMY Y CUMTAETCS NMOCTOSHHBIM TMPHM HWHTETPUPOBAHHUM MO Z.
®ynxuus (11) ymosnersopsier ypasHeHuio F; = M npu mo6oit
dynxunn ¢(y). Hainem o(y), noacrasnsis seipaxenue (11) B ypas-
Heune F, = N. (Ecim npu otsickauum ¢(y) okaxercs, 4o ¢'(y)
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§ 2. lpocmeliwue Memodbl ombicKaHus peweHul

3aBMCHT M OT Z, TO UNM ycioBue M, = N, He BHIONHEHO, WK
JoNyIIEeHa HHasl oKn6Ka.)

C HailineHHoit ¢yHkumeit ¢(y) ¢opmyna (11) maer dyHk-
uuio F(z, y). ManHoe ypaBHeHue (6) 3anmwercs B uge dF(z,y) =0.
®yHxuua y(z) Oyner pewenueM ypasHenus (6), ecnu M(z,y) +
N(z,y)y’ =0, 10 ecTs (Tak Xax M = F;, N = F,), ecnu

% F(z,y(z)) =0, F(z,y(z)) = c= const.

AHanornyHo, ¢yHkumsa z(y) — peweHue ypasHeuus (6), ecam
F(z(y),y) =c.

TakuM oGpa3oM, pelieHus ypaBHeHHUs (6) — 310 DyHKuUMH Y(z)
wn z(y), onpenensieMble paBeHCTBOM F(z, y) = c. .

HanpuMep, it pacCMOTPEHHOIO B 11. 2 ypaBHeHHS ydz+2zdy=0
umeeM F(z, y) = zy, ¥ peeHus ypasHenuss — GyHkumu y(z) wim
z(y), onpenensieMbie GopMynolt zy = c.

TpuMep penieHHs: ypaBHEHUsI H3NIOXEHHBIM METOIOM cM. [12],
§6, n.1.

3adayqu Ona ynpaxweHuii:
[12], §6, N2 186-194.

Hurerpupylonum MHOKHUTENIEM VISl JAHHOTO ypaBHEeHHUS BHaa (6)
Ha3sbiBaeTcsi GyHKUMA m(Z, y), MOCAe YMHOXEHHS HA KOTODYIO JaH-
HOE YpaBHEHHE MpPEBpalllaeTCs B YPaBHEHHE B MOMHBIX audbepeH-
uManax. 3anaya OTBICKAHMS MHTETPUPYIOLLETO MHOXUTENS B OGIIEM
Cllyyae CTONb Xe TpyAHas, KaK M 3aJaya pelIeHUs NaHHOrO ypaB-
Heuus. O nmpHeMax, MO3BOJSIIOIMX B HEKOTOPHIX CIYYasiX OTHICKATb
TaKkoi MHOXHTENb, ¢M. [9], .2, §3, n.3 u [12], §6, n.2.

HHorma B 3anmucH JaHHOro audxbepeHUMANTbHOTO YpaBHEHMS
MOXHO BBIIENIUTH TaKylo QYHKUMIO (&, y), KOTOpask BXOAMUT B ypaB-
HEHHeE HECKOMbKO Pa3, HarpuMep, BXOAMT U (z, y), U auddepeHLH-
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Inasa 1. [ugeperyuanshbie ypasHeHus u ux peweHus

an dy(z, y). Torma B ypaBHEHHMH MOXHO CHENaTh 3aMeHY (2, y) = z,
MNP 3TOM OJIHY U3 CTaphIX MEPEeMEHHBIX £ U Y HANO BHIPa3UTh Yepe3
ApYTYI0O U 4epe3 z. B psne ciydyaeB 310 NO3BOJNSET YNPOCTUTH WIH
pewuTs ypaBHeHHe. [TpuMepst cm. [12], §6, n. 3.

3adaqu Onsa ynpaxHerud:
[12], §6, N2 195-220.

| —— ]

@ PaccMOTpeHHBIE BBHIILIE THIMH YPaBHEHMI He OXBaTHIBAIOT BCEX ypaB-
HeHmit Buna y' = f(z,y), pemaeMbix 3/€eMEHTAPHBIMH MeTOaMM. MHoro
YPaBHEHHI, NOMYCKAIOUWMX 3JIEMEHTADHBIE PELICHHUA, HMEETCA B CMpPAaBOY-
HuKe [29], wacth 3, masa 1. BONBIIMHCTBO M3 HUX WIH NPHHANIEXHUT
K PaACCMOTDPEHHBIM BHILIE THINAM YPaBHEHHH, WJIH CBOIMTCH K HUM 3aMCHaMH
nepeMeHHBIX.

OnHako NMPOM3BOJILHO HANKCAHHOE ypaBHeHue Buna ¥y = f(z,y), ecnu
OHO HE M3 CaMBIX MPOCTHIX, YALIE BCETO HE YNAeTCS PEHIMTb C MOMOILLIO
3/IEMEHTAapHHIX NpHeMOB. JIMYBWILIb MOKa3al, YTO AaXe CPedM MpPOCTHIX
YDaBHEHHI MMEIOTCS TaKHe, KAK HanpuMep ¥’ = y* + 2, HH OIHO pelIeHHE
KOTOPBIX HE BHIPAXAETCS Yepe3 3NEMEHTApHbBIE (DYHKIMH C IOMOILBIO KOHEY-
HOTO YMCJIa /IEMEHTAPHBIX ACHCTBHI M Omepauuii B3ATHA HeonpeaeNeHHOrO
HHTerpana.

CoBpeMeHHbIE BHIYHCIUTEIbHBIE MALIMHBI NMO3BONAIOT BHYHCINTD pe-
MmeHHe KOHKPETHOTO YpaBHEHMs ¢ Gosbioif TouHocThio. Ho npexne, uem
MX NPHMEHATD, HAZIO 3HATb, YTO PEIIEHHE CYLIECTBYET, H 3HATh Te CBOMCTBA
peleHHi, KOTOphie Halo YYUTHIBATh NPH BLIYMCICHMAX Ha MalIMHE.

Gl

§ 3. MeToabl NOHMKEHUA NOPAAKA YpaBHEHUMN

Jnsi nMHEHAHBIX YpaBHEHHil BBICIIMX TMOPSAKOB METONbI PEIICHHS
paccMaTtpuBalorcs B § 10 u § 11, mns nuHeiHbIX cucreM — B § 14,
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§ 3. MemoOduI noHumerus nopaoKa ypasHeruli

Jinsi HEKOTOPLIX KJIAacCOB HEMMHEHHBIX ypaBHEHHI NPHUMEHSIOTCS
METOB MMOHMXEHMS MOPSAKA, MO3BONAIOIINE YIPOCTHTD ypaBHEHME,
a B HEKOTOpBIX Clydasx — pemnuTth ero. Huxe paccmarpusalorcs
OCHOBHBIE K/IaCCHl YPaBHEHMIA, TOMYCKAIOIHUX MOHMXEHHE MOPSIKA.

I_T_:_l B ypaBHeHHe HE BXOIMT MCKOMas (yHKuusi (M, BOIMOXHO,
TaKXe ec NPON3BOIHHIE IO HEKOTOPOTO NOpANKa). YpaBHEHHE UMeEET
BUI

F(z,y®,...,4™) =0 n>k>1).

Toraa 3a HOBYIO HCKOMYIO DYHKIIMIO z(x) GepeM HH3LIYIO U3 NPOU3-
BOHHIX, BXOASIIKMX B ypaBHeHue, To ectb y*) = z. Torna

g+ = ™ = ;08
IMopsanox ypaBHEHMsI IOHUXKAETCA Ha k €IUHULL.

‘Zl B YPaBHCHHE HE BXOAUT SIBHO HE3aBUCHMOE NMEPEMEHHOE. YpaB-
HCHHUE UMECT BUI

F(y.y.¢",..., y(")) =0.

Torzna GepeM 3a HOBYI0 HCKOMYIO QYHKLHMIO §' = p, a 32 HE3aBUCUMOE
nepeMeHHoe Y. IlepecunTEIBAEM NPOU3BOAHBIE:

=p(Y), Yzze=0:=0y Yz=0y"D,

Y106H 3aMEHHMTH y( ), Hano npoauddepeHIHPOBaTh MO Z BhIpaXe-
Hue yg’ H yepes p, py, o pg' 2 . Anst aToro Hano ero npoaudde-

PEHLMPOBATH no % ¥ 3aTeM YMHOXHTb Ha ¥}, TO €CTb Ha p. [Tomyunm

BBIpaXXeHHe yz Yepe3 P, Py, -+« » pg‘ N . Tlopsiniok ypaBHEHUs MOHH-

3UTCS Ha enmmuy CMm. npumep B [12], §10, m.2.

| 3adayu ons ynpa)kueuuu':
[12), § 10, Ne 421-450.
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Inasa 1. [ugdepenyuansHsie ypasHenus u ux peweHus

@ YpaBHEeHHE OIHOPOANHO OTHOCHTENILHO HUCKOMOM (yHKUHH Y
U ee NMPOM3BOAHEBIX, TO €CTh HE MEHMAETCH, €CIM KAXAYI0 U3 3ITHX
BEJIMYMH YMHOXHTb Ha OOHO M TO Xe uucio k > 0. Torma nmena-
eM 3aMeHy y' = yz, tie 2z = z(x) — HOBas MCKoMast GYHKUMS.
TIpousBogHbBIE 3aMEHAIOTCA NO GopMynaM

vV=yz, V=@ =y +yz=9+y, ...
3nech BCce MpOM3BOAHBIE GepyTCs MO . BripaxeHue 11 Kaxnoii rmpo-
U3BOAHOM y"‘) nony4aercs nyreM auddepeHLIMpPOBaHUS BhIPAXEHHS
hib 4 y("") u 3aMeHH ¢’ Ha yz. ITocie MOACTAHOBKM 3THX BHIpAXe-

HUI B ypaBHEHHME TNPOMU3BOAUTCS COKDALUCHUE HA Y M TONyYaeTcs
YPaBHEHHE MOPSAKA % — 1 OTHOCHUTENBHO 2.

I 3adayu ona ynpaxreHud:
[12], § 10, N2 463-472.

[ e

YpaBHeHKEe OAHOPOXHO B 0GOOLIEHHOM CMBIC/IE, TO €CTh HE MEHSETCH
oT 3ameHH z Ha kz, y Ha k°y, k — uucno. Ilpu 3rom y' = dy/dz
samensercs Ha k®~'y', y" — na k*"%y” u T.n. Yro6bi y3HaTh, OGNanacT nu
JaHHOE YpaBHEHHE 3THM CBOWCTBOM, H HAWTH MMCIO a, HALO MPHPABHSITH
IpYT OpYTY NMOKa3aTeJIK CTeneHe, B KOTOPLIX OyaeT BXOAUTDb k B KaXAbiil wieH
ypaBHEHHs MOC/Ie yKa3aHHO# 3amMeHbl. Eciin Hailnercs Takoe a, pH KOTOPOM
BCE 3TH MOKA3aTeNM PaBHHI, TO JENAacM 3aMEHY NMEpeMEHHbIX = = e’ (npu
z > 0), y = ze™, e z = z(t). [onyyaem ypaBHeHHe, He colepXallee IBHO
He3aBHCHMMoro nepemeHHoro ¢. IMopsamok Takoro ypaBHEHHs MOHHXaeTcs
ONHHM M3 NpeabIayIHUX CNocoGOoB.

Peuwenue npumepa. MNyctb T ymHokaetca Ha k, y — Ha k%, y' — wna k°~!,

y" — wWa k®7%, Torna 8 ypasHenun unen zy” ymHowaetca Ha k°7),
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§ 3. Memodsi nonuxeHus nopaoka ypasHenuli

unew zyy' — Ha k™, y* — wa kK, 2y — wa k°'. NpupasHusaa
nokasarenu cteneHeit 6yksbi k, nonyuaem a — 1 = 2a, @ = —1. [lenaem
sameny = = ¢!, y = ze™*, z = 2(t). Torga

ot ot

T2 e I eee— D —A(, - .
yﬂ 3: eg (z Z)
0603Hauan 310 BbipaXKeHUe yepes A, HaxOAUM
A’ e %"= 2)=2e7Y(2 -2
o A= (=) -2 -2)
z, e

=e~¥(2" - 37 +22).
NopcTanas 310 B AaHHOE ypaBHeHUe, NONy4aeM
e X" =32 +22) —e P22 —2) = e 22’ - 2e7H(d - 2),
==z =0.
B ypaBHeHue He BXOAWT He3aBucUMOe nepemenHoe ¢. MOPAAOK NOHUKaeTca
KaK B n. 2, T0 cTb 3aMeHol 2’ = p(2), 2" = p'p. Nonyvaem p'p—p—2p =0,
p(p' — z— 1) = 0. Hailpa peweHue 3T0ro ypaBHEHNS U NepeiiAA OT HOBBIX
nepeMeHHbIX K CTapbiM, NOAYYUM PelleHUe UCXOARHOTO YPaBHEHMS. <

3adayu dna ynpamreHul:
[12], § 10, Ne 473-480.
. Gl

@ TTopsAnOK ypaBHEHHsI JIETKO MIOHMXAETCS, ECIM 06€ YacTH ypas-
HEHHUsl SIBSIIOTCH MOMHBIMM MPOM3BOAHBLIMU OT HEKOTOPHIX (DYHK-
unit. Hanpumep, ypasHenue y" = zy' + y MOXHO 3anucatb B BUIE
(')’ = (zy)'. MpoussBomHble BYX GDYHKUMA PAaBHBI, 3HAYUT, ITU
GYHKUMM MOTYT OTIMYATHCS TONBKO Ha MOCTOsAHHYIO: ¥ = zy + c.
TMopsanok ypaBHeHMSI NIOHHXEH.

Yaiue GbIBaeT, YTO ypaBHEHHUE HaZO NpeoOpa30oBaTh, NpexXae YeM

00e yacTH ypaBHEHMS CTaHYT NMOJHBIMU NMPOU3BOAHBIMM.




Inasa 1. [Jupgepenyuansrbie ypasHeHus u ux ’pewenwv

Pewenue npumepa. [lens o6e yactu na yy', nonyuaem

v
Y

= %: (nly')’ = (nlyl)’,

Inly'| =Inly| +Inlcl, ¢ =ecy. <
e e A
| Npumep 6. flano ypasrenne z2y" = 2yy’ — 2zy’. |
T .J

Pewenue npumepa. Nepenoca 2zy' eneso, nonyyaem

2y +22y' =2y, @) =), 2y =v'+c <

3adayu ons ynpaxwenul:
[12], § 10, N2 455-462.

o
B [9], r. 4, § 4, npuBeneHo npuHanexauee Diiepy HEOOXOAMMOE H IO-
CTaTOYHOE YCJIOBHE VISl TOTO, YTOOH BhIpaXEHHE F(z, %Y, ..., y‘”)) ObuIO

NONHOI NPOU3BOAHOI MO Z OT HeKoTOpoH DYHKUMM, U NMPHMEDP OTHICKAHHSA
310l YHKUMM IS NOHMXEHUSA nopsiaxa ypasHeHus F(z,y,y/,... ,y(")) =0.
O noHMXeHHH TopsAaka cuctembl AuddepeHUMATBHBIX ypaBHEHHI C
MOMOMIBIO OTHICKAHHA MHTETPUPYEMbIX KOMOHHALMI M MEPBBIX WHTErPAIOB

oM. [12], §19 wn [9], tn. 7, §5.
el



[TIABA 2

CyuiectBoBaHue u obuue
| CBOWMCTBA pelueHUu

B 3t0it maBe paccMaTpuBaloTCs o6lIMe CBOiCTBa pelieHui nudde-
PEHLIMANBHBIX YPABHEHM U UX CHCTEM, HE 3aBMCSIIIIME OT KOHKpET-
Horo Buaa pyHkuMit, Bxonsmmx B AuddepeHUNANTbHEIE YpaBHEHH.

§ 4. HopmanbHbiit BUA cucTemsl
anddepeHManbHbIX ypaBHEHUM
M ee BEKTOPHaA 3anuchb

@ Cucmemoii HopmaabHozo 6uda Ha3LIBACTCS CUCTEMA

dz;
-—-'-=f,-(t,z|,...,z,.), i=l,...,n. (1)
dt
B Takoii cucTeMe YMCNIO YypaBHEHMIT PaBHO YKCAY HCKOMBIX hyHKLIMIA
zi(t) ({ = 1,...,n). B neBoit YaCTH KaXIOro ypaBHEHHs CHCTEMEI
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Inasa 2. Cywecmsosarue u obwue ceolicmaa peweHulii

CTOMUT NepBasi MPOU3BOAHAA OOHOM U3 UCKOMBIX GYHKLIHUIA, B MPaBbIX
YacTAX NPOU3BOAHBIX HET.

OnHo ypaBHeHue dz/dt = f(t,z) sABngeTCA YaCTHBHIM CIy4aeM
Takoi cucreMul. K Takum cucreMam cBomsatcs audepeHIIHANbHbIE
YPaBHEHHUS n-ro NopsAaxa

v =1ty y,...,9""),

(monpoGHee 06 3TOM cM. § 5, 1. 3), MHOTHE GoJiee CIIOXHBIE CHCTEMBI
M CUCTEMBI, BO3HUKAIOLIME B MEXaHUKe, DU3UKE, TEXHHUKE.

Jna uccnenoBaHHs OOINMX CBOMCTB TaKoif CUCTEMHBI YHOGHO
HMCIIONMB30BaTh BEKTOPHBIE 0003HAYECHHUS

z=(2l,...,zn), f—_-(fl,..-,fn).
Torma cucTeMa 3anMCHIBaeTCS B BUIIE ONHOTO BEKTOPHOTO YPaBHEHHUS
) dz
— = f(t, z). 2
= = 1(t.2) )
OTa 3anKCch NO3BOJISIET AOKA3BIBATH MHOTME TEOPEMBI 1isi cUcTeMBI (1)
MOYTH TaK X€ KOPOTKO, KaK IJisi ogHOro ypaBHeHusi. HeobGxoaumelie
LJIs1 3TOTO CBOMCTBA BEKTOP-DYHKIMIA M3IOXKEHBI B 1. 2,
Pewenue cucreMsi (1) ectb COBOKynmHOCTb n byHKumit 24 (t), .. . ,
z,(t), onpenencHHasi Ha HEKOTOPOM HWHTepBaie (WM o\rpesxe) H
yIoBeTBopsiiomias cucreMe. Ipaduk Kaxaoro peieHMs eCTb JMHUA

B (n+1)-MepHOM NPOCTPAHCTBE C KOOPAMHATAMH &, 2, ... , Zn. B Ka-
XIoi ee ToUKe yrioBble KO3GhdHUIIMEHTHI KacaTeIbHOMN K 3TOi TMHUU
B cuny (1) pasun fi(t,21,...,2n),..., fa(t, 21,...,Ts). Taxum

oGpa3soM, cuctema (1) onpenensier nose nanpasaenuii (HampasneHH
C 3THMH YTJIOBbIMM K03 dHLIMEHTAMH) B POCTPAHCTBE &, Xy, ... , Ty
MK B TOM 00JIaCTH 3TOrO NMPOCTPAHCTBA, rae onpeaeacHbl GyHKUMU
Ji,-.-5 Jn, @ pelleHHe cHUCTEMBI M306paxaercs JMHMEl, KoTopas
B KaXaoit cBoeil Touke KacaeTcsi HanpaBJI€HMS, 3aJaHHOTNO B JTOi
TOYKE.
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§ 4. HopmanbHbili 8ud cucmems! u 8eKMOPHAR 3anuch

Cucrema (1), xax u ogHo auddepeHLMaNbHOE YPaBHEHHE, BO-
obuie rosops, UMeeT MHoro pemeHuit. IlostoMy mns BbineNeHUs
€IMHCTBEHHOTO pelIeHHs Halo0 3a1aBaTh NMOMHUMO CHCTEMBI TaKXe
Haanvhie ycaoeus Zy(to) = i, ..., Talto) = Zpo WA (1) wnm
z(to) = o ans (2). 3amaya OTHICKAHUS PELLIEHHUS] JAHHOTO YPaBHEHHS
WJIM CUCTEMBI C TAKUMH HaYaJIbHBIMH YCIOBHSIMM Ha3BIBACTCS Ha¥anb-
Hoil 3adaueii, 3aKa4eit ¢ HAYaNbHBIMM YCJIOBUAMU WU 3adaveli Kowu.

EI CaoiicTsa BexTop-¢pynxumii. B dopmynax n.2 6yksst f, g, 2, ¥y, 2
O3HavaloT BeKTopH M3 R", a apyrue GyKBHI O3HA4alOT YMCHA, €CIIM
HE CKa3aHO MHaye.

W3 nuHeltHOM anre6psl H3BECTHBI cnenyioume nefcTBUsl C BEK-
TOpaMM: T+ Y, T— Y, @Y, LY = Z1Y; + ... + ZpYp — CKAIAPHOE
MpoM3BecHHUE, |z| = \/ 2} +...+ 2 — wmMHa (WM MOIYNB)- BEK-
Topa. M3BecTHo, uto |2 +y| < ||+ |y| (HepaBeHCTBO TpEyronbHHUKa),
|z -yl < |z|-|yl, Toecrn

2
|21y + «.. + Zatnl < [(xf+---+z3.)(yf+---+y3.)]'/

(HepaBenctBo Komrn). - S
Jlnst BEKTOPOB ¢ KOMIUIEKCHBIMM KOODIMHATAMHU '

lz| = Vi1l + ... + |zal?,

B HepaBeHctee Komm Bce 7 M y? sameHsiorcs Ha |z;)? u |yif’;

Z-Y=Z Y +...+ZpYn (YMCNA T; KOMIUIEKCHO COMPSDKEHHBIE C Z;).
MOXHO HaTh JBa PaBHOCWIBHBIX OMpENENCHHS MpEAeNbHOro
nepexona ansi Bektop-byHkunu z(t) = (z,(t), ..., za(t)):

|2

a) }imz(t) =2y, eciu Ve > 0 36 > 0 Takoe, uyto Vi,
—a
"[t—a|l < 6= |2(t) - zo| < €;
6) }imz(t) = (2105 ... » Tno), TE Tijp = %imz.-(t), i=1,...,n.
—a —a
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Inasa 2. Cywecmsosanue u obwue csolicmea peweHull

PaBHOCHJIBHOCTb 3THX ONpeeNeHN CleayeT U3 TOro, YTO JUTMHA
BekTopa Z(t) — &) CTPEMHTCS K HYJIO TOrAa M TONbKO TOrha, KOraa
KaX/asi ero KOOpAMHATa CTPEMHUTCS K HYJIO.

AHaNOrMYHO, ONpecNiCHUs NPOU3BOIHOM BeKTOp-GDYHKLMH KaK
npexena soipaxenus (z(t + h) — z(t))/h npu b — 0 u onpeneneH-
HOTrO MHTErpajia Kak fpefeNa MHTETPAlIbHOM CYMMBI PaBHOCHJIBHBI
NMOKOOPANHATHHIM OMNpeleleHUsAM. MHOrHe CBOICTBA MPOM3BOXHBIX
Y UHTErpaJioB COXPAHAIOTCA WISl BEKTOP-PYHKLMIA U JIeTKo A0Ka3bIBa-
I0TCSl C MMOMOILBI0 IIOKOOPAMHATHOTO onpeaeneHus. OIHaKO TeOPEMBI
O CYLIECTBOBaHHMH NPOMEXYTOYHOU ToukHu (Teopema Possi, TeopeMa
JlarpaHxa 0 KOHEYHOM TMPUPALIEHNUH, TEOPEMA O CPEAHEM VISl UHTE-
rpana) He o6oGuiaiorcss Ha BekTop-pyHkuuu. Hanpumep, misi Bek-
Top-dynkumu z(t) = (1 — cost, sint) umeem z(0) = z(27) = (0, 0),
HO He CyIlecTBYyeT TaKoii Touku ¢ € (0, 2x), uro z'(t) = (0, 0), Tak Kak

z'(t) = (sint,cost), |z'(t)| = V/sin2t + cos?t = 1.

BMecTo 3THX TeopeM i BeKTOp-GYHKLMI GyneM MoIb30BaThCs
OLICHKaMH.
Ouenxa nnterpana. Ecim sexrop-dyHkuus y(t) HenpepbiBHa Ha

[a, ], TO ‘
b b )
\ JEC at‘ < | / |y(t)|dt‘. | )

Jlokazamenscmso. Tlycts a < b. Uurerpan or y(t) ects npeaen
uHTerpanbHoi cymmbl Y y(¢f)(t; — ti-1). OT 3amennl y(t;) Ha
ly(tf)] Momynb cyMMBI He yMEHBILAeTCa M MONY4YaeTCss MHTe-
rpanbHas cymma s dyskuum |y(t)| mo otpesky [a, b]. B mpe-
nene npu max(t; — t;—;) — 0 nonyyaercs uHrerpan or |y(t)|.
Cnyyait @ > b CBOAMTCA K AOKa3aHHOMY. [
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§ 4. HopmanbHbiii BUd cucmembl u BeKMOPHAA 3anuCh

m—

Ounenxa npupamenns Bextop-yHkumu. Ecmu z(t) u y(t) = z'(2)
HenpepHBHH H |2'(t)] < m, To B cuny (3)

le(b) - z(a)| < mib — a. ®)

Jlo cux nop 6eU10 Ge3pa3IMyHO, 3aNMCHIBATD JIM BEKTOPH B BUIE
CTPOK WM B BuAe cTonbuoB. B dopMmynax M paccyxaeHusx, co-
JEepXAalUX BEKTOPHI BMECTEe C MaTpMLIaMH, GyZeM CYMTATh BEKTOPH

CTONOLIAMH, €CIM HE CKAa3aHO MHavye. T
1

Ecan A = (aij)ij=1,..n — MaTpuua, z= | . | — BeKTOp, TO

Zn
y = AT — BEKTOP-CTONOELl C KOOPAMHATAMH ¥Y; = @1 &) +...+ QinZy
(¢=1,...,n). Torna |Az| < ||4|] - ||, roe

n 12
= (S lal) . = VEEF AR O

Q=1

(uncna a;j ¥ zj MOTYT GHITH KOMILIEKCHBIMH).

Jokasamenscmso. B cuny HepaBeHcTBa Ko nmeeM

Wil < (laal? + ... + lail?) (212 + ... + |2a[?) =
= (laal + ... + lail®) Iz,

n
Az =y <D (leal* + ... + lawl) 2l = |41 - |z>. <

=1

Yucno ||A|| Ha3siBaeTCa Hopmoii mampuyw A. JIpyrie N3BeCTHBIE
HOPMBI MaTpHULIH, KpoMe (5), B 3TOit KHHUre He HCNONB3YIOTCS.

Mycrs z(¢) u f(z) — BexropsI-cTONGLLL, Bee zi(t) u 8f;/0z;
HenpepoiBHBL 1o npasuiy auddepeHUNPOBAHNSA COXKHBIX GYHKUUH
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Inasa 2. Cywecmsosanue u obujue csolicmea peweHuii

OT 1 NEPEeMEHHBIX

O
L = g + Zh(t). ©

IIpuMmeHsasn 3Ty Q)opMy.uy K xaxmoﬁ Koopnuua're Ji Bexropa f,
nony4aeM, yro df (z(t))/dt — Bexrop-cronbeu ¢ koopaunaramu (6).

fi:

CnenoBatenbHo,
df(z@®) _ ., _ (9%
—5— =Ac(®), e wmapuua A= ( 8&:,) - ™)

B_:l Yenosue Jinmmma., ®yukuus (winm Bekrop-dyHkums) f(t, z)
YIOBIETBOpSIET ycaoguio Jlunwuya no z Ha MHoxXectBe D, eciu

U\’ CYLIECTBYeT TaKas MOCTOSIHHasA k, o U1 KaXABIX ABYX TOYEK
(t,z) € D, (t,y) € D umeem

17, 2) = f(t, 9)| < klz -yl ®)

Nemma 1. Ecnu sekmop-gynkyus f(t,z) (x€R, f €R",n > 1)
umeem 8 ssinyrnoil no x obnacmu D yacmHbsie npousgodnsie 8 f;/dz;

uldf;/oz;| <1(i,j=1,...,n) e D, mo f(t,z) ydosnemeopsem

8 D ycnosuio Nunwuya (8) ck=nl

(O6nacte D Ha3HIBAETCS 6MYyKAOI NO T, ECN JUISL KAXKAOH Naphi
ee Touek Buaa (¢, z) u (8, z*) coenuHAIONIMIL MX OTPE30K CONEPXKUTCS
B D.)

Jokaszamenscmeo. Tlonarass z(8) = y+s8-(x—y) u g(s)=
1(¢,2(s)), nonyyaem

1
16,9 - 1.9 =9 -90 = [dds. O
0
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§ 4. HopmansHbili 8ud cucmems! u BeKmopHAA 3anuUCh

mam—

Tono6Ho (7)

g(8)=AZ(s)=A(z-y), A= (%ﬁ) .

25/ ij=1,...n
Korzna s mensiercs ot 0 10 1, T0 2(8) npoGeraer oTpe3oK, coenm-
HSIOLIMIt y M 2; Ha 9TOM oTpe3Ke ¢ = const. ITo ycnosuio, OH co-
nepxurcsi B D. 3HauuT, Ha HeM |8f;/8z;| <1 (i, =1,...,n),
l4l| < nl, 1¢'(s)| < nllz — yl, u u3 (9) cnenyer 8) c k=nl. W

I,
k

Nlemma 2 (o auddeperunanbHom HepaBeHcTse). Ecau Ha ompeske

ro +mlt — to|, a 8 cayvae k >0

codepwawem mouky to, umeem z(t) € R", |2'(t)| < k|2(t)| + m,
= 0, |z(t)| < ro, mo na I 8 cnyyae k = 0 umeem |2(t)| <

l2(E)] < roett =l 4 2 (M4 — 1), (10)

Joxazamenscmeo. Tlycts t) €I, ¢ >ty, 2(t,)#0. Ecnn z(t) #0
Ha (%o,t), T0 Bo3bMeM t* = ¢). B mporuBHOM caydae t* —
BEPXHSIS rPaHb TakuX ¢ € [ty, ¢;], yro z(t) = 0. Torna z(t*) =0,
uHaye £* He 6bO OB BepxHeil rpaHbio. B o6oux cayyasx
|[2(*)] < 7o nmpu * < t <' t, nmeeM 2(t) # 0 u cymecTyer
lz@t)|' = (\/zf+...+z,2,) .

NuddepeHumpys no ¢ o6e HacTH paseHcTBa |z|* = 2 - 2,
nMmeeM 2|z| - |z|' = 2z - 2’ < 2|2| - |2/|. Cokpamas na 2|z|, no-
nyuaeM |z|' < |2], ecnu z # 0. O6o3Havas |z(t)| = r(t), umeem
r*) S rour =z < || <kr+mopu t* <t <t
B cnyuyae k = 0 orcioma cnemyer TpeGyeMoe HEpPaBEeHCTBO.
B cnyuae k > 0 ana dynxumm ¢(t) = e *¥(r(t) + m/k) no-
nydaeM ¢'(t) = e ¥(r' — kr — m) < 0. ToaTomy dyHkuma o(t)
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Inasa 2. Cywecmsosarue u obwue csolicmea peweHui

He Bo3pacTaet U p(t;) < ¢(t*), To ecTh

e~k (r(tl) + -’kﬁ) e ™ (r(t*) + ’—:-)

Tak xak r(t*) < 79, TO
) m .
T(tl) < roek(h t*) + i(ek(tl ') _ l)

Yucno ¢, € I moboe, Gonbluee ty, u t; — t* < ¢; — ¢y, noaTomy
HepaBeHcTBO (10) npu mo6om ¢t € I, ¢t > t, nokasaHo. Cnyvait
t < ¢y cBOOMTCSA K pacCCMOTPEHHOMY 3aMeHoii ¢t Ha —&, £y Ha —i,
Toraa B GopMynupoBKe JieMMHI |2'(8)| u [t — ¢y| He mensiioTcs. B

§ 5. CyuwecrsoBaHne U eiMHCTBEHHOCTb
peleHus

B § S malorcs TeopeMa eAMHCTBEHHOCTH PElIEHUA CUCTEMBI HOpMAaJib-
HOTO BHIA C HaYaJIbHBIM ycioBueM z(tp) = Zo M ABa JOKA3aTeNLCTBA
CYLIIECTBOBAHMSA DELICHUA: METONOM TMOCJENOBAaTENbHBIX MPUGIHXKE-
Huit (noxasatensctBo [Tnkapa) u Gonee KOPOTKOE — MyTeM nepexoaa
K YPaBHEHHIO C 3ana3biBAHHEM (BapHaHT J0Ka3aTeNbcTBa TOHHENH).
JIOCTaTOYHO MPOYMTATH JII0GOE M3 3THX NOKA3aTENbCTB.

[1.]

Teopema 1 (o epuncTBeHHOCTH pewenusn). flycms 8 obnacmu D
sexmop-gynryus f(t, ) u ee npoussodnsie df;/dz; (i,j=1,...,n)
HenpepbigHbl. To20a dns moboli moyku (ty, zo) € D Moxem cywe-
cmBsosams He Bonee 00HO20 peweHuUs 3a0a4u

%"' = f(t,2), =(t)==o. (1)
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§ 5. Cyweecmsosarnue u eduHCMBEeHHOCMb peleHus

P

Tounee, nobbie dsa peweHun 3moil 3a0a4u cosnadaiom Ha obwell
4acmu ux UHMepBanos CyU,ecMBoBaHUS.

Joxasamenscmeo. TIpeAnONOXUM, YTO CYLECTBYIOT ABA PELLIEHUS
z(t) u y(t) samaum (11), z(to) = y(to), z(t1) # y(t1) npu Heko-
TOpOoM £, > ¢tp. (C.nyqaﬁ t) <ty CBOOMTCA K pacCCMaTpUBaeMOMY
3aMeHoi t Ha —t.)

HNycts 2(t) = =z(t) — y(t), a t* — BepxHsAsA rpaHb TaKUX
t € [to, 1], mpu koropeix 2(t) = 0. Torma 2(t*) =0 u 2(t) # 0
nns Beex ¢ € (8%, ¢)] (uHavye umcno ¢* He GbUIO GBI BepxHeit
IPaHBIO).

Iycts § — comepxammiicsa B D mrap

t-t') +|z—z@")* <h®, h>O0.

B atom mape Bce 8f;/8z; HeMpepHIBHBI, 3HAYUT, OTPAHUYEHHI,
u dyHkums f Tam yposneTsopsier ycnosuio (8). IToaromy

12| = 2" - ¢/ =1t z) - 12, )| < Kz — gl = Klzl.

Torna u3 nemmet 2 cnenyer 2(t) = 0 npu ¢* < t < ¢;. D10
MPOTHBOPEYMT MPEATNONOXEHHIO, uTo 2(t)) # y(t1). [ |

[2]

Nemma 3. Ecru gynkyus f(t, x) Henpepsiena, mo nioboe peweHue

3adayu (11) ydosnemsopsem uwmezpansHomy ypasnez;l% ot SN BS

¢ 7 rARLS A warndlieta
z(t) =20+ | f(s,2(s))ds, wa u)(IZ)

to ﬁw‘*%““”t *
u moboe HenpepsigHoe Ha uwmepsane (unu ompeske) I (tp € I)

pewenue ypasrenus (12) sensemcs pewenuem 3adayu (11). (Ecau
I — ompe3soKx, mo npou3soOHble 8 €20 KOHYAx — 0OHOCMOPOHHUe.)
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HAokaszamenscmso. Ilycte z(t) — pewenue 3amauu (11). Un-
Terpupys obe 4acTu paseHcTBa dz(t)/dt = f(t,z(t)) or ¢,
no t, nomydaeM, yro uHrterpan B (12) pasen z(t) — z(t). Ho
z(to) = 2o, noaTomy dyHkums z(t) ynoenersopser (12).
IMycrs HenpepsiBHas GyHKuust z(t) ymosnersopser (12)
Ha I, ty € I. Torna Ha I cnoxHas dyHkuus f(s,z(s)) He-
NpEpHIBHA, MO3TOMY NPOU3BOAHAsA Mo ¢ OT mpasoit yactu (12),
3Ha4uT, U OT JeBo#, T0 ecTh oT z(t), cymectsyer (oaHocTO-
POHH#s NMPOM3BOAHAs B KOHLAX orpe3ka I) u pasHa f(t, z(t)).
CaenoparensHo, z(t) ynosnerBopsier ypaBHeHuio (11). U3 (12)
v mipu t =ty nonyyaeMm z(tp) = . n

Teopema 2 (0 CyulectBOBaHUM W AUHCTBEHHOCTU peleHun).
Nycms 8 o6nacmu D C R™! gexmop-pynyus f(t, ) u ee npous-
godusie 8f;/0z; (i,5 = 1,...,n) nenpepeisbl. Tozda dna nioboll
moyku (to, zo) € D 3adaya (11) umeem eduwcmsenHoe pewenue
Ha ompesxe Ity —d <t <typ+d), 20ed=r/\/m2+1>0, r
maxoeo, Ymo wap

s(¢- to) + |z — 2o < r2)
codepwumeca 8 D; m =max |f| 8 S.

Ilo Teopeme 1 MOXeT CymiecTBOBaTh He Gojiee OOHOro peiie-
Hus 3amauu (11), a’ cornacHo neMMe 3 IOCTAaTOYHO AOKA3aTh Cylle-
CTBOBaHHE HEMPEPHIBHOTO PeLIEHUSI HHTETPAILHOTO YpaBHEeHHUA (12).
IpuBeneM aBa W3 MHOTMX M3BECTHBIX CMOCOGOB J0OKAa3aTeNLCTBA
3TOrO.

HAoxazamenscmso Mukapa ([9], ™. 2, § 1, m.4, § 1 unu [6], § 14). ITo-
CTPOMM MocyieoBaTebHbIe mpubmmxenns zP(t) (p=0,1,2,...
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\

— HoMep NpUGIMXEeHHA) K pelieHHIo ypaBHeHus (12). BosbmeM

zo(t).E Zo,

. t
3p(t)=zo+/f(s,z’"(s))ds, p=12,.... (.13)
t

Iokaxem, 4to Ha otpeske I Bce npubnuxeHus zP(t) onpe-

HeNeHBl, HeMpepLIBHBI M |2P(t) — 20| < md. Ona z°(¢) 310 Bep-

Ho. TMpexnonoxum, uro dyukuus zP~'(t) va I onpeneneHa,
HenpepuiBHa u [2P”!(t) — 2] < md. Torna npu s € I Touka
(s,2*"(s)) € S, B (13) dynxkums f(s, z(s)) onpeneneHa, He-
npepbiHa u | f(s, 2~'(s))| < m. 3nauwr, npu t € I uHTerpan
B (13) — HenpepeiBHas GyHKuMs oOT ¢, MO MOAYMO He mpe-
Bocxopsimas md. IMostomy Ha I ¢yHkuus zP(t) onpenencHa,

“HenpepbiBHa ¥ |2P(t) — 29| < md. ITo MHAYKUMH 3TO BEPHO W1

Beex p=1,2,3,....

Iokaxem, uto nocnenosarensHocts zP(t) (p=0,1,2,...)
PaBHOMEPHO cXOAMTCS Ha I. DTO PaBHOCWJIBHO paBHOMEPHOM
CXOIXMMOCTH psifa

@) + (' @) - 2°(t)) + (z°¢t) - =' @) + ..., (14)
TaK KaK €ro YacTHbIe CyMMBbI ABlorcs dyuxkumusamu z°(2), z'(t),

" 22(t),.... OUEHMM MO MHIYKUMM WiEHH psina Ha orpeske I.

U3 (13) nonyyaem cornacHo (4)
|=' () - 2°(@)| < mlt - . (15)
l'loxaxgu, yto Ha I npu HekoropoM k st moGoro p = 0
KP|t — tolP+!
miPlt - bl (16)
(p+ 1)

st p = 0 310 noKa3aHo B (15). ITycts 310 BepHO Ist p = ¢ — 1.
JokaxeM, YTO 3TO BepHO U st p = ¢. Hannmem paseHctso (13)

|27 (2) - 2(8)| <
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A p=¢q UINA p=q-+ 1 ¥ BbIYTEM U3 s'roporo'panencnaa
nepsoe. IMoayuum

27 (8) - 29(t) = / (£(8,2%(s)) - £(o, 27 \(s))) ds. (1)
to :

Hna seex p Touxku (¢, zP(t)) € S mpu t € I. B S Bee 8f;/dz;
HENpPEPHBHH, 3HAYUT, OTPAHUYEHH, U N0 Jiemme | GyHKuMs f
B S ynonerBopsieT ycnosmio Jiunmmua (8). IMoaromy B (17)

|7(s, 2%(8)) — f(5, 2% (s))] <

k%8s — to|?
< klzq(s) _zq-l(3)| < T_E__Q'_

p . (18)
TocnenHee HepaBeHCTBO BbiTeKaeT M3 (16) mpu p = ¢ — 1.

MoasHTerpansHas Gpynxums B (17) umeer oueHky (18), noaromy
Bcewiry (3)mputel

t
ks — to|? mkI|t — to|?!
|zq“(t)—zq(t)|<|/m l; o dsl: 1t = ol .
o '

(g+ 12

3HaunT, HepaBeHCTBO (16) BepHO M mpu p = q. ITo MHAYKLMHK
oHo BepHO mnsa Beex p = 0,1,2.... Takum o6pa3oM, 4aeHH
pana (14), kxpome mepBoro wieHa, npu |t — #| < d no mMonymio
He GoJblile WIEHOB YMCJIOBOrO psna ag + @y + @y + ..., rie
apy1 = mkPdPH [(p + ).

Kaxnas koopauHata u?''(t) sextopa z?*!(t) — 2(t) ne
GonNbllie ero UIMHBI, IO3TOMY TOXE MMeET oLeHKy (16), To ects

mkPdr!

m ('t—t0|<d, i=1,...,n).

|uf* )] < apn =
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Pan Y @y, CXOOWTCA MO npH3HaKy anambepa, Tak Kak

lim 22— im X4 _ o<1,
P @y oo p+1

CrenoBaTeNbHO, I KAXIOrO i DAl u) + u) + u,? +... n3
i-X KoopauHar psaa (14) cxomurcst aGCOMOTHO U PaBHOMEPHO
Ha otpe3ke I no mpu3HaKy Beifepurrpacca. A Tak Kak WiCHBI
pana — HenpepbiBHbIE QYHKLIMM, TO €r0 CyMMa — TOXe€. 3HAYMT,
M BekTOpHHt psn (14) Ha orpe3ke I paBHOMEPHO CXOOMTCS
K HenpepHIBHOM BEKTOP-(GYHKLIMHU, KOTOpYIo 0603HauuM z(t). To
€CTb MOCJIEAOBaTENbHOCTL NpuGNMxXenuit zf(t), p =0,1,2,...
Ha I paBHOMEpHO cxoautcs K z(t).

TokaxeM, 410 Z(l) yHOBIETBOPSET MHTEIPAIBHOMY ypaB-
HeHuio (12). inst 3toro nepeiineM K npeneny B paeHcTse (13).
PasHocTb npaBbix yacTeit paeHcts (13) u (12) umeer B cuiy (8)
OLICHKY

<

¢ t
l/|f(s,z"l(s))—f(a,z(s))|ds /klz"_l(s)—:c(s)lda
% H

Ilpu p — oo moxasiHTerpanbHasi GyHKuMs Ha I paBHOMEPHO
CTpeMHUTCS K Hymo. Torna MHTErpan CTpeMHUTCS K HYJIO, U Mpa-
Bas vacts (13) crpemurcs x npaso#t yacru (12). Jlesass uacTs
TOXe. 3HAUMT, npenenbHas GyHkuus z(t) Ha orpeske I ynose-
TBOpsieT ypaBHeHMIo (12). ITo temMe 3 OHa sAIBASIETCH peLIEHHEM
sagaum (11). CymecTBoBaHHe pellieHHs JOKa3aHO. EMMHCTBEeH-
HOCTh A0Ka3aHa B TeopeMe 1. |

-Jlanee vanaraeTcsi APYroe AOKA3aTeNLCTBO TEOPEMH 2 MPH TEX XKe
NPEATNONOXEHHUSX.

39




Inasa 2. Cywecmsosarue u obujue csolicmsa peweHulii

Joxasamenscmso Townenu ([37), 1.1, m.1, §6, n.3) (6naroxa-
pS PEAMNONOXEHHIO O HeMpepeIBHOCTH 8 f;/dz; He TpeGyeTcs
NPUMEHSTH TeOpeMy Aplienia).

Bo3bMeM Takue r, m, d, S, KaKk B (OPMYJIMPOBKE TEOPEMBI,
Torna B mwape S umeeM |f| < m u cnpasewmBo (8). Jns
noGoro uenoro p > 2 Bo3bMeM h = hy, = d/p n mocrpouM
NpUGAVXeHHbIE pelieHus ypasHeHus (12). IonoxuM y,(t) = zo
npu t) — h, < t < to, a Ha otpeskax [t + (¢ — 1)hy, to + ihy],
i=1,2,...,p, NOCIEAOBATEILHO ONpPEACTHM y,,(t) PaBEHCTBOM

t
wO=20+ [ 16, m6-b)ds.  (19)
to

Ecim ¢ > 1 v npu ) — hy, < ¢ < &y + (i — 1)h, Gynxums
yp(t) onpenenena, HenpepeiBHa U Iy,(t) 29| < md, 1o 3TO Xe
BepHO M npH ) < ¢ < dp + ihy, TaK KaK NpH Takux ¢ TOYKa

(t, yp(t — hp)) € S,
%(t) = Ft 4p(t = hp)),  lyp (@)l < m,
lyp(£) — zo| < mt — o] < md
TTo MHAYKUMM NoydaeM, 4To Ha otpeske J (¢ < ¢ < to+d)
dbyHKumMH yp(t) u yp(t) HempepbiBHE 1 cnpasennuso (20).

OueHuM pasHOCTh 2(8) = yp(t) — y,(t) npuGAMXEHHBIX
peweHuit ¢ h = hy, u ¢ h = hy. B cuny (20) u (8)

|2 @)1= £t up(t — p)) — £ (£, yq(t — hg))| <
<k|yp(t—hp) —yo(t = h)| =
= kl (!lp(t —hy) - yp(t)) - (yq(t —hg) - yq(t)) + (yp(t) - yq(t)) |
Tak Kax |yp| < m, Iyql m,Tonpu t €J
|2'(£)] < kmh, + kmhy + klz(t)|;  2(t) = 0.

(20)
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§ 5. Cywjecmesosanue u eQUHCMBEHHOCMb peleHuA

m—

B cuny nemmbi 2 nonyyaem nipu t € J
l2(t)| < m(hyp + he) (¥75 — 1) < m(h, + hg)(e* — 1), (21)

Hnsa moboro € > 0 HaiimeTcd TaKoe p;, YTONIpU p > Py, 4 > Py,
npasast yacTb (21) menbie €. Torma |y,(t) — y,(t)| < € Ha J,
TO €CThb MOC/IENOBaTeIBHOCTh HenmpepbiBHBIX byHkumit {y,(t)},
p=2,3,4,..., ynosneTBopsier kpurepuio Ko paBHoMepHo#
CXOAMMOCTH Ha J. 3HAYHUT, OHA CXOAMTCS PaBHOMEPHO K Hernpe-
PBIBHO# (byHKUMH, KOTOPYIO 0603HaunM z(t).

TMokaxem, yro z(t) — peweHue ypaBHenus (12). ITpu
p > p*(8) nmeem Ha J

6 6
|vp(t=1p) =95 ®)| <mhp< 2, |p(t)-2(t)| < 3,

|72.9p (8~ 1p)) = £t 2(®))| <K|yp(t = Rp) — 2(2)| < k5.
ITpaBast yacTb CKOJIb YTOOHO Majia NMPH MaIbIX §. 3Haqv‘i'r, B (19)
J(3,yp(8 — hp)) = f(s,2(s)) npu p — oo. B mpenene pa-
BeHcTBO (19) mpeBpawaercs B (12). Utak, z(f) — pemeHue
ypaBHeHus (12), 3HauuT, u 3amaum (11) npu ¢y < ¢t < £p +d.
Cnyuait tg — d < t < £y cBOIMTCA K paCCMOTPEHHOMY 3aMEHOM ¢
Ha —t. CylecTBOBaHUe pellleHHsl JOKa3aHO, a EAMHCTBEHHOCTD
CNIeAyeT U3 TeopeMbl 1. ‘ |

(22)

| 3adayu ons ynpaxwenul:
[12], Ne 223, 225, 226, 228 p, e.

|

Teopema 2a. Ecru sexkmop-gynkyua f(t,z) 8 obnacmu D C R™' we-
npepsigHa, mo 0ns nio6oli mouku (to, Zo) € D Ha Hexomopom ompeske
to—d<t<ty+d (d> 0 mo we ymo 8 meopeme 2) cywecmsyem
pewerue 3adayu (11).
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Hoxasamenscmeo. TIpnGMKeHHEIE pellieHHs Yp(t) CTPOATCA M OLCHH-
Balorca kak B (19) u (20). B cwiy oueHok (20) u (3) Ha orpeske J
BCE Y,(t) paBHOMEPHO OTrpaHM4YEHbi W PAaBHOCTENMEHHO HENPEPHIBHBI.
Io TeopeMe Apuesna U3 HHX MOXHO BHGpAaTh PABHOMEPHO CXOAALIY-
1oca moanocaenosarenbHocTs {yy}, ¢ = 1,2,3,.... Ee npemen —
HenpepbiBHas GyHkuns z(t).
Tepexon or (19) x (12) npu p = p; — 00 NPOBOANTCA KaK
B NpelbiAyIIeM J0KA3aTeNbCTBe, KpoMe oueHkH (22). Ipu nocratouHo
MaioM § M3 HepaBeHCTBa Iy,,.(t - hy,) - z(t)| < & ¥ paBHOMEpHOI
HENpepHBHOCTH GYHKUMHK f B S Cleayer, 4ro Nesast 4acThb (22) MeHb-
we €. 3HauuT, npu p = p; — oo pasencTso (19) npespamaercs B (12).
Mostomy z(t) — pemexue 3amaun (11). n
Gl

3ameuanue. B cnyuae, korpa Ha ¢ywkuuio f(f,z) He wanaraertca
APYrMX YCNOBWiA, KpoMe HenpepbiBHOCTH, 3apada (11) Moxer umet
Gonee opuoro pewenns. Hanpumep, 3apava dz/dt = 3z, (0) = 0
umeer peweHns c=0u z = t3, cm. npumep 2 §2 n puc. 4.

3]

Teopema 3 (0 CywWwecTBOBaHWM M EAUHCTBEHHOCTH pellieHUA ANA
ypaBHeHUA m-ro nopaaKa). [awo ypasHeHue C HAYaNbHbIMU YCNO-

BUAMU
¥ =1(t9.9,....9""), (23)
y(to)=v0, Y@)=up ... ¥ @)=3"". (24)

Nyems 8 obnacmu D C R™' ¢ynkyus f HenpepeisHa no coso-
KynHOCMU BCex CBOUX ap2yMeHMOs, UMeem HenpepbiBHbie 4YacmHsie
npou3sodnsle 1-20 nopadkano y,v', ..., y(""), U HaYansHAA MoYKa

(20> 90, 90 - - - ,y((,""l)) nexum ewympu D. To2da Ha Hexomopom
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mm——

ompeske tg —d < t <ty +d (d > 0) cywecmsyem eduncmsenroe
pewenue 3adaqu (23), (24).

Joxasamenscmso. TlepexonuM oT ypasBHeHusi (23) K cHcTeMe
yPaBHEHHi C MOMOILIBIO BBEAEHHSI HOBBIX NMEPEMEHHBIX

(] "
n=y &=y, 3=Y,

25
ey Tp=y"D, (-, @)

Tp=y
M3 3THX paBeHCTB Mojay4yaeM mnepBbie n — 1 ypaBHeHul cneny-

Ioweit CHCTeMbI, a n-€ ypaBHeHue mnonyyaeM M3 (23) c yyeToM
3ameHH (25) u Toro, uro y™ = z!:

=2y, TH=23 ..., '
, o (26)
Tp-| = T, Ty = f(t! Tlyeees zn)-

U3 (24) u (25) nonyyaem HayanbHbIE YCIOBHS Iisi CHCTEMBI (26)

z2ito) =90, (b)) =h -.-r zlt)=3y V. (27)

Takum 06pa3oM, Kaxioe peiieHue ypasHeHus (23) ¢ no-
MOLIBIO 3ameHB! (25) mepexomuT B pemeHue cuctembi (26).
OGpartHo, WISl KaxXnoro pewieHMsi cucremsr (26) B cuny 3a-
MeHbl (25) y dynkuum y = z, cymecrsyer y™ =z} =
1t y.v,..., 9™ V). CoorerctBHe MeXY HaYANBHBIMHU yCTO-
BusAMH (24) u (27) oueBuaHoO.

Ecnu 3anava (23), (24) ynosneTBopsieT YC/IOBUSIM JOKa3bl-
BaeMoil TeopeMHl, TO 3amaya (26), (27) ymomneTBopsieT ycio-
BUSIM TEOPEMBl 2 M TOITOMY MMEET €AMHCTBEHHOE pellieHHEe
z1(t),...,za(t) (to—d < t < ty + d). TepBas KoopaMHaTa
x,(t) 3TOrO peleHHs B CUIIy IOKA3aHHOIO SIBJISETCH PElieHHEM
«3amaun (23), (24). n
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TeomeTpryeckasi WJUTIOCTPALIUA TEOPEM CYLECTBOBAHMSA U €IUH-
CTBEHHOCTH. [lna mpocToTsl Gyaem npeanonaratb, 4ro dyHKuus f
M €€ YaCTHhIC MPOU3BOAHBIE MEPBOrO MOpPsAKAa HENPEPBIBHB BCIOAY.

HJns anddepeHuHanbHOro ypaBHeHus 1-ro nopsiaka z' = f(¢, z)
WIH CHUCTeMbl HOpDMAaJBHOrO BHAa Teopema | o3Hayaer, YTo yepes
mo6yio Touky (2o, Z¢) NMPOXOAMT POBHO OOHO pELIEHHE, TOYHEE,
rpadMK pelIeHHs. -

Ons ypasuenus y™ = f(t,y,9',...,5™ ") nopsamxa n > 2
paccMaTpuBaiorcsi rpaduku peweHuit y(¢) Ha naockoctu ¢,y. B cu-
JIy TeopeMbl 3 [ist ypaBHEHMS 2-ro NopsaKa NPy HaYaabHBIX YCIOBUAX
y(to) = o0, ¥'(t0) = yo CywiecTByeT enMHCTBEHHOE pelneHue. 3Ha-
4uT, Yepe3 Touky (Zp,Yo) MPOXOAUT GECKOHEYHO MHOIO pEILEHHIA,
pasnuyalolmxcs 3HadeHusAMU y'(8y) = Yo, TO €CTb HaNpaBieHUsMH
KacaTeJbHOIt K rpaduky pelieHusi B 31oit Touke. Ho mBa pasHsbix
pellieHUs1 He MOTYT UMETb B 9TOif TOUKE OOHY U Ty Xe NPOU3BOAHYIO
' (t0), clenoBaTENLHO, HE MOTYT KACATHCS ADYT ApYTa.

s ypaBHeHMsI 3-r0 mopsiika 3aJaloTCsl HavyajbHbIE YCIIOBHSA
y(t0) = %o, ¥'(to) = %0, y"(to) = yo . 3naunt, yepes Touxy (%o, zo)
MO KaXIOMY HanpasieHuio (C yrIoBeIM KO3GhDMULIMEHTOM ¥, 30eCh
%0 TIPOM3BOJILHOE) MPOXOAUT GECKOHEYHO MHOrO pelueHuit. OHM
KacaloTCs APYT APYra M pasnuyaiorcs 3HadeHusaMH y” (£o). ITo moGomy
APYrOMY HAampaBlieHHIO (C APYrMM 3Ha4YeHUEM Y,) TPOXONUT TOXE
6ECKOHEYHO MHOIO peLIeHMil.

3adayu 0na ynpaxxeHul:
[12]), §7, N2 228 a-r, 229-234; §21, N213, 14, 16, 18-27.

K cucrtemMaM HOpMaJbHOrO BMAA C MOMOLIBIO AHAJIOTMYHBIX 3a-
MEH MOXHO CBECTH LIMPOKHIA KJIaCC CUCTEM YPaBHEHMI, colepxXaliux
NPOM3BOAHBIC BBICIIMX MOPSAKOB, @ UMEHHO cucmembul, paspeuierHbie
omHOCUmenbHo cmapuwiux npou3eodrsix. B TAKMX CHCTEMaX YUCIO ypaB-
HEHUIA paBHO YUCJTY UCKOMBIX QYHKLIM, IUIsl KaXI0# UCKOMOIt QyHK-
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UMM BBUIEJSETCA CTaplluas M3 BXOASUIUX B CUCTEMY INMPOU3BOAHBIX,
OHa CTOMT B JIEBOit YaCTH OMHOTO U3 YPaBHECHHII CUCTEMBI, a B NPaBBIX
yacCTAX HET 3THX CTapUIMX Npou3BoaHbIX. Hanpumep, TakoBa cucreMa
" ] " ! " ! " !
y =1¢y.9,9,22), 2 =9tyy,y,22).

3aMmeHOl y = 21, ¥ = @3, ¥ = z3, z = 24, 2’ = x5 3Ta cUCcTeMa
CBOIMTCS K CHCTEME HOPMaNBHOTO BHIIA

f [} !
=%, T,=23 z3=[(E¢ 2,2, ,2s),
[} (]
T4 = s, Zs =g(t’ z, 22, 23, 24, zS)-

———> 4
H3BecTHH K Apyrue TCOpEMbl O CylLICCTBOBAHHH PDCLICHHUA.

Teopema Koww (0 CyuwecrsoBaHMM peuieHws, pasnaraiouierocs B Cre-
nennoit pap). Ecnu gynkyus f(¢, ) paznazaemca 8 cxodawuiica pad
00

(- to)*(z — xo)™ 8 oxpecmwocmu mouku (t, o), mo 3adava

k,m=0

2 = f(t,z), z(ty) = zo Ha Hexomopom unmepsane (ty — 6,y + 6),

& > 0, umeem eduHcmeeHHoOe peluerue, npedcmasumoe CXo0AWUMCA pAOOM
2(t) = 2o+ ay(t = to) + ax(t — o)’ +... . (28)

Teopema cnpasednusa u ona cucmemst dudgpeperyuansHsix ypasHeHud.

Ioka3zarensctBo umeerca B [6], §17, u B [2], .6, § 4. MeToan
OTBICKaHMA Ko3adduumeHToB psna (28) cm. Tam xe u B [12], §18, n. 4.
Xors nonmyyeHHBIH psil OGBIYHO CXOOMTCSA TOJNIBKO Ha MAJOM HHTEpBaje, OH
4YaCTO HCMONB3YeTCA, B BbIMMCJIMTENbHON MaTeMaTHKe IUI1 CaMOro Hayaia
BbLIMHCICHUH,

PacnpocTpaHeHHe TeopeMbi CYLIECTBOBaHMA pemieHHs Ha nuddepeH-
UHaJbHBIE YPaBHEHHMS C Pa3pHBHBLIMK NMPaBbIMM YaCTAMM CBSI3aHO ¢ 0600-
LIeHHEM NOHATHA pelIeHMs, TaK Kak (YHKuUMsA, Ha3biBacMast peuIeHHEM,
MOXeT He BCIONy MMeTb NMpou3BoaHylo. B cnenylomeit TeopeMe peweHneM
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Inasa 2. Cywecmsosanue u obwue csolicmea pewenui

3amayuk (11) Ha3biBaeTCA pemeHne HHTErpaibHOro ypasHeHus (12), uHrerpan
M MHTErpHpYEeMOCTb MOHUMAIOTCA B CMbiciae JleGera.

Teopema Kapareopopw ([37], 1.2, n. 8, § 8, n. 1). /lycmb 8 KoHeyHoli obna-
cmu D C R™! gexmop-pynxyun f(t, z) Henpepiera no x, unmezpupyema
no t npu kawdom = € R* ((t,z) € D), u nycms cywecmsyem makas
unmezpupyemas ¢ynkyus m(t), ymo |f(t,z)| < m(t) s D. Tozda dna
nioboii moyku (Lo, xo) € D cywecmsyem pewenue z(t) 3adayu (11). Ecnu
dynryus f(t, z) ydoenemeopsem ycnosuio: dna mobeix (t, z), (t,y) € D

172, 2) = £ y)| < k@)l - yl,

20e k(t) unmezpupyema, mo pewerue eduncmeeHHo.

CHcTeMBl aBTOMaTHYECKOTO YIPAaBNEHHSA C MEPEKIIOYEHHUSAMH ONMKCHI-
Balotca aMddepeHunaTbHLIMU ypaBHeHuamu ¢’ = f(t,z), z € R®, ¢ pa3-
PHIBHBIMH 1O & dyHKuMaAMHU f(¢, ). [lna TaKuX ypaBHEHHI pacCCMATPHBANICS
BOMPOC, KAKHMH JOJDKHB GHITH pelieHHsl, MAYLIHE MO MOBEPXHOCTH pa3phl-
Ba, YTOOBI OHH XOTSA Obl MPHONMXKEHHO OMMCHLIBAIN ABHXCHUA B pPEajIbHOM
dusnueckoit cucreme [35], . 1, §3, [38], §4, §8, n. 3. Uccnenosanuch
cBoiicTBa pemieHHii B TaKMX CUCTEMAX.

H3BECTHO MHOTO JOCTATOYHBIX YCJIOBHIA €IMHCTBEHHOCTH PELICHHS.
Huxe npUBOAUTCA YCJIOBHE, OOecreynBaloliee EXMHCTBEHHOCTDb Npu £ > &
pemenus 3anauu =’ = f(¢, z), z(t) = 2o. AMEHHO TaKas eAMHCTBEHHOCTb
HYXHA B TEXHHYECKHX MPHJIOKEHHSAX.

TycTh CymecTByeT Takast HHTErpupyeMast GyHKuus k(t), 4To wist 1o6bix
Touex (¢, z), (t,y) o6nactu D € R™*' umeem

(@t 2) = ft, ) - (2 - ) S k@)le -y,
(npou3seneHne BekTOpOB — cKanspHoe). Torma mis nio6Goro HayaabHOroO
ycnosus z(to) = 2o, (to, o) € D nipu t > ¢, MOXET CyIecTBOBaTb He Gonee
OHOTO peleHHs (TouHee, MoGbie ABa PeLIEHHs COBNANAIOT Ha obLwueif YyacTH
HX HHTEPBAJIOB CYLIECTBOBaHHS npk ¢t > to).
Gl
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§ 6. [lpodonxenue pewenuii

am—

§ 6. MMpopomKeHue peleHun

B § 5 GBLUIO IOKAa3aHO CYLIECTBOBAHME PELICHHSI HA HEKOTOPOM OT-
pe3ke. 31ech MOKa3bIBAETCs, YTO PellieHHe, BOOGIEe rOBOpsi, MOXHO
NPONO/IXHUTL Ha CYLIECTBEHHO GONBIINIA OTPE30K WIHM MHTEPBaJ.

[1] /’f"% ‘

Teopema 4 (0 npoaoMKEHNN PelieHHA B 3aAMKHYTON OrpaHUYEHHOM
obnactu). flyems sekmop-gpyrryus f(t, x) ydoenemeopsem ycnosu-
amM meopemid 2 8 3amkHymoil ozpanuyenroil o6nacmu D C R™!,
To2da moboe pewenue z(t) ypaswenus z' = f(t, ), npoxodawee
sHympu obnacmu D, MoxHO npodomKums 8 obe CmopoHsl 00 8bixoda
Ha 2panuyy T' obnacmu D, mo ecmb npodomxums Ha maxoli ompe3oK
[a, b], ymo mouku (a, z(a)) u (b, (b)) nexam na T.

Joxazamenscmeo. Haiinercs Takoe m, uro |f(¢,z)] < m B D.
Mo Teopeme 2 peuenue, mpoxomsiiee uepe3d Touky Py(to, Zo)
BHYTpH D, cymectyer Ha otpe3ke Iy = [ty — do, ¢y + do],
dy = ro/v/m?+1, vy = p(P),I') — paccrosiHue OT TOYKH
Py no T. Tonoxum ty + dy = t,,2(t,) = z,, P, — TouKa
(t1, ). Ecnu Touka P, BHyTpH D, TO Gepsi ee 3a Ha4aJbHYIO
TOUYKY, NO TeopeMe 2 TONyYaeM, YTO pelieHHe Z, NPOXoAslIee
yepe3 TOuKy P,, cymectyeT Ha otpeske I) = [t — d,, t, +dy],
dy =r/v/m?2+1, v, = p(P,T). Tak kaK Z(t)) = 2, = z(t,),
TO pellleHUss £ U T COBMAAlOT TaM, e OHH 06a ONpeNeeHbI.
3Hauut, GyHkums, pasHas z(t) Ha Iy u Z(t) Ha I), saBnsercs
peleHHeM — MpoaOIKeHHEM peleHus z(t) Ha oTpe3ok [ty —do,
t) + d;]. O6o3Hauum ee cHoBa z(t). 3arem GepeMm Touky P, =
(22, 22), the t; = ¢, +d,, z; = 2(t,), 32 HAYaNIbHYIO, IPOAOIKAEM
pellieHHe Janblie, U T. I
|
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Inasa 2. CywecmsosaHue u obuwjue csoiicmea peweHudl

B03MOXHBI Ba CJIyyasi: WIM M0CJie KOHEYHOIO YKCIa TaKMX
1IaroB pelieHUe GyAeT NpoAOXEeHO A0 TOYKU Ha I, yTo M Tpe-
GOBaJIOCH, WM MONYYHUM TOCNEAOBATENLHOCTD ToYeK Py (ty, Zx),
k=12,3,..., 0

Tk
\/m2+l’

O6nacts D orpaHuyeHa, NO3TOMY YMcia I; OrpaHHYEHBI M Cy-
LIECTBYET kllm t; = b. Pemenue z(t) npoxomxanoch Ha KaXablii
=00

e =be+dp, dp= r.=p(P:, 1) >0. (29)

OTpe3oK [tx, tx41], 3HAUMT, OHO MPOZONKEHO HA MX OOBLEAMHE-
Hue [to, b). Tak kax [2'()| = | £(t, z(£))| < m, T0 B cHny (3) mna
nobux a, B € (b— 8, b) umeem |z(B) - z(a)| < m|B—a| < mé.
IlosroMy B cuny kputepus cxomumoct Kouiu cyuiecTByeT
:-l-.i?}o z(t) = z*. TMonaraeM z(b) = z*, Torna dynxkums z(t)
HenpephiBHa Ha [to, b] u Touku Py(tx, zx) — P*(b, (b)) npu
k — oo.

IMoxaxem, yto P* € . Tak KaK tpy) =) +d; +dy + ...
+d—bnpu k — oo, Topsan d; +dy+... cxomurca u dp — 0
npu k — oo. B cuny (29) p(P:,T) — 0. Eciu 61 P* ¢ T,
TO npu HekotopoM € > 0 T' ;mexana 6bi BHe wapa S).(P*)
¢ ueHtpoM P* u pamuycom 2¢. Ho P, — P*, nostoMmy npu
k > k;, Touku P, nexar B wape S.(P*), 3HauMT, YIQICHBI OT
I’ Ha paccTOsIHHE, HE MEHBbILIEE €. DTO NPOTUBOPEYHT TOMY, YTO
p(Pe,T) — 0 npu k — oo. 3Hauut, npeanonoxeune P* ¢ T
HeBepHO, U P*.€ T'. To ecTsb pemieHue z(t) NPOAOIKEHO BIPABO
o rpannus I' obnactu D.

®dyukumsa z(t) — pewenue 3amaun (11) npu ¢y < ¢ < b,
3HAYUT, OHA YIOBJIETBOPHET MHTErpalbHOMY ypaBHeHHIo (12)
npu 3TMX ¢, a TaK KaK OHa HEMNpepbiBHA, TO U Ha OTpE3Ke
[to,b]. Torma mo nemme 3 OHa HMeeT JIEBYI0 NMPOU3BOAHYIO
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§ 6. lpodonxerue peweHull

m——

Zhes(d) = J(b, z(b)), To ectb ymonersopsieT ypasHeHuio (11)
npu y <t <b.
Tpu ¢ < iy pelieHHe NPOROMKAETCS AHANIOTHYHO. |

+

Cnepcreue. flycmo D — maxkas 3aMKHYmas Heo2panuyeHHAs 06-
nacme npocmpancmsa t,x, ymo npu nobbix ¢ u d yacms Deq
o6nacmu D, 20e ¢ < t < d, ozpanuvena. fycms ypaswenue z' =
J(t, z) 8 D ydosnemsopsem ycnosusm meopemsi 2. Toz0a peuseHue
x(t), npoxodawee yepes npouszsonsHyio moyry (ti, z,) sHympu D,
npodomkaemca 8 Kaxdylo CmMopoHy unu 0o 8bixoda Ha 2paHuyy
obnacmu D, unu 8o cKonb y200Ho Gonswux |t|.

Jokasamenscmso. BosbmeM Takue ¢ u d; (i = 1,2,...), yto
c<t <d <dy <...—= 0o. Ina moGoro ¢ mo reopeme 4
peleHre MOXHO MPOIOJDKUTH B 06€ CTOPOHBI 10 Touek (a, z(a))
u (b;, 2(b;)), nexamux Ha rpaHuue o6nactu Deg,. Ecnm b; < d;
npu HexkoropoM i, To Touka (b;, z(b;)) nexwur Ha rpaHuue
ob6nact D. Ecnu xe mis Kaxporo ¢ umeeM b; = d;, To pelieHue
NMPOAOJDKAETCA BNPABO 10 CKOJIb YTOAHO GONBIINX . AHAIOTUYHO
MIPOJOJDKAEM PELlICHHE BJIEBO. |

| Npumep 1. flokaszars, yt0 no6oe pewenue ypasHewus z' = |
1 -2t NPOAONXAETCA BNPABO A0 CKONb YrOAHO Gonbwmx £. |

Pewerue npumepa. YpaBHetue yAOBNETBOPAET YCNOBUAM TeOpeMHl 2,
TaK Kak pyHkumu f = t-2’u fi= —3g? HenpepuiBHLI NpYU BCeX
t, z.
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Inasa 2. Cywecmsosarue u obuue csolicmsa peweHuil

B obnactu z > t pewenus Tonbko y6uwBawT (Tam z' =
t* — 2’ < 0), noatomy owu pocturaior npamoir = =t nepe-
xoAAT B obnacts x < &.

B obnacth £ < ¢ Bce peweHus TOAbKO BO3pacTaloT (Tam
' = -2 > 0). Ny (4, %)) — TouKa Ha rpaduke peuwe-
tua. Npu t > ¢, pewenune ocraercs B o6nactu D (z, — 1<z < t),
He BLIXOAA Ha ee rpaHuubl (Mewaer no- zA
ne HanpaeneHui, cM. puc.5). B cuny N S
CNeACTBUA TeopeMbl 4 peweHue Npo-
AOMKAeTCA BNPaBO A0 CKOAb YrOAHO ™~
6onbuwmx . <

Ycnosus HenpepsiBHOCTH f(t, Z) M
ee MPOU3BOIHLIX BO BCEM NMPOCTPAHCTBE
t, * HEAOCTAaTOUYHBI YISl TIPORXOIXXHMOCTH 4
peluenuii ypapHeuus =’ = f(t, z) Ha Gec- —
KOHEYHBbI# MHTepBan —o00 < ¢t < 00 WIH
to <t <oo. i

NN NNNN
r1r771ryrr77717r7

Npumep 2. Ypasuenue z' =z + 1 umeer pewenna z=tg(t+c), !
YHCNO ¢ nponssonbHO. Kampoe peweHue CywectByeT TOALKO :
Ha MHTEpBane ANUHL T M NPU NPUGAMKEHUN K ero KOHuam |
CTPeMUTCR K —00 UM K +00. Takue peweHus He MOryT GbiTh :
NPOROMKEHDI. !

Teopema 5 (0 NPOAO/MKEHNU PelIEHNA HA BECb 3aAaHHBIA UHTEp-
Ban). flycms sexmop-pynkyus f(t,x) ydosnemsopsem ycnosuam
meopems! 2 8 obnacmu a < t < B, * € R" (donycxaromes cnyyau
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§ 6. lpodomuerue pewenul

P

a

dyrryuu a(t) u b(t) HenpepuisHsi. To2da Kaxdoe pewerue ypasHeHus

!
z
Ha secb unmepsan (a, B).

==—0ou f=o00)u

172, 2)| < a(®)lz] + b(2), (30)

= f(t, z), npoxodawee 8 3moii obnacmu, MOXHO npodoAxumb

Jokaszamenscmeo. TlokaxeM, yto s io6oro orpeska [a;, B;] C
(a, B) mobGoe pemenue z(t), 3ananHoe npu t = ¢y € (ay, f),
MOXHO MPOIOJDKUTB Ha BECh OTPE30K [a,, B)]. Ha aToM oTpeske
umeeM |a(t)| <k, [b(t)| <m, nosromy |&'| =|f(¢,z)| < k|z|+m.
BossMeM d = |z(ty)] 1 R, paBHOE MAaKCHMYMy MpaBO# 4acTH
B (10) Ha orpe3ske [a;,B,]. TTo Teopeme 4 pelleHME MOXHO
MIPONOJIXUTH B 06€ CTOPOHH O BHIXOAA HA TPAHHILY LIWJIMHAPA
Z () <t < By, |zl < R+ 1). Mo nemme 2 U3 HepaBEHCTBA
|z'| < klz| + m cnemyer, yro |z(t)] < R Ha To#t yacTH oTpe3-
Ka [ay, B], rne cywecrsyer pewenue. [TosTomy pemenue z(t)
He MOXET BBIATH Ha GOKOBYIO MOBEPXHOCTH || = R+ 1 UWIHH-
apa Z. Torna OHO NpPOJOMXAETCs A0 BHIXOIA Ha 00a OCHOBaHHSA
LUMIMHADA, TO €CTh HAa BECh OTPE3oK [ay, f1].

Bo3bMeM MOCHIENOBATENBHOCTH @) > @) > a3 > ... = &
U P < B <P <...— B. A3 10Ka3aHHOTO ClEAYET, 4YTO
peieHue z(t) MOXHO MPONOIKMUTH Ha OTPe3oK [ay, By], 3atem
Ha [a3, B;] 4 T.1. Torma peuieHue GyneT NMPOOKEHO HA OB~
EAMHEHHE ITUX OTPE3KOB, TO ECTh Ha BeCh MHTepBan (a, f). W

)

@ M3BeCTHB TAKKE ONHOCTODOHHHME OLEHKHM, NPH HATMYMM KOTOPbIX
peleHHe HEOrPaHHYEHHO NMPOAOIKAETCA B CTOPOHY Bo3pactauus ¢. Hanpu-

Mep,

ecnu Bextop-bynkums f(t,z) npu ¢ > t) yAOBAETBOPSET YCIOBHIO

z- f(t,2) < a(t)lz]> + b(t), a(t) u b(t) HenpepiBHH, TO MM MOGOrO
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Inasa 2. Cywecmsosaxue u obujue csolicmsa peuleHuil

pemenns z(t) npu t > ¢,
d 2_d ' 2
'&;|3(t)| = 7‘-‘-(3 cz)=2z-2 =2z f(t, z) < 2a(t)|z|" + 2b(t).

Ha moGom otpe3ke [to, 1] anst dynxunn r(t) = |z(t)|* nmeem ' < kr +m
npu HexotophiX k 1 m. Toraa, Kak B TeopeMe 5, NOKa3bIBAETCA MPOXO/IKH-
MOCTD pettenns z(t) Ha uHrepsan [y, o).

Bumecto dbynkumn |z(t)|?> MOXHO OLEHMBATL POCT KaKOH-NHGO ApYroi
dyukuun p(t, (1)), nonbupaemoit B 3aBMCHMOCTH OT CBOHCTB (DYyHKUMH
f(t, z), n nonyyars nogoGHble pe3yasTaThl. Paspa6otan Meron [35] ommo-
BPEMEHHOTO MCMONbL30BAHHS HECKONBKMX yHKUMIA ¢;(t, Z) BMECTO OmHOIA
dynkumu (¢, z).

Takoro pona MeTOIb MO3BOSAIOT HE TONBKO YCTAHABIMBATH MPOJODKM-

MOCTbD pellleHHii, HO ¥ Noy4aThb oueHxn pemieHHa z(t) ¢ NOMOIIBIO OLIEHOK

byuxuun f(t, z).
L ]

§ 7. HenpepbiBHas 3aBUCMMOCTb pelleHUA
OT HaYyaNbHbIX YCNOBUIA U NPaBON YaCTH
ypaBHeHus

[1.]

Teopema 6. flycms pewenue = = @(t) 3a0avu ' = f(i,z),
z(ty) = zo cywecmsyem na ompeske I = [t,,t,] 3 t, u 8 oxpecm-
Hocmu V(¢ € I, |z — ¢(t)] < p) ezo 2paduka sexmop-pyHKkyus
J(t, ) u npoussodusie 8f;/8z; (i,j = 1,...,n) ee xoopdunam
Ji Henpepuignbl. To20a dns niobozo € > 0 Halidemca makoe § > 0,
ymo dns no6oii dpyzoii 3ada4u y' = g(t, y), y(to) = Yo, 8 Komopoii

B 1 o e S SRR s DS e SRR RN ¢ - e

g u 8gi/8y; (i,j =1,...,n) Henpepoignei u |g— fl < 68V,
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§ 7. HenpepbigHas 3a8ucuMocmb pewieHus OM Ha4anbHbIX ycAosuii

lyo — 2ol < 8, pewenue y(t) mowem 6sims npodonxero na I u
ly(t) — ¢(t)| < € Ha I.

Hoxasamenscmeo. B orpaHuyeHHO# 3aMKHyTO# o6nacTu V ume-
eMm |f(¢,z)] < m, 18fi/02;| <1 (i,j =1,...,n). Torna ans
moGrix Touek (¢, z), (t,y) € V BunmonHseTcs HepaBeHCTBO (8),
rae k = nl. U3 (8) u HepaBeHcTBa | f(t, y) —g(t, y)| < 6 caenyer,
yro mns pewieHuit ¢ = p(t) u y(t) Ha orpeske I} C I, noka
rpaduk y(t) npoxoaut B V, uMeeM

I’ — o'l = 1£(t. 2) - 9(¢, )| < klz — | + 6.

Mycrs z(t) = ¢(t) — y(t). Torma |z(to)| < 6, |2'| < Kklz| + 6
Ha otpe3ke I;. B cuny (10) nmeem Ha I

o) - 98] = 1)) < 66 + 2=,

k (31)

8 = max{t. - to, to - t*};

B cyyae k = 0 apo6s (e** — 1)/k 3ameHsieTcs Ha 3.

BosbMmeM Jiio6oe € > 0, €; = min{p, €} u Takoe 6 > 0, yTo-
GBI npaBas yacTh HepaBeHcTBa (31) 6buta MeHblle €. Toraa pe-
weHue Y(t) ¢ |yo—zo| < 6 npu ¢ = ¢, (unu npu ¢, GAUIKNX K £o)
npoxoaut BHyTpU TpYoku T (t € I, |z — p(t)| < &); TC V.
Mo TeopeMe 4 pemeHue y(t) MOXeT GHITH MPOXOIKEHO IO BbI-
xona Ha rpaHuLy Tpyoku T'. Ecnu Gbl OHO BBILLIO Ha GOKOBYIO
rpaHMLly TpyGKH, TO B TOYKE Bbixoaa Guu10 66l |y(t) — ()| = €,
B NMPOTHUBOPEYMH C TEeM, YTO mpasast 4YacTh (31) MeHblue €.
3HauuT, peiueHue y(t) BHIXOAUT U3 TPYOKH TONBLKO Ha €€ KOH-
max ¢ =t, u t =1t,, u npu Beex ¢ € [t,,¢,] ynosnersopser
HepaseHcTBy (31), npaBasi yacTb KoToporo MeHblue &; < €. W
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Inasa 2. Cywecmsosanue u obujue csoiicmsa peweHuli

Cnepcreue. Ecru f u sce Of;/Ox; HenpepbisHul 8 oxpecmHocmu
dyeu t, <t<t, epagura pewenus z=(t) u xi(t) — pewenus
mozo xe ypasHenus z' = f(t,x) ¢ navansusimu ycnosusmu X;(to) =
a; — (to), mo x;(t) — ¢(t) pasHomepHo na ompesxe |[t,,t,].

IZ PaccmoTtpum 3amauy ¢ napamerpoM g € M (M — obnacts
B R™)

g = I@Ez,p),  =(to) = a(p). . (32)

Ecnu Bexrop-ynkums f u Bce 8f;/02; HenpephIBHBI no t,z, TO NIpH
KaXaoM p € M cymecTsyer peuieHue = = @(2, s). CuutaeM, 4T0 OHO
TNPOJIO/KEHO, HACKOJILKO 3TO BO3MOXHO. B cienyioweit Teopeme npu
ONpeNleICHHBIX YCOBMSX NOKA3HBAETCS HENMpPEPHLIBHOCTh (DYHKLMH
¢(t, p) no p, a B mase 5 — auddepeHUNPyeMOCcTb GYHKLMH @ TIO L.

Teopema 7 (0 HenpepbIBHO# 3aBUCMMOCTH pelieHHA OT napame-
Tpa). [lycms npu p = pg pewenue 3adayu (32) cywecmsyem Ha om-
pesxe I = [t,,t,] u 8 okpecmuocmu V (t € I, |z — (¢, po)| < p)
e20 2pajuxa npu p € M sekmop-gyHKyus I, z, p) u npous-
sodnvie 8f;/0z; (i,j = 1,...,n) ee xoopduwam f; wenpepsinsi
no cosokynwocmu nepemennsix (i, z, p); a(p) Henpepwieno no p.
To20a cywiecmsyem maxoe 1 > 0, ymo ¢ynkyus ¢(t, ) Henpepbisna
no cosoKynHocmu nepementsix npu t € I, | — pol < 1.

Jfoxazamenscmso. Tlpu ¢uxkcupoBaHHOM 4 = o 3amaya (32)
YIORJIETBOPSIET YCAOBUAM TeopeMnl 6. ClieroBaTesibHO, IS IO~
6oro € > 0 Haiigercs Takoe § > 0, uTo B Ciyyae, Koraa

|7¢, 2, 1) = £(t, 2, mo)| <6 mna (¢,2) €V,
|la(ps) — a(po)l < 6,

(33)
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§ 7. Henpepbigras 3asucuMocms peuwieHus om HA4YaNbHbIX ycnosuli

peurenue ¢(t, p) npu ¢ € I cymecrsyer U

o, B) — p(t, po)| <& (t€ D). (34)

B cuiy paBHOMEpHO# HenpepbiBHOCTH GyHKumit f(t, z, p) 4
a(p) npu (t,z) € V, p € My C M (M, — Hexoropas 3a-
MKHYTasi OKPECTHOCTb TOYKH fg) Haitpercst Takoe 7 > 0, uro
npu |p — po| < 7 MMeeM g € My M BBINOMHAIOTCS HEpaBEH-
crBa (33). Toraa no TeopeMe 6 pemeHue (¢, ) Ha I cymecTyeT
u ynosnersopsier (34), To ecTb (¢, 4) HenpepeBHA MO K4 MpPH
B = Ho-

Hanee, npu (¢,z) € V, |p— pol < 7 dynxums f me-
npepbiBHA, 3HAYMT, OrpaHHyYeHa, To ectb |f| < ¢. IMoaromy
loil = |f] < g, ¥ onst mo6bix ¢, 7 € I nipu |t — 7| < €/q uMeem

e, p) — o(r, w)| < qlt — 71 <

Orciona u u3 (34) npu |p — ol < 9, |7 — t| < €/q cnenyer
le(7, ) — 0(t, po)| < 2¢, T0 ecTn pemmenue p(t, ) HerpepbiBHO
MO COBOKYITHOCTH NEPEMEHHBIX NMPH 4 = fio, ¢ € 1.

Bossmem € € (0, p). Torma mis nekoroporo 7, € (0, 1)
NpH JOGOM TaKOM M, 4TO gy — ol < 11, MO AOKA3aHHOMY,
pewenne (¢, p)) Ha I cymectByer u ymosneTBopsieT (34).
Torma ero okpecTHocTs V) (t €L |z—-@tm)<p- e) co-
Jepxurcs B V, 3Hauut, B V) BHINOJIHEHH YCJIOBUSI TEOPEMHI 7,
HO C p; BMecTO pg. CuiemoBatenbHO, pemieHue (i, pu) He-
NPEPHIBHO 1O COBOKYITHOCTH NMepeMeHHBIX (£, u) npu g = p,,
l#1 = ol <m, t €T u

>

Izl TeopeMa 6 No3BONsAET B NPHKIANAHBIX 3a1a4ax NOAb30BaThCA AuddepeH-
UHaNbHBIMM YPABHEHHSIMM, B KOTOPBIX HEKOTOPHE KOHCTAHTH M (GYHKLMM
ONpeNeNsyIiCh M3 ONHTOB, 3HAYHWT, M3BECTHHI JIHIIb NpHOIMXeHHo. Ecaun
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Inasa 2. Cywecmsosarue u obujue csoiicmsa peweHuil

3T0 NpUGIMXEHHE JOCTaTOYHO XOpoillee, TO M PEIICHUS TAKHX NPUOIMXKEH-
HBIX ypaBHEHHIi Ha KOHEYHOM OTpe3Ke BPeMEHH GyAyT Majio OTAMYATHCH
OT peleHUf TOYHBIX YPaBHEHHIA.

Ouenka (31) pasHocTH peuteHuit AByX GAM3KKMX ypaBHEHMi, MonyyeH-
Haft B TeopeMe 6, MOXET GbTb MCHONb3OBAHA, B YACTHOCTH, WISl OLCHKH
omrM6Ku NpuGIMXEHHOro pemeHus. OHa ouyeHb rpy6a, HO B BHIYMCIIMTEIb-
HOIf MaTeMaTHKe €CTb BO3MOXHOCTH NOJIYYEHHS MEHee rpyObiX OLIEHOK.

CymecteHHOe 0606weHne Teopembl 7 umeercs B [31]. Ycnosue He-
NpepHIBHOCTH QyHKUMIA f no p 3aMeHseTcH yCIOBHEM

/

¢ - ¢
/f(a, z,p)ds = /f(s, z, pmo)ds (Lo <t<ty), (35)
& t '

MPH § — pho, po dukcupoBanno; f u 3f;/dz; orpaHuyeHH! VsV, I
HenpepuiBHa no ¢, . Joka3ssiBaetcs, uro (L, ) =3 (8, po) MpH p — po
pasHoMepHo no ¢ € [to, ,].

| Mpumep 3. Paccmotpum 3apavy z' = f(t, z, p), z(0,u) =0, rae !
: npmo<t<l, |z <2 :
| ’ t |
: f(t,z,p)=32+,4(l—z)sin2; (6 #0), f(t,z,0)=a:2—29:+2.A :

Vcnosue (35) BHINOMHEHO, TaK Kak npH g — 0
t

t

/2sinzida:t/1da§t O0<t<1).

0 0 .
TMosToMy peuieHue NaHHO# 3amauu ¢ = ¢(t, ) npu p — 0 paBHOMEpPHO

no ¢t € [0,1] crpemutcs x dyukuuu @(t, 0) = 2tgt/(tgt + 1), apasmoweiics
pemreHueM npu p = 0.

1) s npocToTH MANOXEHHS 3NeCh NPUBONATCA MEHee obLIMe YCIoBHs, deM B [31].
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§ 8. YpusHeHus, He pazpeuwieHHble OMHOCUMEIbLHO NPOU3800HOU

P

Eue Gonee obiue pe3ybTaThl NOAYYEHBl Y€XOCNOBALKUMHM MaTeMaTH-
KaMH, TIaBHBIM 06pa3oM, Sl. Kypuseiinem.
el

§ 8. YpasHeHMA, He pa3pelueHHble
OTHOCUTENbHO NPOM3BOARHOM

[g OCHOBHBIE CBOJCTBA ypaBHeHuit Buma F(z, y, y') = 0 ommnua-
J0TCS OT CBOICTB paHee PacCMOTPEHHHBIX ypaBHeHuil y' = f(z, y).

I Npumep 4. Ypasueuue (')’ — 42> = 0 MoMHO cBECTH K ABYM |
| ypasuenuam: y' =2z n y' =-2z. |

Hx pemwenns

y=z2+c H y=c—:¢:2

(puc. 6). Yepes xaxnyio TOUKy IIoC-
KOCTU &,y NPOXOIUT HE MEHEe ABYX
pPELICHU: MO OTHOMY M3 KaXaoro
ceMmeiicTna peweHuit. Mmelorcs Tak-
Xe pellleHHs], COCTaBlIEHHBIE U3 KYC-
KOB pelieHuit aTux cemeiicrs. Takue
COCTaBHBIE (PYHKLIUU ABNAIOTCS pe-
IIEHUSIMM TONBKO TOra, KOraa OHHU
BCIOY UMEIOT MPOM3BOAHYIO, TO €CTh
KOrza B TOYKE CThIKa JBa COEAMHsIE-
MBIX KyCKa UMEIOT OOLIYI0 KacaTellb-
Hylo. Hanpumep, Ha puc. 6 dyHkums Puc.6
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Inasa 2. Cywecmsosanue u obujue csolicmea peweHull

ABOK — He pellleHHe, TaK KaK He HMeET IMPOM3BOIHOI B TouKe B,
a dynkuuu ABCM u ABCN — peuieHus.

Jns Toro ytoGbl BHUIEAWTH EAMHCTBEHHOE pELICHHE YpaBHE-
Hus F(z,y,4')=0, BooGuie ropopsi, Hamo 3alaBaTb HE TOJNLKO
TOuKy (Zo, %), HO M 3HAYEHHE Yo (He TMPOM3BOJNLHO, a TaK, YTO-
6Bl TPOMKA 4MCEN Zg, Yo, Yo YHAOBIETBOpSIA nam-louy YDaBHEHHMIO:
F(zo, y0, %) = 0). Jlnst ypasuenus (y')? — 42* = 0 uepes Touky
B(zg = —1, yo = 1) npoxonsT a8a pemenus: y = z*> (DBO, pHc. 6)
uy=2-ga’ (ABC, puc.6); ecnu 3amaTh ele yh = —2 WK yh = 2,
MOJy4aeM ‘OHO U3 3THX peLICHMIA.

Touku KacaHus1 pelIeHHt — TOYKM HapyLIEHHUs €IMHCTBEHHOCTH
(Touxu ocu Oy Ha puc. 6). Pelmenne, npuileniiee B TaKylo TOYKY,
MOXHO MPONOJDKHTH 32 Hee Gonee, YeM OTHMM CIOCOGOM.

Teopema 8. Paccmompum ypasHerue

F(z,y,¥')=0. : (36)
Nycms F € C' 8 obnacmu D u & mouke (zo, Yo, yy) € D' umeem
F =0, 8F/8y' #0.
To20a Ha no6om docmamoyro Manom ompeske [xo — d, ¢ + d] cywe-
cmeyem eduxcmseHHoe pewerue ypasHenus (36), ydoenemeopsiowee
ycnosusm

¥(zo) =90, ¥'(20) = w0. (37)

Hokaszamenscmeo. Ilo Teopeme 0 HesiBHOI (YHKLUMM B HEKOTO-
poit okpectHocT U Touxku (g, Yo) CYLIECTBYET EANHCTBEHHAs
HenpepbiBHas GyHKumus f(z, y), YIOBIETBOPAIOILAsK YCIOBUIM

F(:L', Y, f(:c, y)) =0, f(zO! yo) = !I(,), (38)
npu 3toM f € C'. ITo Teopeme 2 § 5 ypaHenite y' = f(z,y)
Ha HEKOTOPOM OTpe3ke [zy — dy, 2o + dy], d; > 0, umeer enun-
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§ 8. YpasHenus, He paspewenHble OMHOCUMENbHO NPOU3BOOHOU

CTBEHHOE pellieHHe Y(z), YIOBNETBOPSIOIEE HAYATLHOMY YCIIO-
BHI0 Y(Zo) = . Tak kak y'(z) = f(z, y(z)), 10 U3 (38) cnemyer

F(z: y(z): y’(Z)) = 0’ yl(zo) = f(zo, yO) = y(,)'
To ects y(x) ynonetsopsiet ypasHenuio (36) u ycnosusm (37). B

| —
JlokaxeM eZMHCTBEHHOCTb pemieHus. Tak kak 8F(z,y, p)/dp # 0 B Touke
(20, Yo Yo), TO OF/Bp coxpaHseT 3HAK B HEKOTOPOit OKPECTHOCTH ITOH TOY-
xu, To ectb nipu (2, y) €V C U, |p—y;l < €. 3nech V — 0KpecTHOCT TOYKH
(20, %0), € > 0. 3HaumT, npu (2, y) € V dyuxkuus F(z, y, p) MOHOTOHHA no
p Ha unTepBane |p — yo| < €, u Tam F(z, y, p) = 0 Tonbko npu p = f(z,y).
YMeHBIIUM OKpecTHOCTb V', urobbt B V' 68UI0 |f(2, ¥) — wol < €/2. Torna
wis (z,y) € V 3Havenus p, ans xoropuix F(z,y,p) = 0, pacnamaiorcs
Ha 1Ba TakKe MHOXecTBa A U B (B MoxeT GBITb MYCTHIM), YTO
! € .

p=1@y), lP-wl<; (€A (39)

p#f(y), lp-wl>e (peB).

Hns moGoro pemenus y(z) 3amauu (36), (37) npu z = z, umeem
¥'(z) = yo = f(20, %) € A. TToka (z, y(z)) € V, npoussonnas y'(z) He Mo-
XeT nepefiTi U3 A B B, TaK Kak MO TeopeMe aHAJM3a NPOU3BOAHAA NPHHM-
MaeT BCe MPOMEXYTOYHBIC 3HAYEHMUA, a B cHay (39) OHa He MOXET NPHHHUMATD
3HaueHult p, mst KoTophix €/2 < |p — Yol < €. 3HaumT, Npu ManBIX |z — o)
npoussonHan y'(z) ocraercs B A u y'(z) = f(z,y(z)). A 3ro ypasHeHue,
TaK KaK f € C', npu ycnosuu y(2o) = Yo MMeeT eNIMHCTBEHHOE PeLICHME.

Gl

Cnencreme. flycms 8 (36) F € C' u 8 mouke (zo, o) ypas-
Henue F(zo,yo,p)=0 umeem posHo m pasnuynsbix KopHell p;
(i=1,...,m) u dna kawdozo uz nux OF(zy, Yo, p;)/0p; # 0.
Toz0a uepes moury (o, Yo) 8 ee oxkpecmHocmu npoxodum "posHO
m pewenuli ypasnenus (36), y Hux 8 3moili moyke npou3sodHsie
¥ (z0) =pi (=1,...,m) ace paznuynst.
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Inasa 2. Cywecmsosarue u obwue ceolicmea pewieHuli

Hanpumep, ans ypapuenus (y')?> — 4z = 0 TakoBH TOYKM
(20, %) ¢ o # 0. YpaBHenue p’ — 4z3 = 0 MMeeT IBa PaTUYHBIX
KOpHA Py = %2z, mnsa o6oux 8F/0p; = 2p; # 0 u uepe3 TaKylo
TOYKY B €€ OKPECTHOCTH NPOXOISAT POBHO JBa peuteHus (puc. 6).

Ecnu xe 4epe3 TOUKY (Zo, Yo) B CKOJIb YTOXHO MO €€ OKpecT-
HOCTH TNpOXOAWT GoJjiee OAHOro pellieHMs M XOoTs OBl ABAa M3 HMX
MMEIOT B 3TOH TOYKE OHY U Ty Xe MPOU3BOAHYIO y'(Zo), TO roBoOpAT,
YTO B TaKO# TOYKE HAPYIIAETCHA €AMHCTBEHHOCTb. [N ypaBHEHHUs
(v')? — 42% = 0 TaKoBsI TOuKM (2o, Yo) C 2o = 0.

@ JInCKpHMHHAHTHAs KpuBaA. M3 cka3aHHOrO BLITEKAET, YTO €CIM
ns ypasHenus (36) ¢ F € C' B Touke (20, ¥o) HapymaetTcs eauH-
CTBEHHOCTb, TO NPU HEKOTOPOM ¥ BHIMONHSAIOTCA ABa YCJIOBHS

9F (20, Yo, o)
oy

Tak KaK y; 3apaHee He U3BECTHO, TO WISl OTBICKAHMSI TOYKH (Zo, Yo)
Hano u3 ypasHeHuit (40) uckmounT yo. IMonydyuM ypaBHeHHe
(20, ¥o) = 0, ompenmensiiollee HEKOTOPOE MHOXECTBO Ha IUIOCKO-
CTH Z,Yy. DTO MHOXECTBO HA3HLIBACTCS OUCKPUMUHAHMHOU Kpueoi.
JMCKpMMHHAHTHasl KPUBasi COAEPXUT BCE TOYKM HApYLIEHHUs €AMH-
CTBEHHOCTHU, HO MOXET coiepXaTh U HEKOTOpLIE Apyrue TOYKHU.

F(zo, Y0, %0) = 0 =0. (40)

! W)Y -4’(1-9) = \ !

Pewenue npumepa. [na 3toro nuwem pBa ypasHeuus (40):

oF
8y’_2y =0.

F=() -4(1-y) =0,
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§ 8. YpasneHus, He pazpeweHHble OMHOCUMENbHO NPOU3BOOHOL

W3 sToporo ypasHenus umeem y' = 0. Noacraenna 8 nepsoe, HaxoaUM
AUCKPUMUHAHTHYIO KPUBYIO 4y3(l —y) = 0. Umeem pee seteu: y = 0
U y = 1. B HaweM chyyae OHU 06e ABAAIOTCA peleHUsMU RAHHOTO
AvddepeHunanbHOro ypaBHeHUS,

YT06bi BUACHUTL, € HApYIAETCA eAUHCTBEHHOCTD, HaieM Apy-
rue pewexus. U3 panxoro ypasneuuu umeen y' = £2y./y(1 -

Pewas 3tu ypasHeHus ¢ paaneumomuuucu nepeMeHHbIMK, nonyuaen
pewenus (puc. 7)

1 vaA
y= ——o—, 1
(z+c)?+1
y=0, y=1L E 25;2 ;

= -

Ha npamoit y = 0 we 0 z

HapyWaeTCcA eAUHCTBEH-

HOCTb, @ Ha NpAMoit y =1 Puc.7

— Hapywaercs. <

B orauMuMe OT pacCMOTPEHHOro MpHUMEpa AAJIEKO HE BcCerua

AUCKpMMHUHAHTHasA KpUBas ABIACTCA PCLICHUEM.

Pewenue npumepa. 3pecv dF/8y' = 2(y — 1)y’ +2 = 0. Wc-
Knoyas ¢, nonyyaeM QUCKPUMUHAHTHYIO KpuByIo ¥ = 0. OHa He ABAs-
€TCA peleHnem AaHHOTO YPaBHEHUS.

Haiipem apyrue pemeuua W3 paHHOro ypaBHeHHs, KaK M3 KBa-
ApaTHOrO, nonyqaeu y = —14@ .Takkak 1-y = (1-/7)(1+/3).
0y = —}7; Pewas 310 ypasnenue C Pa3nenaiowWUMUCA NepeMeH-

| Mipumep 6. HailAeM AUCKPUMUHAHTHYIO KPUBYIO ANA YPaBHEHHA |
| F=@y-1)@)+2 -1=0. !
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Inasa 2. CywecmsosaHue u obwue csolicmsa peweHuli

HbIMKM, HaxoAuM y X %y”z =-z + ¢ (puc. 8). [iUCKpMMUHAHTHAA

KpuBas y = 0 aenserca reoMeTpUu4yeCcKuMm MeCTtoM TOYEK 3a0CTpeHUs
UHTErpanbHbiX KpUBbiX. 4

Ocoboim pewenuem HA3LIBACTCA TaKOE pellieHHe, B KaXAOit Toy-
K€ KOTOpOro ero Kacaercs ApYroe peliéHue, OTIMYHOE OT paccma-
TPHBaEMOr0 pelIeHHs B CKOMb YTOAHO Maloif OKPECTHOCTH 3TOM
vA ToYkH. B npumepe 5 ocobuIM
SIBNSIETC pelieHue y = 1,
B npuMepax 4 U 6 0COOBIX
pELICHUI HET.
Tak Kak B KaXxmoit Tou-
Ke 0co00oro pelieHusi Hapy-
AeTCsl €AHHCTBEHHOCTD, TO
ocoboe peuieHue, €ClM OHO
€CTb, CONEPXHUTCS B AMCKPH-
MUHAHTHOH KpuBoit. [To3TOMY I OTBICKAHMS OCOGOro pelleHHs
ypapuenus F(z,y,y") = 0 (c dyukumeit F xnacca C') cuauana
HaIo HallTH IMCKPMMHUHAHTHYIO KpMBYlo. HO OHa He Bcerna sBseTcs
0COOBIM pellicHHEM, AaXe €CIH SIBISETCS pelieHUeM, CM. NpuMep 5.
IMo3ToMy KaX/ylo BETBb IMCKPUMHHAHTHOM! KPHBOi HaZio IPOBEPHTD:

Ky

0

Puc. 8

1) siBAsIETC MM OHA pELIEHHEM, TO €CTh YAORJIETBOPSET JIH OHA
NaHHOMY YPaBHEHHIO;

2) KacaloTCsl JIM ee B KaXnoil TOYKe ApYrue pelleHus.

Ecnn Ha oGa BOnpoca OTBETHI MOJIOXUTENbHbBIE, TO PaCCMAaTPH-
BaeMasi BETBb SIBJISIETCSI OCOOBIM PEIICHHUEM.

IpoBepka TOro, Kacaiorcs Jin ABe Kpusble y = ¢(z) u y = P(z),
MPOBOAMTCSH C MOMOILBIO YCIIOBHSI KaCaHUS: KPUBbIE KacaloTCs ApYT
Ipyra B HEKOTOpO# TOYKe, €CJIU B 3TOi TOUKE

v() =9(2), ¢'(z)=9'(2). (41)

62




§ 8. YpasHenus, He paspewieHHble OMHOCUMENLHO NPOU3BOOHOLI

a—

3adayu Ona ynpaxHenuli:
[12], § 8, Ne 241-266.

Ombalomas. I[ToHsTHE 0COGOr0 peLICHHS CBSA3aHO C M3BECTHHIM
u3 auddepeHHANTbHOM reOMEeTPUH NOHATHEM orubaroneit.

Ozubaroweii ceMeitcTBa KpHBBIX (&, Y, ¢) = 0 Ha3bIBaeTCs Kpu-
past K, B Kaxnoil cBoeit TOuKe Kacaiomascs KpHBOit ceMeiicTBa,
oTi4HOMi or xpuBoit K B NM10060it OKPECTHOCTH 3TOI TOUKH.

Teopema 9. Jlunus y = (x) asnsemca ocobbiM peweHuem ypasHe-
nus F(z,y,y’) = 0 mozda u monsko mo2da, kozda ona sensemcs
ozubaroweli cemelicmea peweHuli 3mo20 ypasHeHUs.

Jlokaszamenscmeo. Tlyctb nuuus y = P(z) — ocoboe peiieHHUE.
Torna B Kaxaoit cBoeil TOUKe OHAa KACaeTcsi APYTOro pelleHHs.
CnenoBaTeNbHO, 3Ta IMHUA — OruGalonas ceMeHCTBa pelleHMIA.

Myctb muus y = P(z) — orubaiowas ceMeiicTBa pele-
Huit. Torma B Kaxpoit cBoeit Touke (2, ¥) OHa KacaeTcs Kakoro-
160 peuieHUsi. 3HAYMT, B 3TOI TOYKE YHCAA Z, Y, ¥ WIS IMHUM
y = ¥(z) Te xe, yro mna 3roro peweHus. Ho pewenue ymo-
BeTBOpsieT ypaBHeHuio F(z, y, y') = 0, nosromy u orubaromas
TOXE YIOBJIETBOPSIET 3TOMY YPaBHEHHIO B TOuKe (Z, y). DTa Tou-
Ka — MpPOM3BONbHAs Ha orubaioiueit, 3HauuT, orndaomas ecTb
pellieHMe ypaBHEHHA. DTO pellieHHe B KaxXaoi cBoelt Touke Ka-
CaeTcsi IPYroro pelleHus, CIeI0OBaTeNIbHO, ABNAeTCs 0cOORM. Il

s orbickaHus oruGaioweit cemedictea auHuit ¢(z,y,c) = 0
(¥ € C"), kak u3BecTHO M3 nMbdEPEHIMANBHON T€OMETPHM, HAIO
HCKITIOYHTD € U3 YPaBHEHMi

a¢(z’ y’ c) — 0

o(z,y,¢) =0, e ,
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Inasa 2. Cxwecmsosanue u obwue csolicmsa pewenuli
t

Y NPOBEPHTH, KACAETCS JIK NONYYEHHAas IMHUS B KAXIOH CBOEi TouKe
Kakoi-nmM6o JMHMM ceMmeiicTBa (HampuMep, C MOMOIUBIO YCJIOBHS

~ xacanus (41)).

3adayu ons ynpamHeHui:
I [12], §8, N2 297 a-r.
@ Meronm pemennsi ypaBHeHuii Buna F(z,y,y’) = 0.

A. Pa3pelinTh ypaBHEHHE OTHOCHTENBHO ¥', TO €CTh M3 JaH-
HOTO ypaBHEHMs1 BHpa3uTh ¥ yepe3 z U y. IMonyyaercs onHO WM
HECKOJILKO ypaBHejiu# Buia ¥y = f(z,y). Kaxgoe u3 HuX Hamo
pelIMTh. STHM METONIOM PELIANUCH YpaBHEHHS B NpUMepax 4—6.

B. Meton BBemeHus napamerpa. OH MO3BONSAET CBECTH YpaB-
ueuue F(z,y,y') = 0 K ypaBHEHHIO, pa3pelIEHHOMY OTHOCHTEJIBHO
npou3soxHoit. M3naraeMsiit HMXe MPOCTEHIIMIA BapHAHT ITOrO Me-
TOIa MPUMEHUM B Clyyae, Koraa ypasHenue F(z,y, y') = 0 ynaercs
pa3peliuTh OTHOCHTENBHO Y WIM OTHOCHTENBHO &, TO €CTh 3aMMcaTh
B Bune ¥ = f(z,y') wm B Buze = = f(y,y).

B ypaBHenue y = f(z,y’) BBonuM napame'rb p = dy/dz u no-
JyyaeM

y= f(z’ P)- (42)
Bepem nonHeli auddepeHLHan oT 06eux 4acTeil paBeHCTBA H, YTOOBI
MCKIIIOUHMTD Y, 3aMeHsieM dy Ha p dz (Tak Kak p = dy/dz).

dy = f; dz + fdp; pdz = fydz + f,dp.
TocnenHee ypaBHEHHE MOXHO Pa3peLIuTh OTHOCHTENEHO dz/dp wunu
oTHocuTeNbHO dp/dx. Ecnu pelieHHe 3TOro ypaBHEHHsi HailtneHO

B Buge = = ¢(p), 10, moacraBnAs 310 B (42), nomyyaeM peuie-
HME MCXOJHOrO YPaBHEHMsI B MapaMeTpUYecKoii 3anucu: = p(p),

y = f(p(p), p).

DTUM Xe METONOM peLualoTCsi ypaBHeHus Buna = = f(y, y').
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§ 8. YpasHenus, He paspeweHHble OMHOCUMENLHO NPOU3BOOHOI

Pewenue npumepa. Bsoga napametp p = ', nonyuaem

y=zp+p’. (43)

Bepem nonuuit audpeperuuan or obeux vacreit pasexcrea. Monyua- -

em dy = pdz + z dp + 2p dp. Tak kak dy = p dz, T0 uMeem
pdz=pdx+zdp+2pdp; (z+2p)dp=0.

Hapo paccmotpets pga cayvas: z + 2p =0 wam dp = 0.

Ecam 2+2p = 0,70 z = —2p.
Moactaensas 3to 8 (43), nonyvaem
peluexue B NapaMeTpUYECKOM Bupe:
z = -2p, y = —p*. Uckmovas p,
umeem y = —z2/4.

Ecm dp = 0, 70 p = ¢
(npoussonbHas nocrosxHas). Moa-
crapnas B (43), nonyyaem pewenue
Yy = cx + ¢ — cemMeicTBO Hena-
pannenbHeix NpAMbIX (ANS KaXAO#H
NpAMONA ymoBoil ko3 duuuent ¢ —
CBOWA).

Wccnepyem, asnsetca au pe-

wehne y = —x2/4 ocobuiM. Mu-
weMm ANA pewennii y = —x2/4 w - Puc.d
y = cx + ¢ yenosus Kacauus (41):

2

T z

—— = cz —_——

2 cx +C, 2 C.

NoAcTaenas ¢ = —z/2 B nepsoe PaBeHCTBO, nofyyaeM —z>/4 =

—22/2+x%/4 — ToWpecTBo. 3HauuT, pewenne y = —z2/4 B Kaao#
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Inasa 2. Cywecmsosarue u obuwue ceolicmea peweHull

TOuKE Z KAaCAeTCA ORHOTO U3 peleHuit Y = cx + c*. CnepoBaTensHo,
pewenne y = —z?/4 — ocoboe (puc. 9). <

| e g

Jlpyrue BapMaHTHI METONA BBEAECHHA MapaMeTpa MIoXeHH B [9], .3, §2,
npuMep 5 u § 3, n. 1 — BBenenue AByX napamerpos; Takxe [13], r. 1, §8;
[2], 0.1, §7.

el
Ypasnenus Knepo UMEIOT BUA

- y=zy +9().
OHH peLIaloTCsi METONOM BBEICHUS TapaMeTpa. DTOMy KIacCy NpH-
HAVIEXMT ypaBHeHHMe npumepa 7. O6iee pemeHue ypasHeHus Kie-
PO — ceMeiCcTBO Henmapa/uieabHbIX npaMbix. Ecniu dyHkuus ¢ € c?
M HeNMHeiHa, To ypaBHeHHe Kiepo nMeer ocoGoe pelieHHe — Kpu-
BYIO, KOTOpPOii KacaloTcs 3Tu npsiMbie. Eciu xe GyHKuus ¢ MuHeliHa,
TO MpSAMBIE NMPOXONSAT Yepe3 OAHY TOUKY M 0COGOr0 peleHHUs HeT.

3adayu ons ynpaxnerul:
[12], §8, N2 267-296.

| —

E:I B ofiem cnyyae AUCKpUMMHAHTHAs KpUBas pa3OouBaeT IUIOCKOCTD Z, Y
Ha obsacTi. B Takoif 00nacTH BHINONHAIOTCA YCJIOBMS CJCACTBUS Teope-
MBI 8 M uyepe3 KaXAayl0 TOYKY NMPOXOAUT OAHO M TO XK€ YHCJIO pelICHHMIA.
PacnonoxeHue pemieHuit BOIM3M IUCKPMMHHAHTHON KpHMBOi MOXeT OHITb
paammuHbiM. Useectio ([18], . 1, §4), 4TO TMNHYHLIM ABNAETCA Cayuail,
Koraa JMCKpMMHHAHTHAsA KPHBasi COCTOMT M3 TOYEK BO3BpaTa MHTEIPaIbHbIX
KpMBBIX, KaK Ha puc.8. Kpome Toro, Ha AMCKPUMMHHAHTHOM KPHBO# MoOryT
OHTh OCOOBIE TOYKH, BOJM3H KOTOPHIX HHTErpajbHbie KPUBbiE€ HAYT WHaye,
yeM BONM3M JPYTMX TOYEK AMCKPUMMHAHTHOI KpHBOil, cM. [19], r. 1, §7.
Dry6okue nccnenoBaHus TaKMX 0COOeHHOCTel nposen A. A. J1aBHIOB.
Gl
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[JIABA 3

JiuHenHble
AnddepenunansHoie
YPaBHEHUA U CUCTEMbI

H3yyenue nuHeHbIX nudbepeHUHATBHBIX YPaBHEHMIT COCTaBJsICT
OTACNIBHOE TEOPETHYECKOE HANpaBlieHUE MOTOMY, YTO OHH 006J1afaloT
PAIIOM CBOMCTB, MO3BOJISIIONIMX IYyOXe HX M3y4uTh. OCHOBHOE CBO-
CTBO COCTOMT B TOM, YTO 6ce peuteHus NUHEHHOrO ypaBHCHUS WIHN
CUCTEMBI BHIPAXAIOTCS YEPE3 KOHeuHoe Yucao pelieHHit,

§ 9. CBo#CTBa NAMHEHHBIX CHUCTEM

.

III PaccMOTpUM JIMHEIHYIO CHCTEMY HOPMALHOTO BHAA

dT:ti =a,~.(t)a:,+...+a,-,,(t)zn+fi(t), i=1...,n, (l)

WK, B BEKTOPHOIt 3anucH,
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Inasa 3. Jlunelinbie dugpeperyuanshsbie ypasHeHus u cucmeMb

dee £g hi
o azese, o= i |, =[]
Zn, In )

an(t) ... an(?) )

ani(t) ... apn(t)
Bcerma mpeanonaraercs, YTO Ha pacCMaTpUBAEMOM KOHEYHOM WM
GeckoHeyHOM MHTepBane a < t < B dyukuun a;j(t) u fi(t) Henpe-
DHIBHBI, @;j(t) BELIECTBEHHBI.

Tak Kak B rnaBe 3 HHOra 6yayT pacCMaTpUBATHCA KOMIUIEKCHBIE
pellieHHs, B YaCTHOCTH, coaepXatiue GyHKIuH e, T0 HeoGXOTMMO
PacrpoCTPaHUTh HEKOTOPHIE TEOPEMBI I71aBbI 2 Ha IMHEHHbIE CHCTEMBI
C KOMIUIEKCHBIMH PELIEHHSIMH. '

Nlemma 1. Ecru mampuya A(t) sewecmeennas, mo

a) BsewecmeeHHas U MHUMAA 4acmu Ni06020 KOMNNIEKCHO20 pelieHus
cucmemsr ' = A(t)z ssnsiomca sewjecmeeHHbIMU peweHUAMU
3moli cucmemsi;

6) sewecmeeHHas u MHUMGA YACMU PeWeHUA T = % -+1v cucmeMs!
(2) ¢ f(t) = g(t) + ih(t) (g u h sewecmeennst) asnsomca
peweHusMU cucmem

u' = A(t)u+g(t), o = A@t)v+h(t); (3)

B) obpamHo, ecau u u v — peuerus cucmenm (3), mo = = u+iv —
pewenue cucmems! (2) ¢ f(t) = g(t) + ih(t).

Jokxazamenscmeo. dokaxeMm 6). Iycts dyHkuuu u,v,g,h Be-
LLECTBEHHBI M

(u +iv)' = A(t)(u + iv) + g(2) + ih(2).
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§ 9. Csolicmea nunelinbix cucmem

Otzensisi BEIUECTBEHHYIO U MHMMYIO 4acTH, mony4aem (3).

Ipu g = h = 0 u3 yreepXaeHus 6) cnexyer a).

YMHOXasd Ha i BTopoe ypaBHeHHe B (3) M ckiaabiBas
C MEPBBIM, MONYYaeM B). |

TeopeMa 1. /lpu niobom HavansHom ycnosuu z(ty) = T, cucmema
(2) umeem eduncmeenroe pewenue. Bce ee pewenus npodonxaomcs
Ha secb uwmepsan (a, ().

Joxazamenscmeo. Ecnu zq u f(t) BeleCTBEHHH, TO MO TEOpeMe 2
§ 5 3amava

' = AQt)z + f(t), =(to) = zo, 4)

MMeeT eAMHCTBEeHHOe petneHue. Tak kak dyHkumn a(t) = ||A(2)]|
u b(t) = | £(t)| HenpepoiBHBI U |A(t)z + f()| < a(t)|z|+b(t), TO
no TeopeMe 5 § 6 Kaxnoe BeLIECTBEHHOE pellleHHe CHCTeMBI (4)
npoxosokaercs Ha uHtepsai (a, ).

Ecnu xe 2y = uy + vy, f(t) = g(t) + ih(t), To, Mo noka-
3aHHOMY, cucteMsl (3) ¢ u(ty) = ug, v(fy) = vy UMEIOT peLIeHus
Ha uHTepBae (a,f). Torma z =u+iv mpu a <t < f —
peleHue 3anauu (4).

Ecnmn y = u* + iv* — npyroe pelueHue 3Toit 3amauu, TO
u —u* ¥ v —v* — BeulecTBeHHHIE peleHus 3anaun 2' = A(t)z,
z(ty) = 0. Ho z(t) = 0 Toxe peeHHe, a APYTUX BELIECTBEHHBIX
‘pewieHuil HeT Mo teopeme 1 §9. 3Haunt u —u* = v —-v* =0,
M pelliecHHe T = U + t¥ €AUHCTBEHHO. ]

B rnaBe 3 Bceraa 6yaeM CYMTATh, YTO BCE PEIIEHUS MPOIOKEHBI
Ha Bech uHTepBal a < t < B.
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Inasa 3. Jlunelinbie duggepeHyuansHble ypasHeHus u cucmems!

OO0mmue cpoiicTsa JHHeliHbIX ypaBHenwit H cucrem. Cucrema (1)
win (2) HaspiBaeTcs JMHeHHOM omHoponmHo#, ecnu Beg fi(t) = 0,
U TMHEHO! HEONHOPOAHOI B MPOTUBHOM CJIy4ae.

B cuicreme (2) nepenecem A(t)z BNEBO U 3amMHULIEM 3Ty CHCTEMY
B BUze Lz = f. 3nech f M & — 3neMEHTHI IMHEAHOrO MPOCTPaHCTBA
HempepuiBHBIX (W11 £ — HenpephiBHO AudbdepeHUnpyeMbiX) n-
MEpHBIX BeKTop-PyHKuui Ha uHTepBane a < t < §, L — nuHeHHBIH
oInepaTop, TO €CTh TaKOi, YTO '

L(u+v)=Lu+ Lv, L(yu)=7Lu

st MOGHIX ¥ M v M3 JTMHEHHOTO MPOCTPAHCTBA, Ha KOTOPOM OTpe-
neneH oneparop L, u mo6oro yucna 7.

M3 3tHX CBONCTB cnelyer, YTO eCAH a:',...,:c" — pelle-
HUs JUHeiHOro omHopomHoro ypaBHeHusi Lz = 0 (BepxHuil MH-
JIEKC — HOMEp pelleHus), 71, .. . , Te — YHcAa, 1o z' + 22, 2! — 22,

7z +... +1zF — Toxe pemeHus Toro xe ypapHeHus. Crenosa-
TEIbHO, MHOXECTBO PeLIeHH# JIMHEHHOr0 OXHOPOXHOIO YpaBHEHHSI
(WM cucTeMBI) ecTb IMHEHOE MPOCTPAHCTBO.

Ecnn xe z',...,2F — pelmeHns NHHEHHBIX HEOXHOPOAHBIX
ypaBHEHHMIk Lz = f‘ Gt=1,...,k), 7n5..., 7 — uKcCna, TO T =
e +...+mz* — pemennue ypapuenns Lz = 7 f' +... + 1 f*.
B vactHoctH, ecniu Lu = 0, Lv = f, 10 L(u +v) = f; ecau
Lv' = f, Lv’ = £, 10 L(v' — v*) = 0. To ecTs cymma pemenmit
JIMHEetHOrOo OMHOPOAHOro U JTMHEHHOr0o HEOOHOPOOHOIO ypaBHEHHIA
(c Tem xe L) ecTb pelleHHE TOTO Xe HEOTHOPOAHOIO YPaBHEHHS;
Pa3HOCTb ABYX pelICHU i TMHEIHOrO HEOMHOPOAHOIO YPaBHEHHS €CTh
pelLlIeHHE TMHEHHOro OHOPOXHOrO YpaBHEHMS.

Jluneiinas 3aBHCHMOCTh BEKTOp-(yHKUMiL. BeKTOp-hyHKIMM

z'(t),...,2*(t) Ha3LIBAIOTCH AuneiiHO 3a6uUCUMBIMU HA MHTEpBANE
(w1 Ha MHOXecTBe) M, ecnu HalmyTcs TaKue MOCTOSHHHIE YH-
cna ¢y, ..., Cx, 3 KOTOPLIX XOTSI GBI OHO HE PAaBHO HYJIO, YTO MpPH
70

w0

< e,

i o 58
.

L.....



§ 9. Ceolicmsa nuneliHbix cucmem

pcex t € M umeeM
az'(t) +... + qz"(t) =0. (5)

BekTop-byHKUMH THHEHHO He3aBUCHMEI Ha M, eC/iM OHHM He ARSI~
JOTCSl JIMHEHHO 3aBUCHMMBIMM Ha M, TO eCTb ecliu paBeHCTBO (5)
(mpu Bcex ¢t € M ONHOBPEMEHHO) BO3MOXHO JMIIb B CIyyae
ag=...=¢c=0.
' IToHsATUHE NHHEHOH 3aBUCMMOCTH BEKTOP-QYHKUMI HA JaHHOM
| MHO)KCCTBC M, conepxaiieM Gojiee OMHOI TOYKH, OTAHYAETCS OT U3-
BECTHOTO M3 aireOpel NMOHATUS JIMHEIHONH 3aBUCMMOCTH BEKTOPOB.
Ecau Bextop-dynkumu z'(t), ..., *(t) nuueiino sapucumer Ha M,
TO NpH KaXIoM £ € M HX 3HauYeHUS ABJISIOTCS IMHEHHO 3aBUCHMBIMU
BEKTOpaMH, 310 crexyeT u3 (5). OGpaTHOe HeBEpHO.

Npumep 1. Bektop-dyHkumun z'(t) = (i) w2 (t) = (:) E
npu no6om t ABNAIOTCA NUHEHHO 3aBUCHMBIMM BeKTOpamu !
(npu noGom t = t; umeem c z'(t)) + cz’(t)) = 0, econ :
¢ =t;, ¢ = —1). Ho kak BeKTOp-pyHKUuK, OHU HA NioGOM :
untepsane (a, B) NUHEAHO He3aBUCUMBI, TaK KaK Npu nocmo- |
AHHBIX €1, C; PaBeHCTBO '¢; - 1 + ct = 0 Ha BceMm uHTepBane :
(a, B) Bo3MOXHO Auwb npu ¢; = ¢ = 0. |

JerepmunanT BpOHCKOro WM 6poHCKUaH VIS n'-Meplmx BeK-
op-bynkumit z'(t),...,z"(f) — 3T0 NeTepMMHAHT n-TO NOpANKa,
TOJIGI.IH KOTOpOro cocmm M3 KOOPAMHAT 3THUX BEKTOP-PYHKIIHIA, TO

zi(t) ... 2] (t)
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Inasa 3. Jluneiinsie dugpgpepenyuansHsie ypasHeHus u cucmemsi

Nlemma 2. Ecnu sekmop-gyHkyuu z‘, ..., E" nuneliHo 3a8UCUMBI, MO
ux sponckuan W (t) = 0.

Jokasamenscmeo. B 3TOM ciyyae CTONGLBI AETEPMHUHAHTA JNHU-
HEIHO 3aBUCHMH, a TOTa, KaK U3BECTHO, OH paBeH Hymo. M

Cnencreue. Ecnu sponckuan W(t) Z 0, mo sexmop-gyrryuu !
.., " nunelino He3asucuMsl.

’

Jlemma 3. Ecnu eéxmop-d)yuxuuu b
cucmemsl ' = A(t)z c nenpepvigHol mampuyei A(t), u ux spou-
ckuaHi W pasex Hynio xomsa Obi npu oOHoM 3HaveHuu t, mo amu
sekmop-@yHKyuu nuneiHo 3asucumsl, u W(t) = 0.

1 ..., 2" sensomca pewenusmu

Jokazamenscmeo. Tlycts W () = 0. 13 anreGpsl H3BECTHO, YTO
TOTIa CTONGLB! NETEPMHHAHTA, TO €CTb BEKTOpH z'(4),...,
z"(¢)) nuHeitHO 3aBUCHMBI. 3HAYMT, CYLIECTBYIOT TAKHE YMCIIA
Ci, ... Cn, 3 KOTOPHIX XOTb OJXHO HE PaBHO HYJIIO, YTO

az'(t) +... +cz"(t) = 0. (6)
C 9THMH Gy, ... , C, PACCMOTPUM BEKTOP-(DYHKIIHIO
z(t) = az' () + ... + caz"(2). (7)

OHa sBnsieTcss pewieHueM cucrembl z' = A(t)z. B cuy (6)
z(t)) = 0. dyHxkuma z(t) = 0 ynomneTBopsieT Toit Xe cHCTeMe
¥ HavabHOMY ycioBuio z(t;) = 0. ITo Teopeme eAMHCTBEHHOCTH
nMeeM z(t) = z(t) = 0. Urak, dynxuus (7) Bciofy paBHa Hymo,
u pemenus z'(t), ..., z"(t) nuHeitHO 3aBUCHMBL |
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§ 9. (Csolicmea nunelinbix cucmem

Ina Bekrop-byHKLUHMi, He SABIAIOLIMXCA' PELICHUSIMHM, YTBEpP-
XIeHHe NEeMMBI 3 HeBepHO. B yacTHoCTH, Ans BeKTOp-GYHKUMH
npuMepa 1 umeeM W(t) =0, a oHH NTMHENRHO HE3aBUCHUMHL.

@ Jlasiee pacCMaTpHBalOTCSI pelICHUA JTUHEHHOI CUCTEMBI
' = A(t)z, ze€R"

DyrnoamenmanvHoli cucmemoii pewenuii Ha3pIBaeTCs M0b6as cUCTe-
Ma 1 JIMHEHHO He3aBUCHUMBIX PELICHUIA.

IMokaxeM, 4To GyHIAMEHTANILHBEIE CHCTEMBI CYLIECTBYIOT. Bo3b-
meM ty € (a,8) n moGbie n JMHEHHO HE3aBHMCHMBIX BEKTOPOB
b', ...,b" € R*. Tycrs z'(t),...,2"(t) — pemenus cucrems
z' = A(t)z ¢ HavaneHBIMM yonoBusMH = (t) = b, j = 1,...,n.
OTH pellicHUs TMHEIHO He3aBMCUMEI, TaK Kak npu t = £, ux 3Haye-
HMSL — JIMHEHHO He3aBUCHMBIE BEKTOpHL b', ..., b" M paBeHcTBO (5)
BO3MOXHO TONIBKO MPH €] = ... = ¢ = 0.

O6wum pewenuem CHCTeMBI auddepeHUMATBHBIX ypaBHemm Ha-
3BIBAIOT MHOXECTBO (YHKILIMIA, comepxallee BCe pelieHus 3Tod cH-
CTEMBI M TONbKO UX (M1 HOpMYNy, IIPEACTABISIONIYIO 3TO MHOXECTBO
NIPH BCEBO3MOXHBIX 3HAYEHMSAX MPOU3BOMILHBIX MOCTOAHHBIX).

Teopema 2 (06 o6uiem pewenun). flycms z'(t),...,z"(t) — «a-
Kue-HUGYdb T NUHEUHO He3aBUCUMbIX peweHul cucmeMb! z' = A(t)=.
Obuwee pewerue cucmems! ecms

z(t) = ' (t) +... + cnz"(t), ‘ (8)

20e ¢y, ..., Cp — NPOU3BONbHBIC NOCMOAHHbIE.

Hoxaszamenscmso. B cuny CBOICTB TUHEHBIX ypaBHEHUH DyHK-
uus (8) npu moGkIX ¢y, ..., c, ABNAETCA peuieHueM. [Tokaxem,

73




Inasa 3. Jlunelinvie dudppeperyuanshbie ypasHerus u cucmeMs

yTo M0Goe pemeHne z(t) cucTembl Buipaxaercs dpopMynoii (8).
Bo3sbMeM ¢ € (a, B). Pemenus z'(2), ..., z"(t) NMHENHO He3a-
BHCHMBL. W13 eMMBI 3 creyeT, uTo MX BpoHckuan W(tp) # 0.
PacnucaB noKoopaAMHaTHO paBeHCTBO (8) mpu ¢ = ¢, nonyyaem
cUCTEMY

z1(to) = azi(to) + ... + ezl (bo),

Zn(to) = a1zi(to) + ... + cazl(bo).

W3 310it CHCTEMBI HEU3BECTHBIE Cy, ..., C, ONPENCISAIOTCS Of-
HO3HAYHO, TaK KaK JETEPMMHAHT CUCTEMBI €CTh

det ("’}’ (tO)).',j=x,...,n = W(to) #0.

C 3THMH ¢y, ..., ¢, 1A peuteHus z(t) npu ¢ = ¢y cnpaBeaANBO
paBeHCTBO (8). O6e 4acTH 3TOro PaBEeHCTBA — PELICHHS Haluei
cucreMnl. I1o TeopeMe eAMHCTBEHHOCTH OHH IODKHBI COBMANaTh
npw Beex ¢. Utak, mo6Goe peleHne NpeACTaBuMO B BUAE (8). W

Jloka3zaHHasi TeopeMa O3HAYaeT, YTO MHOXECTBO PELUCHHil CH-
creMbl ' = A(t)z (z € R") ecTb n-MepHOE IMHEIHOE TPOCTPAHCTBO.
Ba3ucoM B 3TOM NMPOCTPAHCTBE CIYXUT Ji06ast GhyHIaMEHTaNbHas CH-
cTeMa peweHuit. PaBeHcTBO (8) ecTh npeacrasneHue mo6oro aneMeH-
Ta 3TOr0 MPOCTPAHCTBA B BHUAE JIMHEHHON KOMGHHALMM 3MEMEHTOB
6a3uca.

DynaamenTamsholl marpuuell cucreMsl =’ = A(t)z Ha3biBaeTCs
Mmatpuua X(t), cronGubl KOTOpoit COCTaBISAIOT (GyHAAMEHTAIBHYIO
cucreMy peweHuit. U3 nemmst 3 cienyer, yro det X(t) = W (¢) # 0.
C nomomubio dbyHIameHTanbHOM MaTpuubl X (&) obuee peweHue (8)
sanuceiBaercs B Buae z(t) = X(t)c, rae ¢ — BexTop-cTonGew ¢ npo-
M3BONIBHHIMHM KOOPAMHATAMH Cy, ... , C, (Tak Kak X(¢)c — nuHeitHas
KOMGMHauus cTon6uoB Matpuus X (&), paBHas npasoit yactu (8)
¢ K03bbHULHEHTAMH €, ... , Cp).
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§ 9. Csolicmea nuHelinbix cucmem

| Mpumep 2. HaitTh nuHeAHO He3aBuUCUMbe peweHus U dyuaa- |
| MeHTanbHylo MaTpuuy ana cuctemul =’ =y, y' = 0.

PeweHue npumepa. N3 BTOpPOro ypaBHeHus umeem y = c; (npous-
BONbHAA NocTosHHas). floacrasnas B nepsoe ypaBHeHUe, NONyYaeM
z' = ¢;. Orciopa = = ¢t + c;. O6uee pewenne ectb = ¢it + ¢,
y = ¢,. Nonaras ¢; = 1, ¢; = 0, HaxopuM yacTHoe peweHue x; = ¢,
91 = 1, anonaras ¢; = 0, c; = 1, naxoaum ppyroe pewexune z; = 1,
72 = 0. WUx BpoHCKMaH

W(t) = =-1#0,

) T _It 1
T} 10

U B CUNY CNEACTBUA NEMMbl 2 3TU pPElIeHUA NUHEHHO He3aBUCUMBI.
Noatomy dyHaameHTanbHOK ABNAGTCA MaTpuua

T T t 1
xo=(2 2)=(} ,)- .
n n 10/
®dyHnaMeHTanbHas matpuua X (2) YAOBJIETBOPSICT MaTPHYHOMY
ypaBHenuio X' = A(t)X . B camom nene, nycts 2’ (t) — j-# cronGeu
Matpuusl X (t). Torna (27)' u A(t)z’ — j-e cron6ust marpuu X'

u A(t)X. DTH cTOnGLB PaBHBI, TAK KaK & (f) — peleHHe CHCTEMEL
z' = A(t)z. )

Teopema 3 (nepexop OT 0AHOK PYHAAMEHTANLHON MATPULLLI K APY- '
roit). Nycms X (t) — ¢yndamenmansHas mampuya, C — neocobas i
(det C # 0) nocmosnnas mampuya n X n. Toada Y (t) = X (t)C — 1
¢ynOamenmansran mampuya moli xe cucmemsl. flo 3mol ¢gopmy- ]
ne u3 dannoli pyndamenmansrol mampuysi X (t) MoxHo nonydums !
nobyio yndamenmanshyio mampuuy Y (t), nod6upas mampuyy C.
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Inasa 3. Jlunelinble dudppeperyuanshbie ypasHeHus u cucmemsl

Hoxazamenscmeo. Ilycts éu y‘(t) — t-e cronbust Matpuny C
u Y(t). U3 pasencrBa Y(t) = X(t)C u npasuna nepeMHo-
XEHUA MaTpull ciemyet, uto y'(t) = X(t)d (i = 1,...,n).
3uaumt, y'(t) — pemenne Toit Xe cuctemu z' = A(t)z. Na-
nee, detY(t) = det X(t) - det C # 0, nosromy pemenus y'(t)
(1 =1,...,n) nuHeitHO He3aBUCHUMBI M MaTpuua Y () — byH-
JaMEHTaNbHasl.

MNycts X(t) n Y(¢) — dyHnameHTanbHble MaTPULBL CH-
cremu ' = A(t)z. IMombepem Taxyio matpuuy C, YTOGH
Y(t) = X(t)C. Onsa 310r0 YMHOXHMM 06€ 4acTH PaBéHCTBA Ha
X~!(¢) cnesa u nonoxum t = to. Monysum X ~'(2o)Y (to) = C.
Cron6ust Marpuust Z(t) = X(¢)C = X(8)X ' (t0)Y (to) — pe-
weHus To# xe, cucteMsl; Z(to) = Y (¢y). ITo TeopeMe eaMHCTBEH-
HOCTHM KaXaslit cronGeu MaTpuust Z(t) coBnagaer co CTonGLom
Matpuusl Y (¢). Takum oGpasom, Y (t) = Z(t) = X(t)C, rne
C = X~ '(t)Y (to), det C = det X~ (t,) det Y (o) # 0. |

[4.]

Jlemma 4 (npaBuno auddepenuyupoBanua aerepmunanta). fycms
D — demepmurnanm nopadka n. Tozda D' = D, + ... + Dy, 2de
D; nonyyaemcs us D 3amenoli 8cex 3nemeHmos $-Ui CMpOKU HA uxX
npou3sooHsle.

Jokazamenscmeso. Tlo onpeneneHUI0 JeTepPMHHAHTa

D= E(:h)bl.il bz.iz oo b'lJ'v (9)

rae b;; — 3NEeMEHT i-if CTPOKH M j -ro cTonGLa neTepMUHanTa D,
cyMMma GepeTcst MO BCEM ! MEPECTAHOBKAM Jj, ..., Jn YHCEN
1,...,n; Gepercs 3HaK + (MAM —), €C/IM MEPECTAHOBKA YeTHast
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| § 9. Csoiicmea nunelinbix cucmem
1)

(HeueTHas). Tak KaK
(biby...by) =biby...by +byby... 0y + ...+ byby... 0},

TO IPOM3BOIHAs KAXIOrO WwieHa B (9) paBHa CyMMe 7 CJIaracMbiX,
B i-M C/IaraeMoM TONbKO b;j; 3ameHsiercst Ha (bij;)'. Tak Kak
bij, — oanemeHT i-it cTpoKH B D, TO cobGMpas BMeECTe i-€
craraeMele, MONY4aeM JETEPMUHAHT D; yKa3aHHOTO B JieMMe
Buna. [lostomy D = D) +... + D,. |

Teopema 4 (dpopmyna Jinysunna u Octporpaackoro). fycms W (t)
— BPOHCKUAH Mobbix . peweHull cucmems!

t=ait)z +... + ain(t)z,, i=1,...,n. (10)
To20a dns niobsix ty, t € (a, B)
t n 7 ,
W(t) = W(to) exp { / 8(7) dr}, s(t)= Z aii(7). 1)
i=1

to

Joxaszamenscmeo. CTonGubl AeTepMHUHAHTA W(t) — pemeHus
cucremsl (10). To nemme 4 W'(t) = Dy +... + Dy, tae D;
nonyyaercs u3 W 3ameHoil BCeX 3JIEMEHTOB :c? i-if CTpOKH
Ha MX NPOU3BOJHBIE (a:,’ )'. Tak Kak zf — t-51 KOOPAMHATA j-TO
peweHus cuctemsl (10), To -1 cTpoka B D; ecTh

E :‘hkxk 2 :‘hkmka

k=1 k=1

a OCTa/IbHBIE CTPOKH OCTAIOTCA Te Xe, 4yto B W (t). Briuutaem
U3 3TOil CTPOKH MEPBYIO, YMHOXEHHYIO Ha @;;, BTOPYIO, YMHO-
XEHHYIO Ha @3, U T.1. a0 (i — 1)-ii; nanee (i + 1)-10 cTpoKy,
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Inasa 3. Jlunelinsie ougdepenyuansHoie ypasHeHus u cucmeMsl

YMHOXEHHYIO Ha @; 4|, ..., N-10, YMHOXCHHYIO Ha @i . OT 3TO-
ro BeJIMYMHA JeTepMHUHAHTA D; He MeHsercs. Torma -1 cTpoka
NMPUHUMAET BUI

a.-.-z,! ces a,-.-a:?.
BeIHOCS MHOXHTEND a;;, HaXoAUM, yTo D; = a;W(t). Toraa
w
W' () =ayW (@) +anW(t)+... + annW(t) = s()W(2),

s(t) To xe, uro B (11). U3 ypasHenus W'(t) = s(t)W(t) no-
nyyaeM ciaemyioulee, yuutoisas aemmy 3. Ecan W(t) = 0, To
W (t) = 0; ecnu W (ty) # 0, 0 W(t) # 0, W'(t)/W(¢) = s(t).
HHrerpupysi o6e uyacTu paBeHCTBa OT £y 10 ¢ U OCBOGOXHANACH
or norapudmos, monyyaem (11). [

[5.]

Teopema 5. Obuwee pewetue uneliHod HeodHopodHol cucmems! (2)
ecmb CyMMa ee Y4acrmHo20 peweHus U obuwe20 peweHus nuwelinol
0dHopodHoil cucmemsr w' = A(t)u, mo ecms

o6, Heonn. = Luactn. neomn. + Yobut. omn. (12)

Hoxazamenscmso. Cymma peuieHMit HEOTHOPONHOH U OAHOpPOX-
HOW JIMHEAHBIX CUCTEM €CTh pellicHHE HEORHOPOIHOMH CHCTEMEL.
Toaromy dopmyna (12) npeacraBiasieT moabko peuieHHs Heol-
HoponHo#t cuctemst (2). ITokaxem, 4To 312 PopMyNIa COAECPXKHUT
éce pelieHus, ITycts v — mo6oe peweHne cucremsl (2), a w — .
ee yaCTHOe pelieHue, sxonsuee B dopmyny (12). Torma v — w
€CTh pellIeHNEe OIHOPOIHOM CHCTEMBI, 3HAYUT ¥ — W CONEPKHTCS
B Uobm.oms.. IIOITOMY ¥ CONEPXUTCH B CYMME W + Uosu, omi.»
crosie#t B mpasoit yactu (12). n
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§ 9. Ceolicmea nuxeliHbix cucmem

Meron BapnalMn NOCTOSAHHBIX MO3BOJNAET HAWTH pELICHHUE JIM-
HelfHO! HEeomMHOpOIHOM cHcTeMBI (2), ecliM U3BECTHO obluee pelle-
nue (8) nuueiiHol omHopomHoit cucremsl z' = A(t)z. nsa sToro
B dopmyne (8) Hamo 3aMEHHMTb MOCTOSIHHBIE Cj,...,C, Ha HEM3-
BeCTHble Toka GyHKuMH ¢ (t),..., cy,(t), MOACTaBUTL MoONydeHHOE
Bipaxenne = ¢\(t)z' + ... + c,(t)z" B cucremy (2) u Haiitn
oynkumn ¢(t), ..., cu(t).

JloKa3aTeNbCTBO BO3MOXHOCTH OTHICKAHMS 3THX QYHKLMIA Npo-
wie MPOBECTH, 3anucaB obliuee peleHue cucteMsl ' = A(t)z B Bune
z = X(t)c, rne X(t) — dyHnameHTanbHasE MaTpHLIa 3TO CHCTe-
MBI (ee CTONGUBI — JHHEHHO HE3aBUCHMBbIC PELIEHHUS — BEKTOPHI
z!,...,2"), a ¢ — BeKTOp-CTONGEL M3 NOCTOSHHBIX Cy, . . . , Cp. 3aMe-
HsieM ¢ Ha c(t) v noacraensieM z = X (t)c(t) B cucremy (2). ITonyyaem

X'(t)elt) + X () (t) = AR X (#)elt) + £(2)-
Tak xak X'(t) = A(t)X(t) (cm. m. 3), TO OCTaeTcs paBEHCTBO

X(t)d(t) = f(t). YmHOXas cnesa Ha oGpartHylo Matpuuy X~ '(t)
(oHa cymectsyer, Tak kak det X (¢) # 0), nomyyaem

t }
YO=X"O10, =+ [ X616 ds,
t
¢® — npoM3BONBHbIH MOCTOSAHHBIH BEKTOP. IonyyaeM peieHHe
t
2(t) = X@)elt) = XS + X(2) / X~\(s)1(s) ds.
t

Ipu peunieHMH KOHKPETHBIX CHCTEM, YTOOB M30eXaTh JIMITHUX
BBIK/IAIOK (He BBIMHCHIBATD WIEHH, KOTOPHIE HODKHH B3aUMHO YHH-
YTOXATHCA), MOXHO MPUMEHHUTH CNIEAYIOIHIi IPHEM.

Pemenue onHopoxaHoit cuctemsl ectb X (t)c (X (t) — dyHnamen-
TaJlbHasi MAaTpULIa, ¢ — MOCTOSHHBINA BEKTOP), 2 HEOMHOPOIHOH —
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Inasa 3. /luneiiHsie dugpdpeperyuansHoie ypasHeHUs u cucmemsl

X (t)c(t). Hamo Haittw X(t) u 3areM xoopauHaTel Bektopa ¢ (2)
onpeaenuts 13 cucreMsl X (t)d(t) = f(t).

Mpumep 3. 3uan obuee pewenne

| !
Q) (&) () o
| |
| |
I |
| |

ORHOPOAHO# cucTeMu z' =y, y' = —=z, HaitTh obuiee pewenne
cuctemnl ' =y, yf = -z + g5 (0<t < 7).

Pewenue npumepa. 3amensem B (13) ¢, ¢; Ha ¢}, ¢; u nonyueHnyio
CyMMy NpUpaBHUBaEeM HEORHOPOAHON YACTH CUCTEMbI

, [ sint +é cost \ _ 0
“\ cost 2\ —sint /] ~ \ 1/sint ) °

Otciopa Haxopum ¢, = B¢, ¢, = —1. Cneposatensho, ¢; =
In sint + ¢jy, ¢ = =t + ¢3;. Nopctasnss 3tu ¢;,c; 8 (13), nony-

YaeM obuee pewenne HEORHOPOAHON CHCTEMbI
z\ _ (sint-Insint —¢cost +e sint te cost <
y /]~ \cost-Insint+t¢sint 11\ cost 2\ —sint )

[

Jns nuHeitHbx cucteM z' = A(t)z (z € R™) npu paanuyHeIX npea-
nonoxeHusx o Mmarpuue A(t) MccnemoBaloch MOBENGHHE peEIUEHUil TMpH
t — 00. YcTaHaBIMBANUCH JOCTATOYHbIE YCIOBUSA AN OFPAHHMYEHHOCTH pe-
meHuit Ha uHTepBane (I, 00) AN CTPeMJIEHHs K HYJIO BCEX pelieHu# npu
t — 00, B cayuae, xorna A(t) = Ag+t7'A, +t72A;+... npu t > ¢, u cob-
CTBEHHbIE 3HAYEHMS MATPHLIBI A¢ NMPOCTbIE, NOKA3BKIBAIOCH CYLUIECTBOBAHHE
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§ 10. Jluneiinbie ypasHerus nwobo2o nopadka

¢yHAaMEHTAIbHON CHCTEMbI, COCTOALLCH M3 pellIeHHiT BHAA
z"(t) = eMeigm (am + t"a,,. + t_zan +... ), a#0, a;€R",

i=12,..., k=1,...,n[23], ;n.2, n.7-9.

Ipu Gonee o6uwmx ycnoBusx (OrpaHHYEHHOCTb H HENPepHBHOCTb A(t))
HCCIENOBANHCH CBOMCTBA XapaKTePHCTHYECKHUX NoKasaTeneil pemweHnit (yu-
ceJl, CPaBHMBAIOLIMX CKOPOCTH POCTa WM YOBIBAaHMA pemieHHuit npu ¢ — oo
¢ dynkumeit e¥) [26].

K cucTeMaM nNpMMEHSUIMCH METOIBI AaHATHTHYECKOH Teopun auddepeH-
UHANBHBIX YPaBHEHHMI, KOrAa HE3aBHCHMOE NepeMeHHOe ¢ — KOMILUIEKCHOE,
a 9NeMeHTH a;;(t) Matpuunt A(t) — aHanuTHYeckHe yHKUMM. DTO no-
3BOJIIET U3Y4aTh MOBEACHUE pelleHMIt BOMU3M TOYEK, B KOTOPHIX PyHKLMM
a;;(t) uMeloT ocobeHHocTH [30], rasbi 4 u 5.

- Gl

§ 10. JlnHe#nHbie ypaBHeHUA N06oro nopaaka

\
E.Zl Ha unTtepBane a < t < § paccMaTpuBaeTcsl ypaBHEHHE

a®y™ + @y + ... + anlthy = (). (14)

Cuuraem, uro npu a < ¢t < § Bce byHkuun a;(t) (1 =0,1,...,n) u
f(t) HenpepbIBHH U ag(t) # 0.

Huxe DOKa3HBAaeTCsA, YTO pelIEHUS 3TOr0 ypaBHEHMs obJana-
10T CBOiicTBaMM, NMOAOOHBIMM CBOCTBAM pelieHMil JIMHENHHBIX CH-
CTeM, pacCMOTPeHHHIM B § 9. st 3Toro ypaBHeHue (14) npuBoauTcs
K CHCTEMe HOPMAJILHOTO BMAA C MOMOIUBI0 3aMeHH (25) § 5, T.e.
C NMOMOIUBIO BBEACHHUS HOBBIX HEM3BECTHBIX DYHKLIMIA |

=Y, ) = y'9 T3 = y”)
= (n-1) (15)

iy Tp1 = Tpn =Y
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Inasa 3. Jluneiinsie dugpdpeperyuansrsie ypasHeHus u cucmems!

Kak B § 5 noka3siBaetcsi, 4To B culy 3aMeHH (15) U ypaBHenus (14)
bynxuuu z,,..., Z, yIOBICTBOPAIOT CUCTEME YPAaBHEHUH

¢ U !
), =2, 222‘: Z3, cevy Tp—)| = Ty,
’ an [/ Pt a) f (16)
Ty = ——2) — T)— .o — —2py+ —,
(1) ag ag ao

M 00GpaTHO, KaXIOMY DELICHHIO Zy,...,Z, cucTeMH (16) B cuay
3aMeHH (15) cooTBeTCTBYET peleHUe ypaBHeHus (14).

Tak kak cucreMa (16) nuneitHa u GyHKuUMH a;/ap U f/ag He-
npephiBHH npu a < t < B, To cucreMa (16) oGramaer cBoiicTBaMM,
paccMOTpeHHbIMH B § 9. B wacTHOCTH, KaXmoe pellleHHe ypaBHe-
Hus (14) moxer GbIThb MPONOIKEHO Ha MHTepsan (a, f), U npu
MoGhIX HAYaNBHBIX ychoBusX 1 ty € (a, B)

) =w, Y= ., " )= (1)
ypaBHeHue (14) Ha uHTepBane (a, f) UMEET EAUHCTBEHHOE PELLICHHE.
Hanee, ecnu yy, ..., Y¢ — PeLICHUs JINHEHHONO OXHOPOIHOIO ypaB-
HEHUH, 7y, ..., Tk — YHCNIA, TO 7Y +. ..+ 7kYr — DPELICHUS TOTO Xe
ypaBHeHUst. Ecn u — pelueHue ogHopoaHoro ypaBHeHus Lu = 0,
¥, ¥ v, — pelICHHs HEOMHOPOIHOrO ypaBHeHUs Lv = f, T0 u+v; —
pelliCHHE TOTO Xe HEONXHOPOMHOTO YPaBHEHHMS, a v; — v — pellle-
HHUe oxHopoxHoro ypaBHeHus: Lu = 0. (JIeast yacTb ypaBHeHus (14)
Kpatko o6osHavaercs Ly.)

PaccMOTpUM JIMHEHHOE OMHOPOIHOE YPaBHEHHUE

ao®)y™ + a1 )y +... + aa(t)y =0 (18)
C HenpepbIBHBIMU Ko3dduuneHTamu a;(t) u ao(t) # 0.

Nlemma 5. fpu 3amene (15) nuHelino 3asucumble peweHus ypas-
nerus (18) nepexodsm 8 nuweiiHO 3aBUCUMbIe peUeHUs CUCMEMB,
u Haobopom.
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§ 10. Jluneiinvle ypasHerusa no6020 nopadka

Jlokaszamenscmso. TIycTs pelueHus ¥, ..., Yx, ypaBHeHus (18)
JIMHEHHO 3aBHCHMBI, TO €CTh HAiiyTCA TaKuWe TOCTOSIHHBIE
Ci5 ... Ck, U3 KOTOPHIX XOTh OXHO HE PABHO HYJIO, YTO

ap+...+ayp =0. (19)
OuddepeHiupys 310 paBeHCTBO . — 1 pa3, nojnyyaeM
ayr+... + ey =0,

............................ (20)

c;yf" Dyt y(n D=,

Mpu 3amene (15) pemeune % YPABHCHWS NEPEXONMT B pettie-
HUe ' cucTeMsl; 3aech ' (z,, . ,z,,)T T.e. ' — Bexrop-
cronbell ¢ KOOpAMHATAMM Z),...,Zy (WA ymoGcrBa 3anucH
KOOPIMHATHI 3aIUCAHbI B CTPOKY M MOCTaB€H 3HAaK TPAaHCIOHH-
.poBanus T').
Takum oGpasoM, nocie 3ameHs (15) paserctsa (19) u (20)
MOXHO 3aMHCaTh B BUJE ONHOTO BEKTOPHOTO PaBEHCTBA

az' +...+ax" =0 (3¢ #0). (21)

CrieoBaTenbHo, peleHus ',

CHMBI.

/O6patHo, mycTs pewmienus ',...,z* chcTeMbl TMHEHHO
saBucumsL. Torma uMeer mecto (21). Beps o Kaxnoro BexTopa
NepBYI0 KOODAMHATY &, M MEpEeXOns OT Hee K DEIICHHIO Y; B
cuny (15), nonyyaem (19). To ecTb pelIeHus ¥, . . . , Yx TUHEHHO
3aBUCHMBI. |

.., Z* cUCTEMBI IMHEHHO 3aBU-

W3 neMMBI celyeT, YTo JTMHERHO HE3aBUCHMBIE pELIEHMS Te-
PEXOAT B IMHEHHO HE3aBUCHMBIE.

IZ' JIuHeiiHoe omHoponHoe ypasHeHue (18) mpu 3amene (15) me-
PeXoaMT B JMHeWHylo oaHopoxHylo cucreMy (16) ¢ f = 0. Takas

¢
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Inasa 3. Jluneiinsle OuggepeHyuansHsie ypasHeHUs u cucmeMsl

cucrema (cM. § 9, B YaCTHOCTH, TeOpeMY 2) UMEET 1 JIMHEIHHO HE3aBH -
CHMBIX peleHuit ', . .. , 2" u obuee pewenne = ¢,z' +...+cpz".
CnenoBaTensHo, ¥ ypaBHeHue (18) uMeeT n JMHEHHO HE3aBUCHMBIX
peuteHuit ¥y, ..., Yn (TO eCTb dyndamenmanvuyro cucmemy peueHuit)
U CTIpaBelIMBa CJIEAYIOIas TeopeMa 06 OBILEM pELICHUH.

Teopema 6. flycmb ¥y, ... , Yo — KaKUe-AUGO NUHELIHO He3asucuMbie
peweHus ypasrerus (18), ¢y, . .. , cn — NPOU3BONBHBIE NOCMORHHbI.
To2da obwee pewerue ypasHeHus ecms

y=cyi+...+ cyn. (22)

Cnepcreue. Jlio6oie m (20e m >.n) pewenuii ypaswenus (18)
nuneiino 3asucumsl. (Ecnn 6ul gy, . .. , Yy Obinu Obl NUHEAHO He3aBK-
CUMbI, TO Yy, ..., Yn — TOXE. A TOTAQ Yn4+) BbIPAXanoch 6w yepes
Yis--- » Yn POpMynoii (22). 310 NPOTUBOPEUUT NPEANONONKEHHIO. )

Jemepmunanmom Bponckozo (epomckuanom) mis n yHKumit

Y1,..., Y K1acca C"~! Ha3piBaeTcs meTepMUHAHT
N Un
yi cer Un
W= .. . (23)
ygn-l) . y'(.n—l)
Ecnu byHKUMH ¥y,...,Yn JHHEHHO 3aBUCUMBI, TO CTOJNGLIBI

JNETEPMHHAHTA JIMHEHHO 3aBUCMMBI, U OH TOXIECTBEHHO DaBeH
HyJI0.
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§ 10. Jluneiinsie ypasHerus no6020 nopsadka

Ipu 3amene (15) nerepMuHaHT (23) MEpPexoaUT B AETEPMHUHAHT

BpoHcKoro ais n BekTop-dbyHkumit (§9). Mo nemMme 5 3ta 3ameHa
COXPaHSAET IMHEHYIO 3aBUCHMOCTD (WK yeaanucnuocn) pelueHuit,
NO3TOMY M3 CBOCTB peleHuit cucteMHBl (MyHKTH 2—4 §9) cnenyior

TIONOGHbIEe CBOMCTBA peleHMit ypaBHeHus (18).

Ecnu ans peweHuit yy,..., Yy, ypasHeHus (18) sponckuan W

paBeH HYJIO XOTs GbI MPH OTHOM 3HAYEHMHM ¢, TO pPellieHUs JIMHEHHO
3aBUCUMH U W (t) = 0.

3ameuvanmne. Ecau e pyHKUMK Y, ..., Yp HE ABASAIOTCA pelICHUAMU
TaKOFO YPaBHEHWUA WAK UX YUCNO MEHbUIE NOPAAKA YPaBHEHUSA, TO U3
W(t;) = 0 He cnepyeT nuHeitHan 3aBUCUMOCTb (YHKLMIA.

-~~~ - -~ - ————— - - - - .|
NMpumep 4. [ns dywkumin vy = £°, yo = |t°| npu Beex t umeem
3 3
Yy » | _
W(t) = ' ' = 2 = V.
Y » 3% 3t

3TM (QYHKUMM NUHEAHO HEe3aBUCMMB, TaK KaK W3 paBeHCTsa
at’ +elt’| =0 nput =a cnepyer ¢;+¢; =0,anpu t = —a
cnepyet —c¢; + ¢ = 0. Noatomy ¢, = ¢ = 0, u PyHKuuu

| |
| i
| |
I |
| |
| |
: Opxako ana nmo6oro @ > 0 Ha uutepBane —2a < ¢t < 2a :
| I
| I
| |
| 1
| NUHENHO HEe3aBUCUMBI. |

| TNipumep 5. [ina pewennii ¥, = ¢, y, = &2 ypasHeuns y™ =0
: Bponckuan W (t) = t2 pase Hynio npu ¢ = 0, HO 3TH peleHus
| nuHeitHo He3aBucumbl (Tak kak W () Z 0 wa nioGom uxTepsane).

3adayu ons ynpaxHenud:
[12], § 12, N2 664-669.
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Inasa 3. Jlunelinsle dudpeperHyuansHbie ypasHeHuUs u cucmeMsl

®opmyaa Jluysnans n OcTporpaiackoro IJisi pellieHMit ypaBHe-

Hus (18): .
W (t) = Wi(to) exp { - / ai(r) df}. (24)
N to

ao(7)

Hokaszamenscmeo. Bponckuan W (t) nns peweHHit ypaBHEHHS
(18) ToT Xe, yro ans pemeHudt cucremut (16) ¢ f(¢) =0, a ms
cuctemH cripaBewinBa dopmyna (11). B cucreme (16) umeem
a; =0 i=1,...,n-1), ay, = —a,/ay. IosToMy B (11)
teneps 8(7) = —a,(7)/ao(7), u u3 (11) cneayer (24). n

@ IlocTpoense JmHEAHOr0 OAHOPOAHOTO ypasHeHHst MO (ynaaMen-
TambHoll cucreme pemienmit. Ilycts uy,...,u, — dyHKuMM Knacca
C", n ux BpoHckuan W(t) # 0 npu a < ¢t < B. Toraa TpeGyeMoe
ypaBHEHHE MOXHO HaNUCaTh B BUIE

uy u, I y

u} t, ‘o v

.................. beeeenee | =0, (25)
R T |

u(l") - us.") { y(")

1
ITokaxem 3t10. 3nech GYHKUMH U, ... , U, U3BECTHHI, § — HEHU3-
BecTHast GyHKumsA. Pasnarast AeTepMHUHAHT MO 3JIEMEHTaM TMOCJIEAHETO
cTonbua, nonydaeM

ao(t)y(") + al(t)y("'l) +...+a,(t)y=0

— nuHeitHoe omHopoaHoe ypaBHeHHe. KoabduumeHTs! a;(t) He-
MpephIBHBI, TaK KaK BHIPAXAIOTCA 4Yepe3 HenpepbiBHble (DYHKIIMH
ug-") G=1....,n, k=0,1,...,n); at) = W(t) # 0 Ha uH-
tepsane (a, f). OyHKUMH U, ..., Uy ABISIOTCS PELIEHUSIMH ITOrO
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§ 10. Jluneiinoie ypasHeHus nobo2o nopadka

ypaBHEHHS, TaK Kak npy y(t) = u;(¢) neTepMMHAHT UMeeT IBa ONH-
HAKOBBIX CTO/IGLIA, TO3TOMY PaBEeH HYIO.

| 3adayu onn ynpaxueHui;
[12], §12, N2674-680; § 22, N2 52.

IMonnxenne MOpPANKa JHMHEHHOrO ONHOPOAHOIO YpaBHEHHSI MpPH
U3BECTHOM YaCTHOM pellicHHH.

IMycts s ypaBHeHus (18) n3BecTHO YacTHOe pelieHue Y, (£) # 0
(a<t< B). TokaxeM, YTO TOraa ypaBHeHHE MOXHO CBECTH K JIH-
HeltHOMY ypaBHeHHIO (7 — 1)-ro nopsiaka. Jinst 3Toro caenaeM 3aMeHy
uckomolt pyHKUMH Y = y,z. [IpoussoaHbIe BbIpaxalorcsi no popmy-
ne JleitGHULIa

y® = (,2)® =Py, z® +C,£‘y',z(k") +... +nyfk)z, k=1,...,n.

MMoncrasnsieM 3T BuipaxeHuss B ypaBHenme (18). Tak kaKk z, z',
..., 2™ BOHmyT TONBKO B NEpPBOi CTENeHH, TO MONYYHTCA TUHEHHOE
OIHOPOIHOE YPaBHEHHE OTHOCHUTEINLHO 2, |

bo(t)z™ + b, (#)z™V +... + by (t)z =0. (26)

VYpasHenune (18) umeno uacTHoe peimieHue y = y;. Ilpu 3aMeHe
Y = ¥12 OHO nepexoquT B GyHKUUIO z = 1, KoTOpasi HOIXHA GbITh
peiueHueM ypaBHeHus (26). CnenosarenbHo, by (t) = 0. A Torna HoBas
3ameHa z' = v npusoauT (26) K ypasHeHuIo (n — 1)-ro nopsiaxa

o)™ + by (£)v™ D ... + by (v = 0. (27)

Ecnu y ypaBHeHus (18) GbUIM H3BECTHHI ABa WK Gollee IMHEHO
HE3aBMCHMBIX YaCTHBIX PELICHHUS, TO U3 HUX C MOMOIIBIO YKa3aHHBIX
BBHIlIE 3aMEH MOXHO TMOJMYYMTb OOHO (WM GoJjee) YaCTHBIX pelle-
HUit ypaBHeHus (27). C MX NMOMOLIBIO TOPSAAOK YPaBHEHHS MOXHO
TIOHMXaTb U JaJiee.
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Inasa 3. Jlunelinsie dudepenyuansHsie ypasHeHus u cucmeMsi

JInHeltHOe ypaBHEHHE 2-TO MOPSAIKA C U3BECTHBIM YaCTHBIM pe-
weHueM y(t) # 0 U3NOXEHHBIM BHILIE METOXOM TNPUBOIMTCH K ypaB-
HeHuio by(t)v'+b;(t)v = 0, xoropoe nerko pewaercs. Ipyroit cnoco6
peureHus (C pa3oGpaHHBIM MPUMEPOM) JIMHEHHOrO ypaBHEeHUs 2-T0
NOPSIIKA TMPH U3BECTHOM pewteHuu ¥ (¢) # 0 com. [12], §12, n. 2.

3adayu Ona ynpaxreHul:
[12], § 12, N2681-701, 704, 705; § 22, N2 55, 61, 62.

@ Jinneiinoe HeoaHOpPOAHOE YpaBHEHHEe M-TO MOPSAKA HCCAEAYETCH
aHAJIOTHYHO JIMHEHON! HEOMHOPOOHOH cucTeMe.

-

Teopema 7. Obujee peweHue nuHeliHo20 HEOOHOPOOHO20 YPABHEHUA
(14) ecms cymma e20 yacmrozo pewenus u obuje20 peweHus Aunei-
Ho20 00HOpPodHO20 ypasHeHus (18), mo ecms

. Yobur. neomn. = Yuacru. weomn. + Wobmr.om. (28)

JoKa3aTeNbCTBO MPOBOAMTCA NMOAOGHO JOKA3aTENbCTBY TeOpe-
MH 5.

Npumep 6 (Mcnonb3oBaHue CBOWCTB peweHUt NUHERHbIX |
ypaBHeHu#). flaun Tpu peweuns y; =t +2, yp = 2 -1, :
y3 = 12 + ¢ NMHEIRHOTO HEOHOPORHOTO yPaBHEHHS 2-r0 NOpAR- |
ka. a) Haiitu obuee pewenue 3toro ypasHenus. 6) Hanucarp :
370 ypaBHeHHue. ]

| i |

Pewenue npumepa. a) ins obuero peweHns HEORHOPOAHOTO ypaBHe-
HHUA UMeeM paBeHCTBO (28). O6uiee peweHUe ORHOPOAHOTO YPaBHEHUA




.

§ 10. Jlunelinsie ypasHenusa nobo20 nopadka

no TeopeMe 6 eCTb Ugpyy, omn. = C1U] + C2U2, FAE U W Uy — NUHEH-
HO He3aBUCHUMBlE pelleHns OAHOPOAHOrO ypaBHeHWA. B cuny oGuux
CBOACTB NMHENHbIX YPABHEHUIA MOXHO B3ATL U = Y3 — Y =t + |,
W=Y3—Y = t2 - 2. Pewenus U; U Uy IMHEAHO He3aBUCUMBI, TaK
KaK UX BPOHCKHAH

t+1

w=|"

t2'2| =t24+2+2#£0
2t :
CNeAOBATENbHO, Yoo, o, = C1t1 + G2ty = €1 (t + 1) + c2(t2 - 2), a
Yoo, veoms. =t +2+c(t +1) + 62(t2 -2).

6) OpHopoaHoe ypaBHewue, umeouiee pewewus u, = ¢ + 1,
uy = t? — 2, paetca opmynoit (25), To ectb

t+1 -2 u :
1 2 o |=0, (t*+2t+2u"-(2t+2)u'+2u=0.
0 2 o
Y1o6bl NONY4YUTL HEOAHOPOAHOE ypaBHEHUE C TOW e NeBOH YacTbio
W YacTHLIM pewennem Yy, = £+2, noactasum u = t+2 B neBylo 4acTb

ypasHeHus. Monyynm, 4To OHa paBHa 2. 3HAYHT, HCKOMOE ypaBHeHHe
ects (8 +2t+2)y" — (2t +2)y' + 2y =2. <

3adayu Ons ynpaxwenuii:
[12], § 22, N 57-60.

MeTton BapHauMH NOCTOAHHLIX NMO3BOJISET HallTU pelIeHue NH-

HeitHoro HeomHopoxHoro ypaBHeHusi (14), ecnu M3BeCTHO oGiuee
pelleHue

y=cy1+...+Cn¥n (29)

onHopoxHoro ypasHeHus (18). 3mech ¥,...,Yn — JHHEHHO He3a-
BUCHMMBIE pellleHHs ypaBHenus (18), ¢j,...,c, — NPOM3BONBHBIE
TIOCTOSIHHBIE.
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Inasa 3. Jluneiinsie duddeperyuansHble ypasHeHus u cucmemsl

PeleHue HeonHopoaHoro ypaBHeHus (14) nmomyyaercs u3 (29),
€CJIH 3aMEHUTH Cy,...,C, Ha QYHKIUUM OT {, KOTOpbIE HAO HalTH.
Tak xak ypaBHeHue (14) 3ameHoit (15) cBomurcs Kk cucreme (16),
TO MOXHO BOCIONB30BaThCSA PE3YJNLTATOM, TMONYYEHHHIM B § 9 mns
CHCTEMHI, T.€. UCKATb Npou3BoaHbie ¢|(t),...,c,(t) n3 nuHeitHoM
anreopandeckoi CMCTEMBbI

X)) = 1°@). (30)
3pecs X(t) — dyHmaMeHTanbHas maTpuua ogHopoxaHo# (¢ f = 0)
cucremsl (16). dna ¢ = 1,...,n i-i cronbeu marpuust X(t) B

cuny (15) cocrout u3 GyHKuMi ¥;, i, ... ,yf"'l) (vi cM. B (29));
BEKTOPBI-CTOJIOLIBI

1 — [ ' T O\ _ _ﬁﬂ d
) = (ci@®), ..., ()", f(t)-(O,.\..,O, ao(t)) .

Haiins u3 cucremst (30) dyHkunu (), npOMHTErpUpOBaB U 3aTeM
noxcrasuB ¢;(t) B (29), nonyunm peuerue ypapHeHus (14).

Mpumep 7. Pewuts ypaBHenue
& + 1)y - 2ty +2y = 6(* +1)’,

3Hasn obwee pewenue y = ¢t + cz(t2 — 1) oaHopopHoro ypas-
HeHuA,

r———="7=-

Pewenue npumepa. 3pecb y; = ¢, Y = 2 -1, nO3TOMY y, =1,
¥, = 2t. Nuwem cucremy (30)

1 2t 4] - \6t*+1)’
Otciopa nonyyaem ¢, =6—6t2, cy=6t. 3nauur, ¢;(t)=6t—2t>+cy,
& (t) = 3t2+¢31; €1, M €33 — NPON3BONLHBIE NOCTOAHHBIE, Mony4aem
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§ 10. Jlunelinvie ypasHerus mobo20 nopadka

UCKOMOe pewexue
y=ca)t+cE)E -1)=
=(6t—2t + eyt + (3 + en)(t* - 1) =
=t' 4+ 3 + et + en(t® - 1). <

3adayu 0nsa ynpaxHeHuii:
[12]), §12, N2 702, 703.

| ——

@ JInHeitHoe ypaBHEHHE n-ro NopsaKa 3aMeHo# (15) cBoauTes K cucteme
yPaBHEHHIi, NO3TOMY MHOTHE CBOICTBa YPaBHEHHIA CJICAYIOT U3 aHANOTHYHBIX
cBo#CTB cucTeM. B yacTHocTH, ans ypastieHus (18) ¢ xoadpduunenTamu Buna

‘a.-(t)=a.1,+a.-,t"+a.~1t‘2+... i=1,...,n), a=1,

YTBEpXKACHHE O MOBEACHUH pellicHH npu ¢ — 00 ClleRyeT U3 AHAIOTHYHOIO
YTBEpXACHUS JUISl CHCTEMBL, CM. 1. 6 §9.

Mertopami aHanuTHYecKoi Teopuu mudbepeHUHANBHEIX ypaBHEHHi
uccaenosaHo ([30], . 4, §8) nosenenue npu ¢ — 0 peweHut ypaBHeHUs

t"ag(t)y™ +t*'a,(t)y" " +... + a.(t)y =0,
rae byHKuuHu a;(t) aHauTHYECKHE, ag(0) # 0.

Ins nuHeitHoro HeonHopoxHoro ypasHeHus (14) ¢ ay = | u3BecTHO
([9], rn. 5, § 4, n. 5) npencraBnenue yacTHOrO pelieHus gpopmyaoii Kowu

t
y(t) = / K(t,8)f(s)ds, (y(to) =y'(t) =... =y* "(to) =0).
)

Kak dynxums or ¢, dynkuus Koun K (2, s) yaosnersopser ypasteHuio (18)
C HaYaIbHBIMM YCNIOBHAMHU NpU ¢t = 8

K=0, Ki=0, ..., K:P=0, KOV=1




Inasa 3. Jlunelinsie dugeperyuansHbie ypasHeHus u cucmems!

Pewenue npumepa. CHayana Haipem dyHkuwio Kown. YpasHenuio y"+y = 0
u yenosuam y(0) = 0, y'(0) = 1 ypoenetsopser ¢yHkuus y = sint,
a yenosuam y(s) = 0, yi(s) = 1 — «casunyraa» Ha s QyHKuus, T.e.
y(t) = sin (¢t — s). Beps K(t,s) = sin (¢ — s), nonyuaem npeacrasnexue
uckomoro peuwenus Gopmynoit Kowm

y(t) = [ sin(t — s)f(s) ds. <
/

§ 11. JiuHenHbie ypaBHeHUA
C NOCTOAHHbIMKU KO3 uLMeHTaMu

JIuHellHBle ypaBHEHHS C MOCTOSHHBIMM KO3GbdHLIMEHTAMH — BaX-
HH xnacc auddepeHUHANBHBIX ypaBHeHMit. X pellleHHs1 BHIpa-
XaloTCsl Yepe3 NIEMEHTAapHBIE QYHKUMHM MK 4Yepe3 3JIEMEHTapHHIC
¢yHKUMHM M HeomnpeaeneHHbie MHTerpaibl. K TaknuM ypaBHEHHUSIM CBO-
IUTCA pAN 3alad M3 TEOPETHYECKO MEXaHHKH M 3JICKTPOTEXHMKH,
CM. IpUMeEpPH B KoHLe § 11.

@ JIuneiinoe oxHOopoaHOe ypaBHeHHE C MOCTOSHHbIMH K03(dHIMen-
TaMH UMeEET BUJI

aoy™ + @y +... + any =0, (31)

rae ag, ..., a, — Job6ue yucna. bynem cunrars, uTo ay # 0, Tak Kak
BCEra MOXHO HayaTh 3aNMCHIBaTh YPaBHEHHE C NMEPBOTO OTIMYHOIO
OT HynA K03¢ddHUIIHEHTa, M YTO BCE a; BELECTBEHHLI. JIeBYl0 4acTh
ypaBHeHMs1 0603HaunM L(y).

Hiem pewieHune ypasuenusi (31) B Bune y = eM. Moncrasmsas
B ypaBHEHMe M COKpaiuas Ha e, TmonyyaeM xapaxmepucmuueckoe
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§ 11, Jluneiinble ypasHeHua ¢ NnoCMOoAHHbIMU KO3gPuyueHmamu

ypaeHerue :
aA" +a A" ... +a, =0, (32)

xopoye, M()) = 0. CrnenopatenbHo, GyHKuus y = e ynonerso-
pseT 'ypaBHeHHIo (31) Toraa M TONBKO TOTAA, KOTAa A — KOPEHb
ypaBHeHus (32). U3 anreGpbl M3BecTHO, YTO ypaBHeHHe (32) umeer
n KOpHe#H, cpeli KOTOPBIX MOTYT GBITh KpaTHbIe M KOMIUIEKCHHIE.

Ecnu Bce KOpHH pa3MYHBIE, TO ECTh NPOCTHIE, TO ypaBHeHHUe (31)
umeeT n peweHuit y; = eM'(j = 1,...,n). Mokaxem, 4T0 3TH
peLIeHMs IMHEHHO He3aBUCHMBI. MIX BpOHCKHAH paBeH

et et 1 1
w=| MM At | _ Outaat | Ay C A |
R e T

IMocnepHuii nerepMMHAHT B anre6pe Ha3HBAeTCA ACTEPMHHAHTOM
BangepMmoHaa. OH He paBeH HYJIIO TOTA M TOJBKO TOrAa, KOrHa BCe
uMcna Aj pa3iMYHBE. 3HAYUT, €CIM BCE Aj PasMYHBIE, TO pelle-
uus e, ..., ™ ypapHenus (31) TMHEHHO He3aBUCHMBL, M oGiee
peleHne HMEET BUA

y=cie™ +... +coe™ (33)

(TeopemMbt 2 U 6 06 oblieM pelIeHHM M HCMONb3yeMas B JOKa3a-
TeJIbCTBaX T€OpEMa EAMHCTBEHHOCTH CNPABEMIMBEI U VIS JIMHEHHBIX
CHCTEM C KOMIUIEKCHBIMM PELICHUSIMH B CHITY leMMHL 1 § 9).

Ecnn Bce KOPHM Aj BElIECTBEHHH, To ¢opMyna (33) ¢ npous-
BONbHBIMM BELIECTBEHHBIMH Cj IacT BELIECTBEHHOE OO1LEe pellieHHe.

IlycTs Tenepsb cpeau KopHeit A; ectb KoMriekcHble. Toraa mis
KaXxaoro KOMIUIEKCHOrO KOpHs, Hampumep, A\; = a + B8, B8 # 0,
HMeeTcsl COMPSXECHHBIA KOpeHb Ay = a — fBi. M COOTBETCTBYIOT
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KOMIUICKCHBIC PCLLICHHUSA

=W =y tiuy, =Py —juy, (34)
u, = e™ cos pt, ' uy = €™ sin Bt.
OyHKUMHU u), Uy — PEUIeHHs, TaK Kak u, = (Y1 + ¥2)/2, s =

(11 — v2)/(24). 3amenuM B GdyHIAMEHTANBHOM CHCTEME Y, ..., Yn

KaXIyl0 Tapy KOMIUIEKCHO COMpPSXEHHHIX pEllCHWi BHAA ¥, ¥2

napoil BeLIECTBEHHBIX pellieHHit BUAA 4, %), a VIS BellleCTBEHHBIX

pemenuit y; = eM* nonoxum u; = y;.

IToxaxeM, YTO NONYYCHHBIC BEILIECTBEHHBIE PEILICHUS U), .. . , iy
NMHeHO He3aBUCHMBI Ha JloGoM uHTepBane (&), £;). [peanonoxum,
YTO VISl HEKOTOPBIX (BELECTBEHHBIX WIH KOMIUIEKCHBIX) by, ..., b,
umeeM bjuy +... + byu, = 0 npu ¢, < t < {,. Buipasus 3mech
Uy,..., U, YEPE3 Yy, ..., Yn MONYYUM d1¥) + ... + dpyn = 0, e
d) = (b —ib)/2, d; = (b) + iby)/2 u aHanorHyHO Wist KOIDHULHK-
€HTOM dgp_1, dyp BCEX KOMIUIEKCHBIX MaP Y2p—1, Y2p; AIS BELICCTBEH-
HBIX Yy UMEEM Uy = Yy, d, = b,. Ecniut xoTb O11HO b; # 0, TO HaineTcst
dp # 0, u dyHkuMHU Y),....Y, OYyAyT JMHEHHO 3aBUCUMBIMH. DTO
NPOTHBOPEYHUT NOKA3aHHOMY paHee. 3Ha4uT, Bce bj = 0, M peleHus
Uy, ..., Uy JUHCHHO HE3aBUCHMHI.

Hrak, B Ciyyae MpOCTHIX KOPHEH Aj CYLIECTBYET BEILECTBEH-
Has ¢yHIaMeHTaNIbHas CMCTEMA pelIeHHit, cocTosias U3 PyHKIH
eM' 11 KaxIoro BelECTBEHHOTO KOpHSA A; M QyHKUMiA e cos pt,
e sin Bt mna Kaxmoit Mape KOMIUIEKCHHIX KOpHeit A = a % Bi,

B #0.

Peuwenue npumepa. XapaKktepuctudeckoe ypasiexue A> + 32 4+

9A — 13 = 0 umeer kopuu A; = 1 (oTbickuBaetcs NOAGOPOM),
\
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§ 11. Jluneiinble ypasHeHus ¢ nocmosHHsIMU Ko3¢duyuenmamu

A3 = —2=% 3i. KopHio A} = 1 coorsercTByeT wactHoe peuwe-
Hue y; = €', a nape KOMNNEKCHO CONPAXKEHHBX KOpHeR Ag3 =
—2 = 3% COOTBETCTBYIOT ABa 4aCTHLIX PEWEHHUR Y = e % cos 3t

Wy = e % sin 3t. Monyyaem BeujectseHHoe obujee pewenue
y = ¢€ + c2e~ % cos 3t + c3e~# sin 3¢. <
@ Caywait KpaTHBIX KOpHel

BrisicHuM, Bo YTO OGpaiuaetcs ieeas 4actb L(y) ypaBHeHus (31)
npyu noxcraHoeke y = t*¢”, e s > 0 uenoe.

Nemma 6. Ecru A =y — He KopeHb ypasHenus (32), mo nycms
k=0, aecnu A =7 — Kopens, mo k — e20 kpamrocms. To20a
(30ecs L(y) — nesas yacms ypaswenus (31))

0, ecim 8s<k-1,
Lt'e™) =1 (dot™ +dyt™ " +...+dp) €™
(rne do#0, m=s8—k), echm s> k.
(35)

Jokazamenscmeo ([39]). O6o3Hauas 8°p /8y’ = ga‘(,') HMeEEM s

uensix 8 >0
#e)? = (P = (W) = (rre™).

YMHOXasi JIEBYIO ¥ NPaBYI0 YaCTH HA @p—p U CYMMHDYS MO P OT
0 o n, nonyyaem

ao (t'e"')g") +..+an(t’e”) = (a7 +... + a,.)e"'),(;),

TO €CTh

L(t'e™) = (M(r)e™) .
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JduddepeHunpys npousseacHue no npaswiy JleitbHuila, Haxo-
UM

L")y =e"['M(y)+C;t" 'M'(y) + ...
e +CE MU () + CHOMO(y)).  (36)

Ecnu A = 4y — KkopeHb MHoroywieHa M (A? KpaTHocTH k, TO
M@A)=M(y)=...= M*V(y) =0, M*®(y) # 0. Torna ana
Bcex 8 < k — 1 cymma B (36) paBHa Hymo.

Ecnu xe A =9 He KOpeHb WJIN KOPEeHb KpaTHOCTH k < 8,
10 M®(7) # 0 1 B cymme (36) BhiCIIas CTeneHs ¢ CONEPKUTCS
B wiene C¥t*"*M®(y). Dro maer B (35) crapmmit wien dot™,
rme dg #0, m =38 — k. |

Teopema 8. [na kax0020 kopHa A kpamHocmu k 2> 1 MHo204neHa
M()) ¢ynryuu

aensomca peweHusmu ypasrenus (31). Hanucas maxue gynkyuu ons
ecex KopHell xapaxmepucmuyecko2o MHozo4neHa M (), nonyuaem
gyHdamenmansHyio cucmemy pewerui ypasHenus (31).

eM teM, ... tFleM (37)

Hokazamenscmeo. B cuny neMmsbl 6 Takue QYyHKUHH SBISIOTCS
pewreHusiMH. TN KaXmoro KOpHs MHorowieHa M (M) uucno
TaKNX pelIeHHit paBHO KPaTHOCTH KOPHS. Tak KaK cymMMa KpaT-
HOCTeit BceX KOpHeit paBHA 7, TO BCEro MMeeM N peiieHuit Buaa
t*eM. TMokaxeM, yTo 3TH T pelIeHHit TMHEeHO He3aBMCHUMBI
Ha mo6oM uHTepBaie a < t < B.

Ipeanonoxum nporusHoe. Torna HalinyTcs Takue 4Mcna,
M3 KOTOPHIX XOTh OOHO HE PAaBHO HYIMIO, YTO YMHOXWB Halll
pellieHUsI Ha 3TH YMCNAa, CIOXUB M BBHIHECS OIUHAKOBBIC el
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§ 11, Jlunelinsbie ypasHeHUA ¢ NOCMOAHHLIMU KO3 PuyueHmamu

3a CKOOKH, MOJYIYUM
p,(t)e““ + pz(t)e"" +...+ p,,.(t)e*" =0 (a<t<p), (38)

Iae 4Yucha Aj,...,A, BCE PadIMYHH, Py,...,Pm — airebpa-
Hyeckue MHorowieHbl. IlycTh Hymepaluusi TaKOBa, YTO MHOIoO-
YJIeH Py, CONEPXUT HeHyNeBO#i KoaddHLMEHT.

Y1066 YNpOCTHTh paBeHCTBO (38), mENMUM ero Ha e
Ilonyyaem

pi(t) + p2(t)e™ ™ L 4 p(t)e=M = 0,

HuddepeHunpyeM obe yacTH paBeHCTBAa NMo ¢ Ha OOMH pa3s
Gonblue, YeM creneHb MHorowieHa p;(t). IlepBblit uieH cym-
MBI HCYE3a€eT, a B OCTAIbHBIX MHOTOWIEHB! 3aMEHSTCS APYTHMH
Tex xe crenexeit. (B camoM nene, nycts a # 0. Torma

At

d
dt [(at® +0t"~" +...)e"] = (vat* + sat*™" +4bt* ™" +...)e™;

TOYKaMM 0GO3HAYeHB! WIEHB! HU3MINX cTeneHeit. Tak Kak Bo Bcex
uneHax ¥ = A — A #0 (i = 2,...,m), TO cTeneHb MHOTOWIEHa
COXpaHsieTcA.)

IMonyyaercsi paBeHcTBO, momoGHoe (38), HO comepxatuee
Ha OQMH 4ieH MeHbille. C HUM MOCTYNaeM TaKk Xe, Kak ¢ (38).
IMponomkaem Tak OO TeX MOp, MOKAa He MOJAYYMM PABEHCTBO
C OIHUM WIEHOM Ty (t)eP=~2=-1 = 0, MHorOUNEH 7p (£) TOM Xe
CTENEHH, YTO Py (t), 3HAYUT, OH COAEPXKUT HEHYNEBON KOIDDK-
umeHT. TTostomy 7n,(t) # 0 Ha uHTepBaie a < t < B, u no-
clieqHee paBeHCTBO HEBO3MOXHO. ClieioBaTeNbHO, HaliIEeHHBIE
peleHut MMHeitHO He3aBUCHMBI M 00pa3yioT GyHIaMEHTaIbHYIO
CHUCTEMY. ‘
Tp1 HaIMYHUK KOMILIEKCHOTO KOpHA A\, = a + B, f # 0
ypaBHeHHe (32) c BeuleCTBEHHBIMH KO(pdHLHEHTAMH MMeeT
U COMPSXEHHBI KOpeHb A = a — f1; 3TH KOPHH HUMEIOT OIHY
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MU Ty Xe KpaTHOCTb k;. Torma, Kak B cilyyae MpOCTBIX KOpDHeiA,
KAXIbie OBA KOMIUIEKCHO COMpSDKEHHBIX peuieHusi 'e(®+P)
t* ela—Pilt (0 < 8 < k; — 1) MOXHO 3aMEHHTDH BEIIECTBEHHBIMH
pELICHHAMM

t'e cos\ﬁt, t'e®sinpt, (0<s<k-1).

Bce TaKkoro pojia peluieHusi BMeCTe ¢ peleHusMu suza (37) mns
BElIECTBEHHBIX KOpHeil A 00pa3yior ¢GhYHIAMEHTANbHYIO CHC-

TeMy. [ ]
ettt n
| Npumep 10. Pewnts ypaswenue y" +2y" —4y' —8y=0. 1
b e e o ————— ——————— J

Pewenue npumepa. Xapakrepuctuyeckoe ypasHeHue A3 4 2a2 -
41—8 = 0. fpynnupya unensi, nonyyaem (A+2)(A2—4) = 0. Kopu:
Al = 42, A23 = —2. OynpamenTanbHas CUCTEMa pelennit y, = e,
¥ = e %, y; = te~%. O6uee pewenne y = c;e*+(cr-+cst)e™%. «

Pewenue npumepa. Xapakrepuctuyeckoe ypasHenue A6 — 16A% +
64 = 0, (A* =82 =0, (A —2)*(A2 + 21+ 4)?> = 0. Kophu
A2 =2, 34 = =1 +4V3, As6 = —1 — iv/3. O6uee pewenne

y = (¢1 + eat)e® + (3 + cat)e™ cos tv3 + (es + cot)e ™ sintv/3.

Bbin0 661 OWKHGKON U3 ABYX NOCAGAHUX YNEHOB BHIHOCHTL 33 CKOOKY
cymmy Bupa (a + bt). 310 MoxHo Guino 6bi penatb, TOALKO ecm
3, C4, C5, Cg NPONOPUUOHANBLHB. HO 3TH NOCTOAHHBIE NPOU3BONbHBI,
3HAYUT, MOTYT GbiTh U He NPONOPUUOHANBHBLIMK. <
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§ 11, Jluneiinsie ypasHeHUA € NOCMOAHHbIMU KOI(@uyueHmamu

3ada4u ons ynpaxreHul:
[12], §11, N°511-532.

@ Jinneiinoe HeOOHOPOAHOE ypaBHEHHE C NOCTOAHHBIMH K03ddmmn-
eHTAMH ST
L(y) = ay™ +aiy®™ V) + ... + 2y = £(2) (39)

npu moGoit HenpepbiBHOM GYHKUMH f(I) MOXHO PELIMTh METOIOM
BapHaLMM MocTosHHBIX (§ 10), Tak KaK ISk IMHEKHONO OAHOPOIHOrO
yPaBHEHMS C TeMHM Xe Ko3ddduumneHTaMu oblee pelieHHE MOXHO
HAWTH M3INIOXEHHBIMU BhIlIE MpueMamMu. OXHAKO NMPH OTBICKAHMM
peleHus ypaBHeHus (39) Hamo 6paTh uHTerpans. B ciyvasix, korma
¢dynkuus f(t) BeipaxaeTcsi yepe3 CyMMbI M NPOM3BEACHHS (YHK-
umit Buga t™, e®, cosbt, sinbt (m > 0 uenoe) MOXHO peleHHe
HaTH 6e3 UHTErpMpPOBAaHHUS C MIOMOLIBIO H3IArAEMOro HUXE Memoda
HeonpedenenHux Ko3ghuyuenmos.

YuuThiBas, yTo peieHue ypaBHeHus L(y) = f, + f» paBHo cym-
me pewleHnii ypapHenuit L(y,) = fi u L(y;) = f» M 4YTO CHHYCH
U KOCHHYCH MOXHO no ¢opmysiaM diisiepa Bipa3UTh Yepe3 MoKas3a-
TeNbHBbIE PYHKLMH, HIOCTATOYHO PaCCMOTPETH Ciyyaii, koraa B (39)

1@) =p)e™, p(t) =bot™ +byt™ ' + ... + by,

(40)
m >0 wuenoe.

Teopema 9. B caydae (40) umeemca yacmuoe pewenue suda
y=t"(got" +@ut™ " +... + m)e™, (41)

20e k = 0, ecnu 7y — He KopeHb Xapakmepucmu4yecKo20 ypasHeHUs
(32), u k pasHo kpamnocmu KopHA 7, ecnu Y — KopeHs.

Jlokazamenscmso. BasiB y; = qot™+*e™, umeeM no nemme 6

L(y1) = (qodot™ + r(t))e™, do #0.
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Inasa 3. Jlunelinsie dudppeperyuanstbie ypasHeHus u cucmemsl

Ecru m =0, 1o r(t) =0, aecniu m > 1, 10 r(t) — MHOrowieH
creneHu He Gonbire m — 1. Yto6ut monyuuts byt™ , Bo3bMeEM g =
bod, !, Torna B cnyyae m = (0 uMeeM pelieHue y; = bydy lgkemt

Iycts m > 1. IIpeanonoxuM, 4To TeOpeMa BepHa, KOTIa
B (40) creneHb MHOroWIeHa HUXe m, TO eCThb by = 0, M JOKaXeM,
YTO OHa BepHa U npu by # 0.

B nesoit yactu (39) nonaraeM y = y; + 2, Y TO Xe, UTO
Beille. [Momyyaem

L(y) = L(y) + L(2) = (0ot + r(2))e™ + L(2).

Haro, uToGui 310 paBHsiock (40), To et (bot™ + pi(¢))e™, rae
P1(t) — MHorowreH creneHud m — 1. CnexoBatensHo,

L(z) = (m@) - r@®)e”. “2)
3nech py(t) — r(t) — MHOrouneH crenenn Huxe m. I[To npeamno-
NIOXEHUIO MHAYKLUMH, YpaBHEHHE (42) MMEET YaCTHOE pellicHHe |

Buta z = t*q*(t)e™, ¢*(t) — MHorownen crenenu Huxe m.
INoatoMy, Kak u TpebGyeTcs,

y =y +z=t"(bodg't" + " (1)) ™. n

YT106H MPUMEHUTD 3TY TEOPEMY K KOHKPETHOMY YPaBHEHHIO BH-
na (39), (40) c uucnoBeiMu K03 PULMEHTAMHU, HALO MO BULY NPaBOX
yacti f(¢) B JaHHOM ypaBHEHHMH OMpEAENUTD Yucha v, k, m B (41).
Y106Hl HatTU KO3DOULIMEHTHI G, q), - - - s §m, HANO MOACTABHTH Bbi-
paxeHue (41) B JaHHOe ypaBHEHME M MPUPABHATb KO3(DOULMEHTHI
NpH MONOGHBIX WIEHaX B JIEBOi M MpaBoit yacTax ypasHeHus. [Tony-
yaeTcs cucTeMa anreGpanyecKux ypasHeHuit. U3 Hee onpenensiorcs
KO3 DULMEHTHE qg, G15 -+« s §m-




§ 11. Jluneiinbie ypasHeHus ¢ nocmMoaHHbIMU KO3$puyuermamu

Pewenue npumepa. JleBas 4acTb ypaBHeHUA Ta Xe, 4T0 B npumepe 10,
Kophu xapakrepucrnyeckoro ypasHeHus A; = 2, Ay3 = —2. O6ujee
pelenue OAHOPOAHOTO ypaBHeHUa Yo = c e + (¢ + cat)e 2.

Dnsa KaXAOro yneHa NPaBsoi YacTH AAHHOTO ypaBHEHUA onpepe-
nseM 4ucno 7. fina e~ umeem vy = =2, a gna tet nmeem v = 1.
Tak KaKk 3T yucna pasnuyHbl, TO HARO UCKATb OTAENbHO 4aCTHbIe
pelieHus ypaBHeHui

y’" + 2y" — 4’/’ - 8y —_ e—Zt’ . (a)
y" +2y" -4y -8y =té'. (6)

Dna ypasuenus (a) umeem ¥ = =2, k = 2, m = 0. CornacHo (41)
nuwem y, = 2. ae™%. Nopcraenas y, 8 (a), nonyvaem —8ae™* =
e %, 3nauutr, -8a =1, a = —1/8.

Dins ypaeueuns (G) umeem v = 1, k = 0, m = 1. ComacHo (41)
y, = (bt+c)e’. Nopcraenas y, e (6), nonyuaem e*(—9bt+3b—9¢c) =
te'. NpupasHusas Ko3dUUMEHTH NPU NOROGHLIX YneHax B NeEBOI
M NpaBoi 4acTAx paseHcTsa, nonyyaem —-9b =1, 3b—-9c = 0.
Otciopa Haxoaum b = —1/9, ¢ = —1/27.

O6uiee pewenue UCXOAHOTO YPaBHEHNA €CTb

Y=y +y +%h=
1 1

- 1, _
= cleZt + (62 + cst)e 2 _ §t2e 2 _ (§t -+ E) e'. L |

3amevanue. Ecnu B ypasHeHuu (39) ko3pPUUUEHTH BeleCTBEHHb
"

1(t) = e®(P(t) cos Bt + Q(t)sin Bt), . (43)

rae P(t) n Q(t) — BewectBenHble MHOrOUNEHb CTeNeHeH M, U m,,
TO Cyu|ecTByeT BelweCTBeHHO® YacTHOE peleHue BUAA

y = t*e™ (R(2) cos pt + S(¢) sin ft), (44)
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Inasa 3. Jluneliinsie dugdpeperyuanshpie ypasHeHus u cucmemsi

rAe uhcno k ectb KpaTHOCTb KOPHA A = a + (i ypasHeHus (32),
k = 0, ecnu a+ i ne kopenb; R(t) u S(t) — mHorounens crenenu
m = max{m,, m,}.

Jokazamenscmso. Tak xak

Pt 4 e~ "y et _ bt
— o Snfi=———,

108 (43) f = f,+ f,, e f, n f, — dyHkuum suma (40) c
7 = a+ pi u 7 = a — Pi cooTBeTcTBEHHO. PelieHne ypaBHeHUs
L(y) = 1, + 1, paBuo y, +y,, me L(y)) = f,, L(y,) = f,.
CywecTByioT YacTHHE pellleHus y, U Y, Buma (41) c omuum
U TeM xe k (KOpHH @ =+ Bi MMeloT OIHY M Ty Xe KPaTHOCTB).
Tepexons ot el™P) x % cos Bt u e sin Bt, nonyyaem (44). B

cos gt =

Ha npaxtuke s orbickaHusi pemeHust (44) MOXHO Monb3o-

BaThCA JIOOBIM U3 ABYX CIIOCOGOB.

1. Hanucas B (44) MHorouneHHs R(t) u S(t) c GyKBeHHEIMH Ko-

3¢dduLneHTaMH, MOACTaBUTH 3TO BbipaxeHHe B AudbdepeHManbHOe
ypaBHeHHUe. IIpupaBHiIB K03 bHUUHEHTH NPH MOXOGHBIX WIEHAaX Clie-
Ba U cripaBa, MOXHO HaliTH 3TH K03(DULMEHTH 63 UCTIONB30BaHUSA
KOMIUIEKCHBIX YHCeIl. '

7=

Hanpumep, ans ypasHenus y" +y = 2cost — 8tsint umeem
i=2A, k=1, m =1, no3TOMy 9aCTHOE PEILICHUE MOXHO

uckatb B uge y = t[(at + b) cost + (ct + d) sint].

e,

TO B

2. B 3T1oM criocoGe HeM3BECTHBIX K03(h¢hHLIHEHTOB BIBOE MEHb-
HO OHM KOMIUIEKCHHIE. Tak Kak

cos ft = Ree, sinpt =Ime”™ = — Re (ie™),
(43) |
f@)=Reg(®), g(t) = (P()-iQ())e >,
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§ 11. Jluneiinsie ypasHeHus ¢ NOCMOAHHbIMU KO3(Pduyuenmamu

WweM peweHue z ypasHeuus L(z) = g(t) B Bume (41), roe v =
a + Pi. Ing 31010 MOACTABNSEM TAKOE 2 B YpaBHEHME M HaXOAHUM
KOMIUIEKCHBIE K03 PUUMEHTH ¢y, ¢, - - - , q,,. [TonydaeMm

2 =t*N@)e™P*  N(t) = gt™ + ¢t™ ' +... + ¢

Tak kaK JHHEHHOE ypaBHCHHME T -TO NMOpAAKA CBOAUTCS K JIMHEiH-
Holt cucreme, T0 B cuy eMmbl 1 § 9 maHHoe ypasHenue L(y)=f
¢ dyukuwmeit f(t) =Reg(t) umeer yactHoe pemeHue y = Re 2. Kom-
TUIEKGHBIE YUCTA gy, ... , 4, Ve Haiinest, a e@P) = e (cos pt +
i sin t), noaromy Haitti Re z Teneps HETPymHO.

| NMpumep 13. Pewnts ypasHeuue |

|
I ¥" +y=2cost - 8tsint. 45) 1

Pewenue npumepa. XapaKrepuctuyeckoe ypaBHeHUue A2+1 =0 ume-
eT KopHu A, =i, A, = —i. Obuee pewenue OAHOPORHOO ypaBsHe-
HuA gy, = ¢, cost + ¢, sint.

[na Kawporo cnaraemoro npasoi 4actu B (45) onpepensem
wcnaa=0, =1, 9=a+ Pt = 1. [na oboux cnaraembix
OHM OAWHAKOBL, NO3TOMY HAfO MCKaTb 4YaCTHOE peleHWe cpasy
AN NAHHOTO ypaBHeHWUA, He pa3busas ero npasylo 4acTb. Tak Kak
2 cost — 8tsint = Re (2 + 8it)e™, To BMecTo (45) nuwem

y=Rez, 2"+z=(2+8it)e", (46)

YUCNO Y = £ PaBHO KOPHIO A, KpaTHOCTH k = 1, CTeneHb MHOrouneHa
2+ 8it ectv m = 1. Mo TeopeMe 9 uweM pewenue B BUpe
z = t(at + b)e®. Nopcraenas 310 z B ypasHewwe (46), nonyuaem
[2a-+i(4at+2b)]e® = (2+8it)e”. 3uauur, 4ai = 84, 2a+2bi = 2.
Orcopa @ = 2, b =4 u-z = (22 + it)e. YactHoe pewenme
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Inasa 3. Jluneiinsie dughpepeHyuanbHbIe YPaBHEHUA U CucmeMbl

y, = Re z = 2t? cost — ¢ sin £. O6wee pewenue ypasenus (45)
Y=y, +y =ccost+csint +2 cost —tsint. <

3adayu Ona ynpaxrenuil:
[12], § 11, N2533-574, 607-608; § 23, N2 68-73, 78~85, 87-90.

@ du3nuecKHe npuMepnl

: Npumep 14. YpasHenue ynpyrux koneGanwuii (6e3 conporusne- |
| HHWA) NOA AeACTBHEM CHHYCOMAANLHOW BHEWHEH CUAN UMeeT
I sup '

: 2" + o’z = bsinwt (a,b,w > 0). 47)

L

Pewenue npumepa. Xapakrepuctuyeckoe ypasHeHue Ntat=0
MMEeT KOpPHH Al,2 = Zai. O6uee pewenue ORHOPOAHONO YPABHEHUA
Z, = ¢, cos at-+c, sin at — 370 KoneGanna NPK OTCYTCTBHU BHEWHEH
CUABI, OHU HA3LIBAIOTCA COOCMBEHHLIMU KONEOAHUAMU.,

Ina dyHkuuu sin wt umeem 7 = wi. B cnyvae w # a ypasne-
Hue (47) umeer yacTHoe peweHue Bupa x, = ccoswt + dsinwt.
MopcTasnss 3to B (47), nonyyaem

(a® - w?)ecos wt + (a® — w’)d sinwt = bsinwt.
Tak KaK |w| # lal, To ¢ = 0, d = b/(a® — w?). O6uee pewenue
ypasHenus (47)
. b
T =2,+ 2, =c, cosat + ¢, sinat + a—z-__—wzsmwt.

Cnyvaih w = a, KOrAa 4acToOTa BHEWHeH Cunbl COBNafaerT ¢ va-
CTOTOH COGCTBEHHbIX KoneGaHuii, Ha3bIBAETCA Pe30OHAHCHBIM. B 3TOM
cnyqae comacHo (44) Hapo wmcKaTh 4YacTHOe pelleHwe B Bufe
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§ 11, Jluxelinsle ypasreHus ¢ NOCMOAHHbIMU KO3(Puyuenmamu

z, = t(ccoswt + dsinwt). Nopcrasnsa 310 B ypasHenue (47)
W YYUTBIBAR, YTO W = a, NOAY4aeM

2(wdcoswt —wesinwt) = bsinwt; orciopa d=0, c= —-2%.
Obuiee pewenue

z=2zy+2 =c¢ coswl+c,sinwt - 22:’- cos wt
npeacraenser co6oi koneGaHus C HEOrpaHUYEHHO BO3pacTalowed

aMnAUTYRON.

B peanbHbix u3n4eCKUX CUCTeMax KoneGaHus HUKOTRA He MO-
YT pacTh HeOrpaHMyeHHo, Tak kak koneGawns Gonbworo pasmaxa
AW CAEPXMBAIOTCA CONPOTUBAGHUEM, UNK NPUBOAAT K Pa3pylICHHIO
CUCTEMB., . |

O6o61as 3TOT npuMep, B MATEMaTHKE HA3bIBAIOT pe30HAHCHLIM
mo6oit ciyyaif, xorma onpenensieMoe Mo MpaBoit YacTH ypaBHEHHUS
YHUCJIO 7 COBMANACT C KOPHEM A XapaKTEPUCTHYECKOrO YpaBHEHHS,
HE3aBUCMMO OT TOrO, UMEET JIM NMpaBasi 4YacTh 1 i
ypaBHEHUsI KonebaTeNbHbIA XapakTep. R —L

L C
~ 1

ITpu HaTUYMHK CONPOTURIIEHUS, TPONOP-
LIMOHAJILHOTO CKOPOCTH, YPAaBHEHHUE YIIPYTUX
KoJsie6aHuit UMeeT BUM, OTIIMYAIOLMIACS IMILID

- E=Vsinwt
0603HaYEHUSIMH OT YPaBHEHUsI, PACCMOTpPEH- Puc. 10
HOTO B ClleyIOLIEM MPHMepe. *
[t i i 1

Npumep 15. Nyctb B 3nekTpuyeckoi uenu (puc. 10) nocnepo- |
BaTebHO BIJIIOYEHH! KaTywka camouuaykuuu L, Kowpeucarop :
emkoctu C, conpotusneHne R ¥ UCTOYHUK NEPeMeHHOro ToKa |
¢ Hanpsaxenuem Vsinwt; L, C, R, V, w > 0. Haititn cuny :
TOKa B €Ny NpU YCTAHOBUBLIEMCA peXUMe. |




Inaea 3. Jlunelinvie dudgpeperyuansHbie ypasHeHus u cucmems!

Pewenue npumepa. YpasHuewns paa cunbl Toka I(t) u 3apapa Kow-
Aencaropa q(t):
dI q

dg
LE+RI+E = Vsinwt, Et--I,

(o nonyuyeHun 3TUX ypaBHeHUH W NpPUMEHAEMbIX (U3UYECKUX 3aKO-
Hax cM. [12], §11, n.5 wau [7], § 13). Auddepenuupys nepsoe
ypaBHeHHe, Nony4aem

LI"+RI’+%I=choswt. (48)

Xapakrepuctuyeckoe ypasteune LA2 + RA+ 1/C = 0 umeer
MAK KOMNAEKCHbIE CONPAKEHHbIe KOPHW A, A, C BelUeCTBEHHOW
vactbio —R/(2L) < 0, unu BewecTsenHbie OTPULATENbHBIE KOPHHU,
TaK KaKk A, - Ay = 1/CL, A; + Ay = —R/L < 0. Noatomy pewenne
oawopoanoro ypaswenus I(2) = c,e™ + c,e** crpemutca Kk Hyno
npu ¢ — oo.

Yro6et HaiiTn yactHoe pewenue I, () ypasueuun (48), 3ametum,
yTo coswt = Re e**, nosromy I, = Re z, me Lz" + R2' +2/C=
wVe™t. Buno noxasawo, uto Re)‘l 2<0. Nosromy 7 = iw #
}‘1,2 M YaCTHOE pelleHMe HIeM B BUpe 2 = Aet, Mopcrasnas
B YpaBHeHue nonyyaem

| 4

1\ ; .
A (—w2L+in+ —) et=wVet, A= -—
w-'LU'FtR

C
Monaras A = |Ale**, nonyuaem
z=|A|e @) I (t) = Rez=|A|cos (wt + o).

O6wee pewenne ypasuenus (48) ects I(t) = I,(t) + I,(t). Tax
kak Iy (t) — O npu £ — 00, TO Npu NIOGLIX HAYaNbHLIX YCAOBUAX
uepe3 Hekoropoe spemsa I, (t) Gyner 6ansko nynio u I(t) Gyner ovenn
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§ 11. Jlunelinvle ypasHeHus ¢ NOCMOAHHbIMU KO3(PuUyueHmamu

Mano OTAUYATLCA OT NepPUORUYECKOro pewenns I, (t), ne 3aBucawero
OT HavanbHbiX YCNOBMA. Takoe peweHue Ha3bLIBAaeTCA yCMAaHosus-
WeMCA PeXUMOM, 3 NPOLECC OT HAYaNLHOTO MOMEHTA A0 MOMEHTa,
Korpa cnaraembim I (t) momwHo Gyner npexeGpeub — nepexoanbm
npoyeccom. <

B anexkTpoTexHHKe BaXHO 3HaTh HauGoJjblliee 3HaYCHUE Il(t),
JOCTHraeMoe Ha KaxaoM nepuone. OHO paBHO |4|,

| 4
|A| = =.
VR + (Lo - £5)

Ipaduku |A| B 3aBUCHMOCTH OT w MPH pa3HBIX R M306paXeHHI -

Ha puc. 11. Jlunusa 1 — npu R = 0, nuuua 2 — npu Maneix R,
JIUHUS 3 — npu G6oneumx R. Maxkcumym |A| nocturaercs npu

1
Lw = g5, TO €CTb NPU W = W, Wy = ¢/ ¢~

Pacha'rpuBaemaﬂ ANEKTPH-  |A|4
yeckasg Lenb B Ciy4ae Majio-
ro R Xopouio nponyckaeT Tojib-
KO TOK OINpeaeNcHHON! 4acTOTh
Wy, M ONM3KMX K Hedl yacToT.
IonoGHoe ycTpoiicTBO mnpuMe-
HSIETCA B paiMoNnpHeMHUKaX (Ha-
cTpoiika nNpUeMHHUKA Ha onpene-
JICHHYIO YaCTOTY C MOMOIIBIO U3-
MeHeHus: napaMetpoB L, C, R).

YrouHenue. s byHKuMmn
I,(t) = | Al cos (wt + ¢) nepuon Puc. 11
paBeH 27 /w, a 4acToTa B OGBIY-

HOM CMBICNIC, T.€. YHUCNO KoneOaHUil B eaMHHMLY BpeMEHM, PaBHA
w/27; YMCNIO W HA3LIBAETCS KPYroBO# 4acTOTOIA.

ol
€y
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Inasa 3. Jluneiitsie dugpdpepeHyuansHole ypasHeHus u cucmems!

——
@ Ypasnenne Diinepa

apz"y™ + 2"y + ... + aacizy + a0y = f(2)
(a; — nocTosHHbIE)

(49)

CBOOMTCA K JIMHEHHOMY YDAaBHEHMIO C MOCTOSHHBIMH KO3pdHULMEHTaMU
3aMEHOM He3aBHCHMOTO NepeMeHHoro = = e’ npu z > 0 (wm z = —¢' npu
z < 0). Jokaxem 310. AMeeM npu = > 0
y _ Al e-'ty" - e"‘yl _
: z; ‘v = A; yzz—;=——7—=e"(y$—yi)-
IMo MHAYKUMH HOKAXEM, YTO
v =eL(y), L(y) =bioy” +ouyd "+ .+ biayl, (50

rae Bce by; — mocroAHHbie yucna. IMpeanonoxum, yro (50) BepHo anst
Hexotoporo k. O6o3navast e ¥ L(y) yepes B, uMeeM -

B, e ™(L(y)).-ke™L(y) _
yg+l) =B; = __,t. = t - ( ) =e (H-’)‘L](y),
z‘ - e
rae L,(y) — cyMMa npou3BOAHBIX ("“),yf"), ., ¥ C NMOCTOAHHBIMK KO-

adduunenramu. IMo unaykumu dopmyna (50) mokasaua. IMoacrasnsas (50)
g k=1,2,...,n B (49), nonyyaeM nKHeHOE ypaBHEHHE C NOCTOAHHBIMH
koadbduuMeHTaMA.

Jina 3TOr0 ypaBHEHHS XapaKTEPUCTHYECKOE YPaBHEHHE MOXHO Ha-
NKCaTh, HE NEPECYMTHIBAS NMPOM3BOAHBIE, XapaKTEPUCTHYECKOE YPABHEHHE
IS TIMHERHOTO YPaBHEHHA ¢ NOCTOAHHBIMHM KO3(bHLMEHTAMH NOJTyYaeTcs,
€C/IM NOACTAaBUTb Y = €™ B JIEBYIO YaCTh YPABHEHHS W COKPATHTb Ha oGLIMit
muoxurens e¥, cm. (31), (32). V Hac ¢ = z, e = z*, nosromy nano
MOACTaBHTbL Y = 2 B JIeBYIO 4acTb (49) ¥ COKpaTHTb Ha 2*. Monyuaercs
XapaKTEPUCTHYECKOE YPaBHEHHE

aAA=1)...A=n+1)+a AA=1)...(A-n+2) +...+8p1A+ap =0.

Takum oGpa3som, B (49) xaxnoe npoussenenne z*y* samensiercs Ha npous-
BeneHue k yOuiBalowux Ha 1 yncem: A(A—1)...(A -k +1).
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§ 12. Jlunelinbie ypasreHus smopo20 nopaoKa

TpuMep pelueHus ypaBHeHMsi Diiepa ¢ NONPOGHHIMM NMOACHEHUAMM
cMm. [12], §11, n. 4.

| 3adayu 0nR ynpaxHeHui:
[12], § 11, N2589-598, 606, 609, 610.

Jnst nuHeHBIX ypaBHEHHI C NOCTOAHHBIMH xoswﬁunemun AeTalb-
HO MCCJIENOBAIOCH NOBEACHHE PELLICHH B Clly4asX, HHTEPECHBIX I NPHJIO-
xeHuit, Hanpumep, B [4], rn. 2, § 10; [9], .6, § 1, n. 2, npumepn 2, 9, 10.
Pa3paGarbiBanuch pa3inyHbic METOABI PELICHUSA JIMHEHHBIX YpaBHEHUi
¢ nocTosHHbIMU Ko3dbdHuumneHTaMu. O6 OTHBICKAHUH peuleHHH ¢ MOMOoLIbIO
panoB ®ypve cm. [9], .6, §1, n.3; [5], §18, n. 3°. OnepaunoHHBbIi
METOA, OCHOBaHHBbI Ha npeoGpasoBaHuu Jlamnaca, MO3BOJAAET HAXOXAMTb
peuieHHe, YROBNETBOPAIOLee 3aNaHHBIM HAYaAbHBIM YCJIOBHSIM, HE Haxoas
obuero peuteHus. JloCTynHOe HINOXEHHE 9TOTO METOAa M MPHUMEPH ero
npumeHeHus cM. B [5], § 24, c. 205-211.
' Gl

§ 12. Nuneiinble ypaBHeHuA BTOPOro nopaaka

|
JIuHeitHoe OHOPOAHOE YpaBHEHHE BTOPOrO MOPANKA MMEET BUR

Po)y" + ()Y + pa(t)y = 0. (51)
Y MHOrMx Takux ypaBHeHuit (Hanpumep, y ypasHeuus y” + t°y = 0,
a = const > 0) pewieHHss He BHIPAXAIOTCH uYepe3 3ieMEHTAapHBbie (yHK-
UMM U HeompeaeneHHble HTerpaibl. HuXe HanaraloTcsi HEKOTOpHE METOAB

UCCIEAOBAHHA CBOMCTB pelieHui ypaBHeHuit Buaa (51) 6e3 OTHICKAHHMA CAMKX |
peuieHuiA,

IE YpasHenue (51) MOXHO npUBeCTH K NMpocTeiimeMy BURY

v +qt)y=0 (52)
MHOTHMH CROCOGaMH, H3 KOTODbIX JBA OCHOBHBIX.
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Inasa 3. Jluxeiinsie dugpepeHyuansHole ypasHeHus u cucmeMsl

A. JluHeitHasa 3aMeHa wuckoMoit dyukuuu. Ioacrasnsa y = a(t)u
B.(51), nonyyaem (npeanonaraercs, ¥To0 py, p; € C')

poau” + 2pya’u’ + ppa”u + prav’ + pia'u + prau = 0.

Yr10o6b! YHHYTOXHTD WIEHH C ', monaraem 2pya’ +p a = 0. Orciona nonyyaem
a(t) = c- e/ Gepem ¢ # 0.

B. 3aMeHa He3aBHCMMOrO nepemeHHoro. Cuurtas z = p(t), Haxomum
Y = Y20 Y = You(pt)’ + ylple. Toncrasnsa B (51), nonyyaem

Py (92)? + Poyie + PrY.pt + P2y = 0.

Yr1obbl YHHYTOXHMTb WIEHH C Y., nonaraeM poyy + i = 0. TMonnxas
NOPANOK 3aMeHOM ¢} = ¢, HaxoaMM cHavana (t) = c- e Inimét (Gepem
c# 0), 3ateM p(t).

Hpyrue criocoGbi npuBeneHusA K BuAy (52) ABNAIOTCA KOMOMHALMAMHU
atux asyx. Hanpumep, moxHo caenatb B (51) 3ameHy Buga z = ¢(t)
¢ Kakoit-nm6o dbyHKuueit ¢ € c?, ¢ # 0, a3areM B NONyYEHHOM YPABHEHHH
YHUYTOXHTb WIEH C Y, 3aMeHOl y = a(z)u. . ‘

a

Hccenenonanne BuNyKIocTH rpadpuxos pemtennit u Hyneit pemennit, Eciu
B ypaBHeHuH (52) ¢(t) < 0 Ha uHTepBane a < t < B, 10 B obnacTh y > 0,
a <t < P umeem y" = —q(t)y > 0. ToaroMy TaM rpadMKH BCEX pelEHMI
BHIMYK/LE BHU3, a B o6nacti ¥y < 0, a < t < B umeem y" < 0, u rpaduxu
BHINYKJIBI BBEPX. B 06enx oGnacTax rpadmku BHIMYKIH B CTOPOHY ocH Of.

Ecan xe ¢(t) > 0 npu vy < t < §, To Ha uHrepsane (v,8) uMeeM
Y'=—qy<O0npu y>0uy" >0 npuy<0.Jlosromy npu y <t < §
rpadMKH peleHMit oOpaleHbl BOTHYTOCTBIO K ocu Ot.

Hynsmu pemienns y(t) HasbiBaloTcs Takue £, npu Kotopsix y(t) = 0.

fNemma 7. Ecnu y(t) £ 0 — pewenue ypasrenua (51), y(t,) = 0, mo
y' (%) # 0.

Joxaszamenscmeo. Ecnu 6bi y(to) = y'(to) = 0, T0 npu 3THX HavamL-
HBIX YCJIOBHAX CYLIECTBOBAIO Gbl fBa pelieHHs: NaHHOe peweHne Y(t)
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§12, ﬂdueﬁuue ypasHeHus 8mopo2o nopaoKa

u Hynepoe pemieHue ¥, (t) = 0. 3TO NPOTHBOPEYUT TEOPeME EAUHCTBEH-
HOCTH. . |

Nemma 8. Henynesoe pewenue Y(t) # 0 ypaswenus (51) ne mowem umems
GeckoHeyHO MHO20 Hynell Ha KOHEYHOM ompesKe.

Hoxazamenscmso. Tlyctb Ha otpeske [a,d] pewenue y(t) # 0 umeer
GeckOHeYHOe MHOXeCTBO Hyneil. BbiGepeM M3 HMX cxomAiIyiocs no-
cnenoBaTensHocTh ¢),ty,... — to. Torma ¢y € [a,b] u u3 y(t) = 0
(k=1,2,...) v HenpepuiBHOCTH Y(t) cnenyer y(tp) = 0. Pewenne y(t)
uMeeT npoussonHyio y'(t). CnenosarenbHo, cymecTsyer

i Y8 —Y(&) y(to) = ylto).

k=00 tg -

Yucnutenb paseH Hymo, 3Hauut, y'(t,) = 0. D10 NpOTMBOPEUMT
nemme 7. n

i

Teopema 10. Ha ompesre, 2de q(t) < 0, moboe pewenue y(t) Z 0 ypasHe-
Hus (52) ne moem obpawjamscs 8 Hya Bonee, yem 8 0dHOU moyke.

JHoxasamenscmso. Tipeanonoxum, uto y(t,) = 0, y(t;) =0, ¢, < t,.
Ha orpeske [t), ;] no nemme 8 MoxeT GHITb TONLKO KOHEYHOE YHCIIO
Hyne#t. Bo3sMeM aBa coceiHux Hyns £ = a u t = b > a. Ilpn
a <t<b y(t) He MeHsieT 3HaK, Hampumep, y(t) > 0 (ecan Tam
y(t) < 0, To paccmoTpuM BMecTo Y(t) peweHue y,(t) = —y(t) > 0).
Torma y(a) = y(b) = 0 u no nemme 7 y'(a) # 0. Tak kaxk y(t) > 0
Ha (a,b), 10 y'(a) > 0 u ¥’ = —q(t)y > 0 na (a,b). 3nauut, y'(t)
He y6biBaer M u3 y'(a) > 0 cneayer y'(t) > 0 Ha (a,d). Torna y(t)
Bo3pacraer Ha [a, b] u u3 y(a) = 0 cneayer y(b) > 0 B npoTMBOpeYMH
¢ Bei6opoM TouKH b. |
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Inasa 3. Jlunelinoie dugppepeHyuansHble ypasHeHus u cucmems

Teopema 11 (0 uepepoBarnumn Hyneit). Hyau dsyx nobsix nuHeliHo He3aBucu-
Moix pewenull ypasrenus (51) cmpozo yepedyromen. To ecmb 8 npomexymue
Memdy nobbimu 0BYMA coceOHUMU HYnAMu mo6o20 u3 amux peweHuti codep-
JKUMCA po8HO OOUH Hynb OpY2020 peleHus.

Jflokazamenscmso. Y 3Tux pemieHudt HetT o6wmx Hyne# (B Touxe ¢), rme
yi(t)) = ¥»(t)) = 0 BpoHcknan W(t;) = 0, a Torna pemenus Guunm Gut
NHHEeHO 3aBHCcHMBbI o neMMe 3). TpeanosoxuM, YTo B MPOMEXYTKE
(t),%,) Mexmy ABYMA COCEIHMMM HYASIMH OXHOTO M3 peileHuil, Ha-
npuMep ¥,, HeT Hynei pewienns y,. Toraa Ha otpeske [t),¢;] umeem
wi(t) #0, W(t) # 0, npoussonHas

i(g) Ny — vy _
at \y v yl

coxpaHsieT 3Hak M GyHKuMa y,(t)/y,(t) crporo MoHoronna. Ho 3ro
HEBO3MOXHO, TaK Kak ¥,(t)) = w(t2) = 0.

3Haumut, B npoMexytke (t),%;) ectb HyIH pewieHus y,. Ux —
KOHeuHoe uucno no JemMme 8. Ecnu ux Gosnee oHOTO, TO B NPOMEXYT-
Kax MeXny HMMH He Obuto G6bl HM OOHOrO Hy/si PELICHHA ¥, @ 3TO
HEBO3MOXHO MO AoKa3aHHoMy. CnenosarenbHo, B (t),%;) ecTb poBHO
OOMH HyJIb DELICHHUA Y. n

Teopema 12 (Teopema cpasHeHus). Paccmompum d8a ypasHenus
V' +4q(t)y =0, (a
2" +Qt)z=0, (6)

20e Q(t) > q(t), dynryua q u Q HenpepsisHsl, To2da 8 npomexymKe
MexOy dsyma cocednumu Hynsmu t = a u t = b noboeo pewenus y Z 0
ypasHenus (8) umeemcs no mexblwedl Mepe 0duH Hynb mo6o2o pewenus z Z 0
ypasrenus (6), unu xe z(a) = z(b) =0, Q(t) = q(t) wa [a,b].

JBoxasamenscmeo. TIpeAnonoxXuM, YTO AN pelicHUt Yy U 2 HMeeM
y(@) =y(®) =0, y(t)#0, z(t)#0 (a<t<b).
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§ 12. Jlunelinvie ypasHeHus smopozo nopadka

BynaeM cuutath, yTO Ha (a, b) nmeem y(t) > 0, 2(t) > 0 (ecim He TaK,
TO BMECTO ¥ H Z MOXHO PacCMOTDETD DElICHHA Y, = =¥, 2, = —2).
VMmHOXad ypaBHeHHe () Ha 2, (6) — Ha ¥ M BHYMTasA, UMEEM

y'z-2"y+(g-Q)yz =0. (53) .
Tak kak y"z — 2"y = (¥'z — y2')’, 10 unrerpupys (53) or t = a 1o g
t = b, nonyyaeM

b &

W =9y - W2 - 92') o = / (@) -q®)y=dt.  (54) |

e

HUmeem y(a) = y(b) = 0, nosromy neas yacTb pasHa y’zl Y z| -
Yuutsisas niemMy 7 U HepaseHCTBO Y(¢) > 0 Ha (a, b), umeem y'(a) > 0,
y'() < 0. Tak kak z(t) > 0 Ha (a,b), TO B CHNYy HenpepHIBHOCTH
dynkuun z umeem z(a) > 0, z(b) > 0. 3nauur, nesast yacTb B (54)
HENONIOXHUTENbHA,

B npasoit yactu Q > ¢, yz > 0 Ha (a, b), no3TOMY OHA HEOTPH-
uaTenbHa. _ ‘

Ecnu xoms 6b1 onHo u3 paseHcTs z(a) =0, z(b) = 0, Q(t) = q(t)
Ha (a,b) He BHMOAHAETCsA, MojyyaeM mnporuBopeuue. Teopema no-
KasaHa. n

Mpumep 16. Ouenutb ceepxy U CHU3Y PACCTORHUE MEXAY COCEAHUMM
HYAAMU ANA PellieHnii YpaBHEeHUA

|
I
" |
¥ +9)y=0 (55) :
Ha TaKom oTpe3ke, Ha kotopom 0 < m? < g(t) < M2, |

hi |

Pewenue npumepa. Cpasnusaem ypasHenue (55) C ypasHeHnem
"+ M= 0, ' (
HMEIOUWMM peweHns ; |;
z=c cos Mt +c,sin Mt =d, sin M(t + d,), (56)
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Inasa 3. Jluneiinsie dugpepenyuansHbie ypasHeHus u cucmemsl

e ¢;, d; (i = 1,2) — npoussonbHbie nocToaHHbie. Nycts £y, £, — cocepnme
Hynu pewenna y(t). bepa s (56) d, = —t,, umeem z(t,) = 0. N3 Teopemsl 12
nonyyaem, 4T0 CNeAyoOUMi A Hynb £, PeWweHUA Z AEXHT Ha nonyuwtepsane
(¢5,¢,]. Tax kax B cuny (56) ¢, =¢, +x/M, 10 ¢ -to ;t -t,=n/M.

CpasHusaem ypaaueuue (55) C ypasHenven u” +m’u = 0 umenwum
peweHus

u = ¢, cosmt + ¢, sinmt = d, sinm(t + d,). (57)

bepa d, = —t,, nonyqaen 3 (57) cocepnme wyau ¢, u t, = t, + x/m.

Tak Kak q(t) > m?, 10 u3 Teopemn 12 crepyer, 4To uynb t, pewenna y(t)
nexut 8 nonyuntepsane (¢, t,]. 3nauur, ¢, —t, < x/m.

Wrax, nonyvena ouenxa */M < ¢, —t < n/m. <

M3 reopemst 10 cnenyer, uro B ciyyae g(¢) < 0 npu ¢, < ¢ < 0o moGoe
HEHyJIeBOe pelieHHe ypaBHeHHA (52) HMeeT Ha WHTepBane (¢, 00) He 60.nee
OHOTO Hy/IAl, TO eCTb ABNACTCH HeKosebmougumcs. B cayuae q(t) > m? > 0
(¢, < t < 00) u3 Teopembl 12 u npumepa 16 cienyer, yTo moGoe peuicHHe
ypaBHeHHs (52) umeeT Ha uHTEpBane (t,, 00) GeCKOHEYHO MHOTO HyneH, T.e.
ABIIACTCS KOAEONIOUUMCA.

JInneltHple ypaBHEHHA 2-rO NOPAAKA JABHO MCCIENOBANNCH, CM., Ha-
npumep, [23], . 6; [39], . 11; [37], 1.1, . 3. TonyyeHH AOCTaTOYHBIE
YCNIOBHSL ONpaHHYEHHOCTH BCeX pelleHuit ypaBHeHHs (52) Ha uHTepBane
(t,,00), Hanpumep, g(t) — oo moHotoHHo W ¢(t) = & + ¢(t) + ¥(t),
a>0, () = 0 (t = o), unterpan or |p| + |¢'| cxomurcs, ycnosus
xone6nemoctu (g(t) > (1/4 + €?)/t*) n nexoneGnemoctu (g(t) < 1/(4t%))
pewenuit Ha nHTepsane (¢, 00).

H3yyanoch acCUMNTOTHYECKOE MOBeAcHHE pelueHuit npu ¢ — oo. s
aToro ypasHenue yj, + ¢(z)y = 0 (g(z) > 0) ¢ nomowsio npeobpasosanus

JInysunnsa

t=t(z) = / V() dz, u(t) =q"*y(2),
MIPUBOAMTCA K YPaBHEHHIO
4(=@®)

uy+ (1-h=K)u=0, h= 149G0)"
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§ 13. Kpaesvie 3a0a4u

PR

Bo MHOIHX CJy4asix, HanpuMep, Koraa ¢ = cz*, p > —2, Win Korzaa g = e*®,
k>0, npu z — 0o umeem t — 0o u |h? +hj] < ™', a = const > 0.
Toraa UMEEM peILEHUs

y,=¢"[cos(®(z) +0@@)"]), v, =g [sin(t()) + Ot(=))].

06 acMMNTOTHKE pemieHMit cM. Takxe [11], rn. 7.

Jns Hexorophix anddepeHUManbHBIX ypaBHeHHHt 2-r0 nopsaaxa, WMe-
JOLIMX BAXHOE 3HAaYEHMe IUIA TEOPHH M npuaoxeHuit (ypaBHenns Beccenst,
Diipn, Marbe, runepreoMeTpUUECKHE YPABHEHHA M APYTHE) NETANLHO H3y-
yeHBl cBoiicTea pewenuii ([5], § 18, n. 2°; [9], m. 6, §2, n. 2; [37], 1.1, . 3,
§4, §6) n cocraBneHbl HX TAGAHUB — TaGAHLIBI CMICUHANBHBIX GYHKUMIA,

Gl
W *
§ 13. Kpaesble 3agaumn AN

Il:] B npenpiaymux naparpacdax i ypaBHEHHS n-ro MOpsAAKA pac-
CMaTpHBaNach 3aaya C HaYalbHEIMM YCIIOBUSIMM, B KOTOpDOii BCe n
YCTIOBMiA 3a71a10TCS PH OHOM M TOM Xe 3HaueHMH ¢ = ¢, B KpaeBoit
3ajaye 3a1al0TCsl YCAOBUS Mpw aByX (unm Gonee) 3HauyeHusx ¢. Ta-
KMe YCJIOBHS HA3BIBAIOTCS KPAaeBBIMH. 3ieCh GyNyT PaccMaTpHBaThCH
TONBKO JIMHEHHEBIE KpaeBhie 3afauu, B KOTOPHIX audbdepeHunanpHoe
YPaBHCHHE M KpaeBHIE YCIOBMSA JIMHEHHBI. JleBbie YacTH KpaeBHIX
ycnoBuit — nuHeilHble KOMOMHALIMM 3HaYeHHt MCKOMOi yHKIUM
H ee NpOMU3BOAHBIX B 3a1aHHBIX TOYKAX ¢;, a MpaBbie YaCTH — 3aNaH-
Hble MOCTOSTHHHE YMCIA.
ITpuMepHl TMHEHHBIX KPaeBBIX YCIOBHiA:

a) y(¢) =a;

6) yl(tl) =b; )

B) ay(t,) + Py'(t,)) = c (a n B sanaum, |a| +|B| # 0);
(
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Inasa 3. Jluneliinbie ougpeperyuansHoie ypasHenus u cucmemb!

r) y(t) —y(t) =d;
x) y'(t,) — ¥'(t,) = h; BO3MOXHBI U Apyrie BUAH YCOBMIA.

Ecnu nocrosiHHasi B MpaBoil YacTH KpaeBOro YCJIOBHS paBHa
HYJIIO, TO YC/IOBUE HA3BIBAETCS OMHOPOAHKIM, €C/IM HE PABHA HYMIO —
HEOMHOPOIHBIM.

Jnsi ypaBHEHUsI n-TO MOPSAAKA 3aNal0TCS 7 ycnoBuil. B pasHbix
TOYKAX #; YCJIOBMS MOTYT GHITH OXHOTO THMA WM DAa3HBIX THIIOB.
KpaeBas 3amaua Ha3HBaeTCsl OTHOPOIHOM, ecii AudrbepeHUMANBHOE
YPaBHEHHE U KPaeBbie YCIOBUSA IMHEHHB M OMHOPOIHEIL.

B oTiMuue OT 3anaum C HaYAILHBIMH YCJIOBHSMH KpaeBas 3a1a4a
MOXET UMETb OTHO WJIM MHOTO peleHHl, a MOXET M He HMEThb
peueHuit. Hanpumep, 3anava y" +y = 0, y(0) = 0, y(x/2) = a
MMEET eIMHCTBEHHOE pellieHue y = asint, a 3amaua y" +y = 0,
¥(0) = 0, y(x) = b B cnyuae b # 0 He uMeeT pemeHuit (TaK Kak Bce
pelleHHs ypaBHeHus, s KotopbiX y(0) = 0, uMelor Bun y = csint
M MpU ¢ = T OHHU PAaBHHI HYMIO), a B cyyae b = 0 uMeeT GECKOHEYHO
MHOTO pellieHuit y = c¢sint, ¢ — moboe.

Teopema 13 (06 anvtepHaTuse). PaccMompum ypasHeHue
oMy +a," "V +. . +a,ly=10) >2) (59)

(8ce a;(t) u f(t) Henpepoighbl, ay(t) # 0) c n nunelinsimu KpaessiMu
ycnosuamu. Bosmoxwbl monsko 0sa cayyas: unu 1) 3adaya umeem
eduHcmaerHoe peweHue npu nobbix Npasbix 4acmax 8 ypasHeHuU
_U Kpaesbix ycnosusx, unu 2) o0HOpPoOHas 3adaya (nessbie Yacmu
me )XXe, a npasbie 3aMeHAIOMCA HYNAMU) uMeem GeCKOHeYHO MHO20
peweHull, a HeoOHOPOOHAA 3a0a4Ya Npu HeKOMOPbIX NPABLIX YACMAX
umeem 6ecKoHeyHO MHO20 peweHul, a npu ecex dpyaux — He umeem
peuweHui.
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§ 13. Kpaessie 3adayu

Jlokasamenscmeo. O6uuee peiieHue ypaBHeHus (58) umeer BuUI

Y=y +...+6Y, +, (59)
TA€ Yy,...,Y, — JMHEHHO HE3aBUCHMBbIC PELICHHS OTHOPOA-
HOrO ypaBHEHMS, ¥ — 4YaCTHOe pelieHue ypasHeHus (58),
Cs...,C, — MPOM3BONbHBE mMocTostHHbie. IMoncramnss (59)

B KPaeBBI€ YCJIOBHS M EPEHOCH ¥ B NPaBYIO YaCTh, NMOMY4aeM CH-
CTeMY 1 JIMHEHHBIX anreOpanyecKux ypaBHEHH OTHOCHTENIBHO
Cpy--+ s Cy. KOIDDULUMEHTH CHCTEMHE 3aBUCAT TONBKO OT 3Ha-
yeHHil y, 4, ... B 3aNAHHBIX TOYKAX £ M HE 3aBUCAT OT MpPaBbiX
yacTeit ypaBHeHHsI M KpaeBbIX ycnoBuil. Ecniu nmaHHas 3apma-
Yya OAHOpPOIHA, TO MpPaBbIC YaCTH aNre6panyecKuxX ypaBHEHMH
PaBHBI HYJIIO.
B03MOXHBI TONBKO ABa CICAYIOIIMX CIIydasi.

1) Ecnu neTepMMHAHT CHCTEMBI HE paBeH HYNIO, TO CH-
CTEMa MMEET €IMHCTBEHHOE DEIICHHE C,...,C, NMPH JIOGHX
npaBbix yacTax. IMoncraemas ot ¢, ...,c, B (59), nomyyaem
€IMHCTBEHHOE pellleHHe KpaeBoit 3amauu. '

2) Ecnu DeTepMHHAHT CHCTEMBI PaBeH HYJIO, TO OXHOPOA-
Has cuctema (T.e. NpM MPaBbIX YacTAX, PABHHIX HYMIO) MMEET
GECKOHEYHO MHOIO PELIEHHH OTHOCHTENBHO ¢y, ...,C,, 3 He-
OIHOPOIOHASA CHCTEMA MMEET PELICHHE HE MNpPH JIOOGBIX NMpaBbiX
yactax. Eciv oHa uMMeeT pellieHHE, TO OHA MMeeT GECKOHEYHO
MHOIO pellieHMil, TaK KaK K 3TOMY pelIeHHIO MOXHO NpHOaBUTh
moboe pellleHHe OMHOPOXHOM CHMCTEMbI, YMHOXEHHOE Ha JIiO-
6yi0 nocrosHHy10. s o60ro HaGopa MOCTOSHHBIX €, ... , C,,
YIOBJIETBOPAIOLLIETO CHCTEME, (popMyna (59) maer pewreHue Kpa-
epoit 3amayu. s pasHHIX HaGopoB c,,...,C, 3TH PELICHHs
Pa3NMYHH, TaK KaK QyHKUMH Y, ..., Y, TUHEHHO HE3ABUCHMHL.

W3 1) u 2) caenyer yTBepXaeHHE TEOPEMBI. n




Inasa 3. Jluneiinsie dugdpepenyuansisie ypasHeHus u cucmemsi

Mpumep 17. Haittu HanmeHbwee U3 Takux uucen b > 0, yro !
3apava

y' +by=0, y0)=5 y(1)=-5 (60

1
|
[
!
|
|
| He uMeeT pelueHwil.

r
I
|
|
I
|
I
I
|
|
|
1
|
|
|
|
1
|
|
1
I
I
I
|
|
I
|
|
|
|
L

. Pewenue npumepa. Mo Teopeme 13 3apaya (60) He uMeeT peiweHui
TOrAa, KOrAa OAHOPOAHaA 3anaua ¥ + b’y =0, ¥(0) =0, y(1) =0
uMeeT HeHynesoe pewenue. Pynkuuw, Ans Kkotopuix y” + bly = 0,
y(0) = 0, umetor Bup y = csin be. Y106 npu ¢ # 0 6uino y(1) =0,
#apo sinb=0, To ectb b = 7, 27,37, ... . [Ipn 3TUX b uMeem 2-i
Cnyvait anbTepHaTUBbI, 3HaYuT, Npu 3Tux b 3apaya (60) unu He Umeer
pewenuii, unu uMeer GeCKOHeyHO MHOrO peweHui. Kakas u3 3tux
BO3MOXHOCTEH OCYWeCTBUTCA, HAROo NPOBEPUTD.

Mpu b = x obuee pewenne ypasHeHus ects y = ¢, cos xt +
¢, sin «t. 3nauut, y(0) = ¢,, y(1) = —c,. Mpu ¢, = 5 u nGom ¢,
dyHkumua y(t) — pewenne 3apauu (60). Ho Tpebyercs, utobu pewe-
Hue He cyuectsoBano. Mpu b = 27 obuee pewenne y = ¢, cos 2xt-+
¢, sin 2xt. Torpa y(0) = ¢,, y(1) = ¢, v yrosnetBopuTL OGOUM YyCAO-
suam y(0) = 5, y(1) = —5 HeBO3MOKHO. 3HAUHT, peteHuit HeT.

Orser: b = 2. <

3adayu Ons ynpaxHeHuil:
[12], §22, N 63, 65-67.

IZI Hdanee paccMaTpuBaeTCsi KpaeBas 3anaya Ha orpeske ¢, <t < ¢,
Ly = a,(t)y" + a,@)y +a,(t)y = S (),

ay'(t,) +Py(t,) =0, (61)
79 (t,) + 8y(t,) = 0,
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§ 13. Kpaesvie 3a0a4u

rze la| + 18] #0, |v] + 6] # 0. YacTHBIMM CIydassMH TAKMX KPaeBHIX
ycnoBuit snsiiorcs yenosust suna y(¢;) = 0 u y'(¢;) = 0.
QDynxyueii Ipuna 31Ot 3amauM Ha3HIBaeTCA Takasg (yHKUHsA
G(t,3), L€ [t,,t,], s €(t,¢t,), uro
1° Hna xaxzoro s = const ¢yHkumus y(t) = G(¢,8) npu t # s
YAOBNETBOPSET ypaBHeHUIO Ly = 0.
2°Mpu t=¢, nt=t, dynkunsa y(t) = G, s) ynomle'rnopaer
KpaeBbIM ycnoBuaM u3 (61).
3° Ilpu ¢ = s oHa HenpepbiBHA 1O ¢, a e MPOU3BOAHASA 1O ¢ UMEET
CKayoK, paBHbil 1/a4(8), To ecTh

G|t=:+0 = G|t=:-0’ G;|t=a+0 = G:It—c-o +—= (62)

()

Cnenyiomiasi TeopeMa yCTaHaBIMBAEeT YCJIOBHS CYILECTBOBAHHS
dyHxummn IpuHa M naer cnocob ee MOCTPOESHUS.

Teopema 14. Ecnu Ha ompesxe [t,,t,] dynkyuu a, a,, a, Henpe-
poishbl, ay # 0, u ecau npu f(t) = 0’ kpaesas 3adayva (61) umeem
monsKo Hynesoe peuwenue, mo yrkyua [puna cywecmsyem u umeem

8ud
[ t<t<s),
G(t”)"{byz(t) (s<t<ty), (€3)

20e y, u y, — HeHynessie pewenus ypaswenus Ly = 0, ydoenemso-
PpAIOUUe COOMBeMCMBEHHO NEPBOMY U BMOPOMY KPAEBbIM YCNOBUAM U3
(61), mHoxumenu a u b 3as8ucam om 8 u onpedensiomes u3 mpe6osa-
Hus, 4ymobui ynkyus (63) ydoenemeopana ycnosusm (62), mo ecms

ay,(s) = by,(8), by (s) = ay)(s) + (64)

1
ay(s)’
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Inasa 3. Jluneiinsie Ougheperyuansrbie ypasHeHus u cucmemsl

Hoxasamenscmso. Ilycts y,,y, — peiieHus ypasHenus Ly =0,
IUTSL KOTOPBIX '

y(t) =q, yll(tl) ==-B, y)=7 y;(tz) = =4.

OHH yIOBJIETBOPSIIOT COOTBETCTBEHHO MEPBOMY M BTOPOMY Kpa-
eBbiM ycnousM B (61). Ecin 6bl y, u y, Gbiiu JMHE#HO
3aBUCHMH, TO ¥,(t) = cy,(t), u pewenne y,(t) (y, # 0, Tak
Kak |y| + 6] # 0) ynoBneTBOpsIO 6B 060MM KPaeBbIM YCIIOBHSM
B (61), YTO NPOTHBOPEYMT YCIOBHIO TEOPEMbI. 3HAYHUT, YUy,
JNIMHEeHO He3aBUCHMBI, U JII000e pelieHue ypaBHeHUs Ly = 0
UMEET BUll Y = ¢, ¥, + C,¥,. TaKk KaK nepsoMy U3 KpaeBbiX yCJio-
Bu#t B (61) yIOBNETBODSET TONLKO Y, 2 BTODOMY — TOJBKO ¥,,
TO M3 TpeGoBaHuit 1° u 2° BEITEKaeT, yto yHKUUSA G NOMKHA
uMeth Bua (63). U3 TpeGoBaHus 3° BhITEKAIOT ypaBHeHus (64).
Cucrema (64) paspeiiMma OTHOCHTENLHO a M b, Tak Kak ee
JIETEPMHHAHT paBeH

v,(3) -3,(8)
-31(8)  3(s)
(peweHys y,, y, MMHeHO He3aBUCHMBI). UTak, Npy BHIMONHE-

HMH ycloBHil TeOpeMbl HallayTcA a u b, ynosnersopsiouue (64),
a Torma ¢yHkuus (63) ynosnersopsier Tpe6osanusam 1°-3°. B

=W(s)#0

3ameuanue. Mpu BuiNOAHEHUM YCNOBUH Teopembl QyHkuus lpuHa
ONpenenseTcs OAHO3HA4YHO. XOTA PeweHus y, W Y, MOXKHO 3aMe-
HUTL pewenuamn cy, u dy,, HO C y4eToM (64) 3TO He U3MEHUT
npoussefexuii ay, u by, B (63).

Teopema 15. Ecau svinonvens! ycnosus meopemsi 14 u f(t) we-
npepeigna npu t, < t < t,, mo pewenue kpaesoii 3adayu (61)
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§ 13. Kpaessie 3a0a4u

sbipaxaemcs gopmynoii
t

y(t) = / G(t, 5)1(s) ds. (65)

Hokaszamenscmso. Pa36uBaeM uHTerpan Ha yacTM ¢, < 8 <t M
t < 8 < t,. Yunreinas (63), umeeM

¢ t
V@) =40 [ 4160 ds +,0) [ ase)ds  (66)
t t

(obpasyownecs npu auddepeHuuposaiun wieHs b(t)y,(t) u
—a(t)y, (t) B3aumMHO yHHuTOXal0TCs B cuiy (64)). IToncrasnsiem
BoipaxeHust ans y(t) u y'(¢) B kpaessie ycnosus. Tak xak 'y,
YIOBJNIETBOPSIET NEPBOMY, a Y, — BTOPOMY KPaeBOMY YCJIOBHIO,
10 y(t) ynosnetsopsier o6oum ycnosusim. Auddeperunpys (66)
elie pa3, nojuy4yaem

t
V'O =50 [ 606)1(5) ds + OO 1) +

t '
+90 [ a0)1(6) ds - 0010
¢

CyMMa BHEHMHTETpaIbHBIX WieHOB B cuiy (64) pasHa f(t)/a (t).
YMHOXasi nonyyeHHsle BoipaxeHus st ¥',y',y Ha @, a,,a,
M CKiajBiBasi, HaxoauM, uto Ly = apy" + ey’ + a,y pasHo

t
(oot} + 0,85 + ay0,) [ (6)1(e) do+
4
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Inasa 3. Jlunelinvie QugpdepenyuansHbie ypasHeHus u cucmemsl

t
+ (aot + o+ o) [ al0)1(0)ds+ 50
t

Tak kak Ly, =0, Ly, = 0,10 Ly = f(t). Utak y(t) — pemeHue
3anauu (61). ]

| Mpumep 18. Haiitu dynkuuio lpuHa Kpaeso# 3apauu I
]
l ¥ +y=1(1), y0)=0, y(®)=0. (67 1,

Pewenue npumepa. W3 opwopopHoro ypasnewus " +y = 0 npu
¥(0) = 0 nonyvaem y = csint. Tak kak y'(7) =—c, 10 npn f(t) =0
3agaya (67) MMeeT TONbKO Hynesoe peleHue, TO eCTb BLINOAHE-
HO ycnoBHe CywecTBOBaHUA GyHKuuu [puna. OyHkuun y, = sint,
Y, = cost yROBNETBOPAIOT ypPaBHEHWIO ¥ +y = 0 u ycnosuam
¥,(0) = 0, y(x) = 0. Noaromy cormacto (63)

G(t,8) =asint (0<t<s),

G(t,8) =bcost (s<t<m). (68)
Tenepb u3 ycnosusa (62) unm, 4T0 TO Xe camoe, (64) umeem
asins=>bcoss, -bsins=acoss+1.
W3 370if cucTeMbl HaxOAUM @ = — cos 8, b = — sin 8. Tenepsb u3 (68)
G(t,8) = —cosssint (0<t<s),
G(t,s) = —sinscost (s<t< ). <

I 3adayu ona ynpaxxeHul:
[12]), §13, N2 764-771.

[1:] PaccMOTpHM KpaeBylo 3aavy VISl YPaBHEHHS C MapaMEeTPOM A
Ly-2y=0, ay'(t,) + ﬁy(tl) =0, ’W'(tz) + 6y(t2) =0, (69)
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§ 13. Kpaessie 3a0a4u

rme Ly,a,pB,7,6 te xe, uto B (61). 3HaueHHss A, MpH KOTOPHIX
3amaya (69) MMeeT HeHy/eBOE pelICHUE, Ha3BIBAIOTCSA COOCMEEHHLMU
3HG4eHUAMY ITOH 3a/1auM, a CAaMU HEHYNIEBbIC pellIeHHst — cobcmeen-
noimu @yncyuamu. Tlpu Tex A, KOTOphIe ABIAIOTCA COOGCTBEHHBIMH
3HaYEHUSAMH, UMEET MECTO BTOPOH C/yyail albTepHATHUBH, a MpH
OCTAIbHBIX — MNEpBLIH.

pumep 19. HaitTn cobcTBeHHBI® 3HauyeHUA M COGCTBEHHble
YHKUHUM 33pa4M

y” - Ay = 09 y(O) = 0! y(d) =0.

< 3

Pewenue npumepa. B cuny Teopembl 10 HeHyneBble peWeHUs ITON
3ajlauu MOryT Cyuwecrsosatb Tonbko npu A < 0. MNonaraem A = -a?,
a > 0. U3 ypasuenus u ycnoeua y(0) = 0 nonyyaem y = csinat.
U3 ycnosua y(d) = 0 cnepyer csinad = 0. Yro6u 6bino y £ 0,
Hapo c# 0, ad =7k, k=1, 2,.... No3tomy '

£\ 2
a=ak=ﬁ Ak=—ai=—(-1-r—), k=1,2,....

d’ d
Yucna A, — cobereeHHbie 3HayeHns, a GyHKuuKn y = csin 15-‘- —
cobcTBeHHbIe DYHKLUMUM. B |

| 3adayu ons ynpaxuenulii:
[12], § 13, Ne782-785.

[

@ Jns pa3nuYHbIX KPaeBBIX 3a1a4 HCCIEAOBAIHCH YCIOBHS, MPH KOTOPHIX
3a7a4ya UMEET EAMHCTBEHHOE peLICHHeE.

BaxHoe Hanpas/icHHe TEOPHM KPaeBhIX 3ala4 — CNEKTpaJibHaA TEOpHS,
M3yy4alolas CBOCTBa COGCTBEHHBIX 3HAYCHHIT M COGCTBEHHBIX DyHKUMIA, Bbi-
ZieNieH KIacC «CaMOCONPSDKEHHBIX» KPaeBbiX 3a/la4y, Y KOTOPHIX COOCTBEHHBIE
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Inasa 3. Jlunelinsie duggepeHyuansHoie ypasHeHUA u cucmeMbl

GyHKUMH OpTOrOHaNbHH B MpocTpaHcTBe L, Ha JaHHOM OTPE3KE M NOKa-
3aHO, YTO JIIOOYIO I1aaKylo (GyHKLUHIO Ha 3TOM OTpE3KE, YAORIECTBOPAIOULYIO
KpaeBbiM YCJOBHAM 3TOH 3alayd, MOXHO DaiioXKTb B CXOAALIMMHCA pAn
no coGcTBeHHBIM (DYHKUMAM Tako# 3azayum, aHanornuHbiii paay Pypse [30], -
1. 7. Takue pasnoxeHUs KCTIONb3YIOTCS, B Y4CTHOCTH, NPH PELICHHM padiny-
HBIX 3334 J/11 YPaBHEHHIt C YaCTHBIMH NPOU3BOAHBIMH METONOM Pa3lieNICHUst
nepeMeHHBIX.

L ]

§ 14. VlnHeHHble CHCTEMbI
C NOCTOAHHbIMU KO3 PuULHUeHTaMK

E:] PaccMaTpuBaloTCsl IMHEAHBIE CUCTEMB HOPMAJBHOIO BUAA

z) =a,z, +... +a,z, + §,(¢), ’
z, =e, 2, +... +a,,z, + [,(),

\

rae a;; — No6kIe YHCaa, a f,-(t) — u3BecTHbIE PYHKLUMHU. B BeKTOpHOIA
sanucu ' = Az+ f(t), rne z(t) — HeusBecTHas, a f(t) — u3BecTHas
BeKTOp-DYHKUMH, A — NI00ass MOCTOSIHHAsA MaTpHULIA.

Takue CHMCTeMBl 4aCTO BCTpevaloTcss M B Teopun auddepeH-
LHaNbHBIX YpaBHEHHUHt, 1 B nmpunoxeHusax. OGluee pelieHHe Takoi
cucTeMBbl B cnyyae f(2) = 0 Bcerna BeipaXaeTcs 4epe3 3/IEMEHTapHbIC
dyukuun. ITo3TOMY Takue CUCTEMBI YaCTO MPUMEHSIOTCS 1Jisk MCCIe-
IOBaHHUS GoJiee CIOXHBIX CUCTEM BOJM3H TNMOJNOXEHMS PaBHOBECHUS.
B npuiIoXeHHUsIX OHU NMOSBIAIOTCS, HATIpUMeEP, MPH U3YYEHUH ABHXE-
HMit B MEXaHHYECKHMX CHCTEMAX C HECKOJILKUMHU CTENEHSIMH CBOGOAK
M NIPH ONMUCAHHUH TOKOB B PA3BETBJICHHBIX NICKTPUYECKUX LIETISIX.

TTyTeM HCKITIOYEHHSI HEH3BECTHBIX CUCTEMY MOXHO CBECTH K OfI-
HOMY WJIH HECKOJIbKMM YPaBHEHMSM C OHO#t Hen3BeCTHO GhyHKLMeH

124




§ 14. Jluneiinbie cucmemsl ¢ nocmosHHbIMU KO3(PuyueHmamu

B KaXIoM. Jing 3TOro u3 Kaxoro-iubo ypaBHEHMs! BHIpaXaeM OIHO
HEM3BECTHOE YEpE3 OCTAIbHBIEC U MOICTAB/ISIEM B OCTAJIbHBEIE YpaBHE-
HUs cucTeMbl. TTosyyaeM CUCTEMY C MEHBLIIMM YMCIIOM HEM3BECTHBIX.
C Hei#l MOXHO MOCTYMHUTh AHANOTHYHO. JTOT CNOCOG ymOGeH mWist
PELUCHUS JIMLIb HECIOXHBIX CHCTEM.

Pewerue npumepa. Wcknovaem y. W3 nepBoro ypaBHeHUs uMeeM
y = ' —t. NoacTasnasa Bo BTOpoe ypasHewue, nonyyaem " — 1 =
z —2¢'. Pewaem 310 ypaBHenue MeToaom § 11. Haxopum = = ¢, e+
get—te—1.3nawr, y=2' -t = el —ce™t — (t+1)e' —t. «

IE Pewenne cucremnt ' = Az (z € R") B ciyyae, koraa matpuuia A
nopsAKa n MMEeT N JHHEHHO HE3aBUCUMBbIX COOCTBEHHBIX BEKTOPOB.
Tak GyneT B ciyyasix, Korna wiu ypasHenue det (A—AE) = 0 He nmeeT
KPaTHBIX KOpPHeit A, WIM Wil KaXIOro KpaTHOrO KOPHS A paHr r
matpuul A — AE paBeH n — k, rie k — KpaTHOCTb 3TOro KOpHS
(Tak kak ypaBHeHue (A — AE)v = 0 ansi COGCTBEHHBIX BEKTOPOB ¥
MMEET 1 — T IMHEHHO HE3ABUCHMBIX PELICHMUIA).

ITyctb A — cOGCTBEHHOE 3HAYEHHE, 3 ¥ — COOCTBEHHBIH BEK-
Top Matpuusl A. Torma z = eMv — uacTHoe pemeHue ypaBHe-
Hus z' = Az, Tak Kak z' = eMAv, Av = Av. Ecam co6cTBeH-
Hble BEKTOPH v, ..., v" JMHEHHO HE3aBUCHMBI, TO NMEEM peLICHHS
ety ..., eM'v™. OHM TMHEeNHO He3aBUCHMBI, TaK KaK MX BPOHCKHAH
W # 0 npu t =0 (ero cTon6ust v', ..., v" MMHEHHO HE3aBUCHMEL).

CnenoBaTesIbHO, O6llee pelIeHHE CUCTEMBI &' = AZ uMeeT BUI
z=cev' +... +c,eM",

rne ¢, ..., €, — TNPOU3BOJIbHLIC NMOCTOSHHLIC.
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Inasa 3. Jluneiinsie dugdeperyuanshsie ypasHenus u cucmemsi

Nemma 9. Ecru A = a + Pi (B # 0) — cobcmsenroe 3navenue
. 1 — (] nTr
sewecmsennoi mampuysi A, a v' = (v],...,v})" — cobcmeen-
Hblil sexmop Ona '\1' mo Ay = A = a— fi — cobcmsennoe
3Havenue, a v’ = (9},...,9 ) — cobcmeennbil 8exmop

ona A,. fins sewjecmeentoix Ap cobcmeeHHbIll BeKMOpP MOXHO 83AMb
BelecmaeHHbIM.

Joxasamenscmeo. ViMeem Av' = A v, Paneucrno HE HapyLIUT-
csi, ecll B HEM A M Koop.uuua'ru nex'ropa v' 3amMeHHUTH Conps-
XeHHBMHU: AT' = X 9", To ectb Av? = = A0t

Jnsa BemeCTBeHHoro Ap KOOPAMHATH COOCTBEHHOTO BEKTO-
pa onpenensiorTcs U3 CUCTEMBI

(A-AEw=0 c det(A—)\E)=0

M BEIIECTBEHHBIMH K03(dHLIMEeHTaMU, TO3TOMY BEKTOP ¥ MOX-
HO B3SITh BELUECTBEHHBHM U v # 0. [ |

OG61iee pelIeHHE CUCTEMB ' = AT C BEINECTBEHHOI MaTpuLei
A MOXHO BHIPa3uTh Yepe3 BelecTBeHHBIe QyHKLKHU. st 3TOro Hano
B3SITh TAKHEe COGCTBEHHBIE BEKTOPH, KaK B JieMMe 9, 3a'reM 3aMEHUTD
KXIYIO Mapy KOMIUIEKCHBIX COMPSDKEHHBIX pelleHmit z' = e""

z? = e**v? napoit BeleCTBEHHBIX peleHMit
1z te Rez' z - Imz!
wl="—" =Rez', y,="—"—=
2 2 2i ’

kak B 1. 1 § 11. TTonyunM BelecTBEHHYIO (GYHIAMEHTAILHYIO CHCTEMY
pellieHHil U Yepe3 Hee BHIpa3suM obllee péllieHHe.




§ 14. Jlunelirble cucmeMbl ¢ NOCMOSHHbIMU KO3(duyuenmamu

Pewenue npumepa. CocTaBnsem u pewaem xapaKTepucTuyecKoe ypas-
HeHue

3-2 =2

=0, A -4r+5=0, A=2=i
1 IT"\ +5=0, A=2%1

hna A = 2 + 1 HaxoAuM COGCTBEHHBI BEKTOP (:)
(1 - i)a - 2b_= 0,
lra-(1+48b=0.
MoxHo B3aTb b= 1, @ = 1 + &. MNonyuaem yacTHoe peweHue

@ i

PeweHnAMM AAHHOW CUCTEMBI ABAAIOTCA BelleCTBEHHAA W MHMUMas
4aCTH 3TOTO YacCTHOTO peleHus:

z=(1+14)e

z = e*(cost ~sint), z = e*(cost +sint),
u
y=ez‘cost y=e2‘sint. <

@ Pewenue B obmem cayuae. YNIpoCcTHUM CHCTeMy, NMpHUBEINsE MaT-
puuy A K npocreiieit dopMe — xopnaHosoit. 3BecTHO, 4TO IS
Jo6oit KBampaTHOM MaTpuLbl A CylECTByeT Takas Heocobas Mar-
puua C, uro matpuuia B = C~' AC — xopnaHoBa, To ecTh

\ \ 1
0 X 1

B= ., ,K"=(A") WIH K'-=

0 m 0 o

(1)
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Knerku K; MOryT GbITb JIOGBIX pa3MEpOB; B KaXIOH KJIETKe Ha BCei
AWarOHaIM CTOMT OIHO M TO X€ YHCJIO A;, a B Pa3HHIX KIETKaX A,
MOIYT GHTBL pa3MyHBI WIM omMHaKoB. Tak Kak C~'AC - AE =
C ' (A-AE)CudetC'-detC=1,10

det [C™'(A— AE)C] =detC™" - det (A — AE) -det C = det (A - AE).

Mostomy Matpuubl C~'AC M A MMeEIOT OOHO M TO Xe XapaKTepH-
CTHYECKOE ypPaBHEHHE, 3HAYUT, OHM U T€ XE€ KODHHM A, C TEMH Xe
KPaTHOCTSAMH.
K cucreme z' = Az npuMeHseM NHHelHoe npeoGpa3oBaHMe
KoopauHar z = Cy, TO eCTb
Z,=cuy +...+ Gy, (E=1,...,n), (72)
rae Matpuua C Ta xe, yto Boiue. ITonyyaem Cy' = ACy. YMHOXas
cnesa Ha C~', umeeM y' = C~'ACy, 10 ectb y' = By, Te MaTpHLa
B — xopnaHoBa. Eciu nepBas KJIeTKa uMmeeT pa3mep k X k, BTo-
pas — I X1 u T. 1., To B mepBbie k ypaBHeHHit cucteMn y' = By
BXOIAT TONBKO HEH3BECTHHE ¥,,...,Y;, B Cledyiomme | ypaBHe-
HHIl — TOJNBKO HEM3BECTHHIE ¥ +19+++ s Ypqps ¥ T 3HAYMT, CHCTEMA

pacnanaeTcs Ha MOACHCTEMH, KAXAYI0 U3 KOTOPHIX MOXHO pellaTh
otaenbHo. IlepBas moacucreMa uMeer BUA (Tae A = A;)

y; =AY, + 9,
y; = Ayz + Y3,
.................. (73)
Vit = Moy + %o
(]
Yy = AUp.
Jlpyrve NOACHCTEMHB OTIMYAIOTCA TONBKO YMCAaMH A U k. Cnenas
B (73) sameny y; = eMz; (i = 1,..., k), nonyyaem

21 ' ’ !
2=2), 2,=2%;, .., Z_ =%, 2z =0 (74)

128




§ 14. Jluneiirbie cucmeMs! ¢ NOCMORHHBIMU KO3PpuUYyueHmamu

Pellasi 3Ty CHCTEMY, HAUMHAs € MOCJEIXHETO YPaBHEHHUS, HAXOAUM
z, = ¢,
Z=gtt+e,

k-1 k-2 ¢
zl=ck'(k_l)+k— (k- 2)|+ +°21|+cl
VMHOXast Ha eMf, NOJy4yaeM pelIeHHe NepBoil MOACUCTEMHB
Y = C),CA",

Yy = (et + ck-l)e'\",

k-1
hw= (k (k )+ +cll|+cl)
910 pemieHHe — obluee, TaKk KaK MOJy4yaeTcss M3 ypaBHeHuit (73)
C MOMOLIBIO TOXIECTBEHHBIX NpeoGpa3oBaHHit.
PellleHUs1 IpyruX MOACHCTEM HMMEIOT NMOAOGHBLIN Xe B, JIMIUb
L7 () ] ,\, k= k ¥ NPOU3BOJIbHBIC NOCTOSIHHBIE ¢; OyNyT ApYTrHMH
(A — YHCno A B j-it xnerke, kj — ee pasMep). CobpaB BMecTe
peulel-mn BCEX MOICUCTEM, MOJTyYaeM oblIee pellieHHE BCEH CHCTEMBI
¥’ = By. Bosspamascs or y K = B cuwiy (72) nomyyaem Taxoit
pe3ynbTar.

Teopema 16. O6wee pewenue cucmems ' = Ax ecms sexmop-
¢ynKyus, y Komopol Kaxdas koopdunama x; umeem sud

2, = P +...+ B M) (i=1,...,n), (15

2de A, ..., A, — pasnuynsie cobcmseHHble 3HaYeHus Mampuysl A,
% (t) — anzebpauveckuii MHo204neH, CmeneHs KOMOPO20 Ha 1 MeHb-
we pasmepa Haubonsweli u3 XOpoOaHOBbIX KNeMOK, co0epXaujux Aj.

/
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Kosgppuupernmsi MHo204uneHos gbij(t) E=1...,nj=1,...,m)
3a8UCAM OM N NPOU3BONLHBIX NOCMOAHHBIX.

PellleHHEe KOHKPETHOM CHUCTEMH ' = AT MOXHO NONY4YMTH
U 6e3 npuBedcHUSE MaTpulbl A K XopaaHoBoit dopme. Ins atoro
HAJI0 HAlTH BCE COBCTBEHHBIE 3HAYEHHUS A MaTpUlbl A U3 ypaBHEHHUS
det (A — AE) = 0. ins KaXHoro A\ Hamo HAlTH YMCAO M NMHEeHO
HE3aBHCHMMBIX COOCTBEHHBIX BEKTOPOB Mo (opMysie m = n — 7, rie
n — nopsuoK MaTpuusl A — AE, r — ee paHr.

B ciiyuae m = k, rae k — KpaTHOCTb KOPHSI A, 35TOMY KOPHIO
COOTBETCTBYET pELLCHHE
' z=c,ed' +... + ¢ Mk,
rme b',...,b* — nuHeliHO He3aBHUCHMBlE COGCTBEHHBIE BEKTODHL
Ecnu MaTpuua A — BelIECTBEHHas, TO HAl0 BOCTIONBL30BATLCS JIEM-
Moit 9 ¥ cKa3aHHBIM TOCJIE Hee. '

B cnysae m < k Hajo uckath peuweHue z = (z,,...,2,)"
B BUIE

z,=(a+bt+...+dt")e",

z,=@+qt+...+rt')eM,

rae 8 = k — m. IloacraBnsas 3TM BHIPAXEHHUS C OYKBEHHBIMH KO3d-
GbULUMEeHTaMH @, b, ... B JAHHYIO CHCTEMY, COKpallas Ha e W npu-
paBHMBasA K03(pdHLIHEHTH NMPH NMOZOOHBIX WIEHaX, MoJiydaeM CHCTe-
MYy JIMHEHHBIX ajireOpaud4ecKuX ypaBHEHMI Uil OTBICKAHMS 4YMCEN
a,b,.... Hano HaitTu oGluee pelieHHe 3TOK CHCTEMBI, 3aBHCALIEE
OT k MpOM3BONBHLIX MOCTOSAHHBIX. (3aMeTHM, yTo B Ciyyae k > 4
BCe cTapuive Ko3¢hdHLHEeHTH B MHOTOWICHaX HMHOIAA OKa3bIBAIOTCSH
PaBHBIMH HYJIIO, HO 3TO He MeLIaeT Haiitu pewenne.) Iponenas 310
Uil KaXIOro A M CJIOXHUB HaiileHHBIE pelieHHs, MOAyYHM OOlee
pellicHHe CUCTEMBI.
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§ 14. Jlunelinbie cucmeMbl ¢ NOCMOAHHLIMU KO3(PuyueHmamu

Ecnu maTpuuia A BelleCTBEHHas, TO JOCTATOYHO MPOAENATh ONK-
CaHHOE TOJILKO VISl BELIECTBEHHBIX KOPHEt M UIS1 OHOTO M3 KaXxoi
napbl KOMIUIEKCHBIX COTpPSDKEHHBIX KOpHelt A = a X Bi (B # 0),
M OT NOJYYEHHOTO PEILEHUS B3ATh BEILECTBEHHYI0 M MHMMYIO YaCTH.
Hanpumep, u3 pewenus z' = (c, +czt)e"' TIOJIYYalOTCSt IBa PELUCHUS:
u' =Rez! = (¢, +¢,t) cost u u? = (c; + c,t) sint ¢ Hoswmu TocTo-

" SHHBIMH €3, ¢,. (OGOCHOBaHHE TAKOTO MeTONa TPeGYeT NETANLHOrO
aHa/IM3a U U3oxXeHo B [7], § 34.)

PeweHue npumepa. CoctaBnfaeM u pelaem XxapaKTepucTu4ecKoe ypas-
HeHue

2-2 =2 0 ,
0 -1-2A 1 |=-2B+3r2-2=0,
2 0 —-1-A

Al = _2, Az’s = 1.

[na npocToro KopHa A= —2 HaxoAuM cobcTBeHHbIR BekTop (a, B, 7)

4a-26=0,
p+v=0,
2a+9=0.

MoxHo B3aTb @ = 1, B = 2, 7 = —2. Wimeem yacTHOe pelueHue

z=e2 y=2"% 2z=-2% (76)
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Inasa 3. Jluneiinsie dughdeperyuansHbie ypasHeHus u cucmemsl

Ana kpaTHOFO KOPHA A, 3 = | Haxoaum paHr Matpuubl A — AE,
YHCNO M cOBCTBEHHEIX BEKTOPOB M CTENEHb 8 MHOTOYAEHa:

1 =2 0 r=2,
A-AE=({0 -2 1}, m=n-r=3-2=1,

2 0 -2 s=k-m=1.

Wuwem petenue B Bupe
g=(a+bt)e, y=(c+dt)e', z=(f+gt)e. (77)

MNopcraensem 370 B RaHHYIO CHCTEMY U COKpallaeM Ha é. NpupasHu-
BaeM KO3duuMeHTH Npu NOROGHBIX YneHax, HAYMHAA CO CTapLInX:

b=2d, 2d=g, 2g = 2b,

—-a+ b= -2, 2c+d=f, 2f+9=2a.
Hapo Haiitu obulee pewexue 3Toi cucTemul. KpaTHOCTb KOpHA A = 1
paBHa 2, NO3TOMY BCe HEU3BECTHbE a@,b,... ROMKHb BLIPA3UTLCA
yepe3 ABa U3 HuX (NOKA He 3HaeM, yepe3 Kakue). W3 nepsbix Tpex

ypasHenuit umeem b = g = 2d. MOACTaBAAA B OCTaNbHbIE YPABHEHHUS,
nony4aem

a—-2c=2d, 2c-f=-d, 2a-2f=2d.

Bce Hen3BeCTHbie MOXKHO BbIpasuTb Yepes ¢ u d. Umeem a = 2¢c+2d,
J = 2c+d. Nonarasa d = ¢;, ¢ = ¢,, nonyyaem b = g = 2¢,
a = 2¢, + 2¢,, f = ¢; + 2¢,. Nopcraenss 310 8 (77) u npubasnas
YacTHoe peuweHue (76), yMHOXEHHOE Ha C;, NonyyaeM obuiee pewenne
CUCTeMbE:

z = (2¢,t + 2¢, + 2¢,)e* + c,e'”,
y = (et +6)e +2¢e7%,
z=(2¢t + ¢, +2¢))e' — 2¢,e7%, <
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§ 14. Jluneiinbie cucmembl ¢ NOCMOAHHLIMU KOIPuyuenmamu

3adayu dns ynpaxHeHui:
[12], §14, N2 786-812; §23, N2 96-98, 105.

JIuneiinbie neoaHOpPORHbIE CHCTEMBI C MOCTOSHHBIMU K03(bdHULIM-
eHTaMH. Pelllenne Taxoit CHCTEMH BCEria MOXHO MONYYHUTh METOAOM
BapHMaLMy nocrosHHEBIX (1.5 §9). Ipu 3TOM HCIIOMNB3YETCS MHTETPH-
pOBaHHeE.

OnHako B cnyyae, Korma HeomHopomHoctH f;(t) B cHcTeMe
(70) BBIPAXAIOTCS TOJIBKO YePEe3 CYMMBI H NPOM3BCACHHS byHkumit
at™, e"‘ cos ¢, sin Bt, 4aCcTHOE peLIEHHE CUCTEMBI MOXHO HaiiTH Ge3
WHTETPUPOBAHUS — MemodoM HeonpeoeseHHuix Kodggduyuenmos, KaKk
MOKa3bIBAaeTCsT HUXKE.

Tax Kak pemenue cucteMsl &' = Az + f1(t) +... + f'(t) paBHO
cymme pemtenuii cucreM (27) = Az? + pi(t)(j =1,...,r), a cuny-
CBHl M KOCHHYcH 1o ¢popMysnaM Ditiepa BbIpaxaloTcst qepes nokasa-
TenbHble QYHKUMHK, TO AOCTATOYHO YKa3aTh BMO YaCTHOTO PELICHUS
cucteMH &' = Az + p(t)e"‘, e p(t) =a,t™ + am_lt"'" +...4ay;
ay, ..., @, — BEKTOPHIL.

CnenaB ¢ 3710l cMCTEMOIt Te Xe npeoOGpa3oBaHMs, YTO B M. 3
c cuctemoit .z’ = Az, nonydaeM BMmecto (74) cuctemy

2=z + p:(t)e(""\)',

-
Z 1 = 2+ ppy (D)™,
7 = ()",
rae p}(f) — MHoOrowieHs! CTeneHu He Bbiwe m. U3 3r0# CHCTEMHI

NOC/NENOBATENBHO HAXOAUM 2g, 2_y, - - - » Z;. BO3MOXHBI 1Ba Cilyyasi.
Ecmu y - A #0, 10

n= [ RO dt = g,
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Inasa 3. Jlunelinsie dughdpepenyuansHoie YypasHeHus u cucmemsl

rae g;(t) — MHoOrouneH Toi Xe cTeneHu, uto p;(t). 3nech u nanee
MOCTOSIHHBIE MHTErPUPOBAHMS MONAraeM PaBHLIMM HYJIIO, TaK Kak
MILIETCS YaCTHOE pelieHHE. AHAIOTHYHO OTBICKUBAIOTCS 2y, ..+ , 2.
IMonyyaem \

14

—-A)t .
=g @)e"™, i=1,...,k,
rae g;(t) — MHOTOWIEHbI CTENEHH HE BBILE M.

Ecnu xe y—A =0, T0 1Nt = 1, u Kaxablil pa3 HHTErpUpyeTCs
TOJNILKO MHOrowieH. OT 3Toro ero creneHb nosruiaercs Ha 1. Iocne k
HMHTETPUPOBAHUIl cTeneHb NMOBHIIAETCS Ha k. 3HAYUT, B 3TOM Clly4yae

z,=q;(t), i=1...,k
rae g;(f) — MHOrOWIeHBI CTENEHM He BHILE M + k.

Bosspaiasch ot GyHKUMIA 2; K y; ¥ 3aTEM K &;, TIOJy4aeM, YTO

CHCTEMA MMEET YaCTHOE pellieHHe BHIA
z; = q‘.(t)eﬁ E=1,...,n), (78)

e ¢;(t) — MHOrouleH CTeneHM He BHILIE T, €C/IM Y He COBMajaeT
HM C OXHMM M3 KOpHeit AJ. M CTENEHH He BHIlE m + kj, ecu 7
COBIMAaJaeT ¢ KOPHEM }.J-; YUCIIO ch, pPaBHO pa3Mepy HauGosblueit
M3 XOPAAHOBHIX KJIETOK, CONEpXalIuX AJ-. CnenoBartenbHO, ija 1

Gonble HauGoNbIIeH CTEMEHH MHOTOWICHOB, YMHOXAEMbIX Ha eV’
B O0IIEM pElIECHHH ONHOPOLHON CHCTEMBI.

1 MNpumep 23. Pewntb cuctemy [
| |
I z' =3z — 2y + te?, !
| [
I [

y' =2 +y+4e® cost.

Pewenue npumepa. O6uiee peweHne ORHOPOAHOH CUCTEMBI NONYYEHO
B npuMepe 21, 3pech A, = 2% 4. ina neopHopoaHocteir te* n
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§ 14. Jlunelinsie cucmembl ¢ NOCMOAHHLIMU KO3PPUYUeHmamu

4e* cost uncna 7 = 2 n 4 = 2+14 PasnnYHbl, NO3TOMY HAARO PELNTH
ABe CUCTEMbI

g =3z-2y+te®, y=z+y; (79)
z' =3z -2y, y =z +y+4e¥cost =
=z +y + Re 4, (80)

Pns cuctemsl (79) 7 = 2 # A;, NO3TOMy 4acTHoOe pelexue
z, = (at + b)e?, y =+ d)e®.
Nopcraenas 8 (79), vaxopum a = b =c = 1, d = 0. 3Hayur
z, = (t+1)e¥, y, =te.
B cucteme (80) 3amensiem 4e*cost wa 4@+, Yucno 4

paccmatpusaem Kak MHoroune ctenewu 0. Tak kak y =2 +i= A,
k = 1, To crenenb MHOTOuNEHA yBENM4MBAETCA Ha 1 1

2 = (pt + q) e(2+.')t’ ¥ = (rt + ) R

MopcTaenas B cuctemy ¢ otbpowenubiM “Re ”, nonyyaem
(1-d)p=2r, (1+i)r=p;

p=(1-9)g-28, r+(l+i)s=q+4

YpaBHeHUs 3aBUCUMbI, peweHuit MHOro. bepem wactHoe pewenue,
Hanpumep 8 =0,¢=21 -2, r=2i+ 2, p = 4i. Torpa

) = (4it + 2i — 2)e?+ ),

y; = (26 + )t

z, = Rez} = e¥[-2cost — (4t + 2) sint],
y, = Rey; = e (2t cost — 2¢sin t).

OGuiee pewenue CUCTeMbl T = T, + &, + 25, Y = Y, + Y, + Yy, fA€
2, Y, — PeluieHne ORHOPOAHON CHCTeMH (npuMep 21), a Z,, Y, %5,
y, Hainensl 3aech. ’ <
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Inasa 3. Jlunelinbie dugdeperyuansHbie ypasHeHus u cucmeMsl

3adayu ons ynpaxHenuii:
[12], § 14, N2 826-845 u Ne846-850.
[

|
@ CucreMbl ypaBHEHMIA, He NPUBEACHHBIE K HOPMAJILHOMY BHAY

a,2™ +a,2™ " ... +a z+by® +by" " +...+by=0,
coz(p) + clz(P‘l) +...4 cpz + doy(q) + dly(q—l) +...+ d'y =0,

061a5aloT CBONCTBAMH, OTIMYHBLIMH OT CBOWCTB cucTeM BHza (70). CornacHo
[7], § 11 Bce peweHus ABASAIOTCA NMHEHHBIMK KOMOMHALMAMY pElLICHHI BUAA
z = r(t)e™, y = s(t)e™, mme A — moGoi KOpeHb XapaKTEPUCTHYECKOTO
ypaBHennss M(A) = 0, r(t) u s(t) — MHOTOWIEHB, CTeneHb KOTOPHIX
MeHblle KPaTHOCTH k KopHsa A (ecnu k = 1, TOo r U 8 — uucna), -

-1 -1
a A" +a, A" +...+a, b A"+, A" ...+ D,

M) = .
@) coz\"+cl,\"'+...+c’ do,\"+dla\"'_+...+dq

MHorounenn r(t) u 8(t) Moryr GHTH HalileHH METONOM HEONpEAENCHHBIX
K03 dULHEHTOB. AHANIOTHYHO PEILAIOTCS CHCTEMBI TPEX U GoNee ypaBHEHMIA.
Cwm. 3anauu B [12], § 14, Ne 813-825.

H3BeCTHO MHOTO CMIOCOBGOB pelIeHHUA TMHEHHBIX CUCTEM C NMOCTOSHHBI-
MH Ko3pdHULHEHTaMH.

Ecnu u3BeCTHH HE TOJNILKO YHCA A, HO H 6a3uc, B KOTOpOM MaTpuua A
HMeeT XO0pAaHOBY (HOPMY, TO pellieHHEe CHCTEMB ' = Az nULIETCS B ABHOM
suze ([7], reopema 11; [12], § 14, n. 3).

OnepaunoHHbI METOA pelIeHHA TMHEHHBIX YPaBHEHHI ¥ CHCTEM C No-
CTOSAHHBIMH K03 HuMeHTaMH H3TOXeH B [5], §24.

W3BECTHH YCNIOBMS CYLIECTBOBAHHMS NMEPHOAHYECKOTO PELICHHSI CHCTeE-
Mbl ' = Az + f(t) ¢ nepuonnueckoit Bextop-dynkumeit f(t) ([2], . 4,
§7,n.3). ‘
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§ 15. [llokazamensHas ynkyus mampuysi

§ 15. MokasarenbHaa PYHKUMA MaTPULLbI

TMoka3arenbHast GyHKLUMS MaTPULIBL UCTIONB3YETCS NPH U3YYEHHUH pe-
WEeHUH JTUHEHHBIX CMCTEM C NMOCTOAHHBIMM U C TIEPHOAUYECKUMM
xoadpduumeHTaMu. 3aech pacCMaTpHMBAaIOTCS CBOICTBA 3TOM (DyHK-
LIMH, 2 TAKKE HEKOTOPHIX APYrHX PYHKUMH MaTpHLl.

@ Ilyctre A 1 B — xBanpaTHbie MaTpuunl nopsgka n, F —
CIMHUYHAs MaTpula, a;, b;, ¢ — nocrosHHbe Ynucna. U3 nuneiHoi

anre6pHl M3BECTHHI CICAYIONIME ASHCTBUS Hall MaTPHLIAMM:
A+B,cA, AB, A, A, .. ;
A A =471 (ecnu  det A #0).
To3ToMy 111 KaXIOro anreGpaHyeckoro MHOrOWIeHa p(x) = a, +

a,Z + ...+ a,z" MOXHO ONpENENHTb MaTPHLY

p(A) =aE+a,A+...+a, A"

|
Ecin ¢(z) = by + byz + ... + b,2"™, f(z) = p(z)/q(z) (g(z) # 0), 10
B ciyyae det g(A) # 0 MOXHO onpenennThb

1(4) = p(A)(g(4))™" = (¢(4))'p(4).
Iocnennee paBeHCTBO NOMYYAETCs MyTEM YMHOXEHHUS O4€BUIHOIO PaBEeHCTBA

q(A)p(A) = p(A4)q(A) cnesa u cnpasa Ha (q(4))~".
Gl

Onepauuu npeaensHoro nepexona, aAudpdepeHUMPOBaHUs, UH-
TErpupOBaHMUsA TPOM3BONATCHA C KaXABIM 3JIEMEHTOM MATPHILI OT-
IenbHo. Hanpumep,

A@) = (@;;()); joi,..no  A'@®) = (a;2)); jou,... e
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Inasa 3. Jluneiinvie ougpdpepenyuansHbie ypasHeHUs u cucmeMsbl

Hpyrue byHKUMM MaTPHLL MOXHO OMpPEEUTh C NMOMOLLBIO psi-
noB. Pan MaTpuu A(l)+A(2)+. . . Ha3BIBAETCS CXONSALIMMCS K MaTpHLie
S, ecnu it MOGHIX 4,5 = 1,...,% pan a,: + ap),; + ... U3 §5-x
3JIEMEHTOB 3THX MATPHUL CXOAMTCS K tj-My JIEMEHTY MaTpMUH S.
AHaJIOTHYHO orpenenseTcss aGCOMOTHAsA CXOAMMOCTb psila MaTpHIL,
a TaKKe paBHOMEPHasi CXOIMMOCTb, €CJIM IJIEMEHTH MAaTPHMLIb SBJIsI-
101Cs QYHKLIMSAMMU.

TeopeMH O HENMPEPLIBHOCTY CYMMBI PAA M O MOWICHHOM Aud-
dbepeHUMPOBaHUM U UHTErPUPOBAHUH PSIIOB OCTAIOTCS CTIPABEUIMBH -
MH U Ui pAIOB MaTpMLlL. JTO CeAyeT U3 NPeabAYyILUX onpeaeaeHuii
Y U3 TOrO, YTO AJIS PSIIOB, COCTABICHHEIX M3 1j -X 3/IEMEHTOB MATPHII,
3TH TeOPEMBI CIIPaBeUINBBL.

Nemma 10. Ecnu || Ay ()| < @y m = 1,2, ... (¢ € D), u 4ucro-
80l pad a+ay+. . . cxodumes, mo psd mampuy A y)(£)+A ) (E)+. ..
cx00umca abconlomHo U pasHoMepHo Ha MHoxecmee D.

JHokaszamenscmso. Jns moGHIX ¢, j UMeeM

|ami;®)| < [| 4wy ® < @

MoaTomy st Beex 4, j PAIBI ), ; (£)+a,y);()+. . . cxomsaTes a6-
COMIOTHO M PaBHOMEPHO Ha D, 3HauMT, ps MaTpui — Toxe. M

Nemma 11. [na noboii keadpamuoil mampuysi A u mobozo t, > 0
pad
tA t*A? A3

E+ l!+T+T+... (81)

cxodumcs abconomHo u pasHoMepHo 8 Kpyze |t| < t, xomnnexcroil
nnockocmu.,
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§ 15. lloxasamensHana ¢yHKyus Mampuys!

Hoxazamenscmeo. Tlpn m > 1
thm Itlm
Naca-....s || e
[+ <]
(¢ ||A||) tillA
Zam=21""w="'" '-1<e,
m=

m=1

M IOKA3BIBAEMOE YTBEpXICHHUE caeayeT u3 JeMMH 10. -l

[_27_:] l'loxasawe.:iumﬁ bynupmeit et MaTpulbl A Ha3BIBaeTCs CyMMa
psana

1 1 1
A _ 2 12,143
e -E+1!A+2!A +3!A +.oe, (82)
CJIeOBaTeNBHO, CyMMa psina (81) pasHa ef4,

CaoitcTBa nokasarenbHOI GYHKUMH MaTpHLIEL.

1° Eciu AB = BA, 10 eAtB = ¢4 . ¢B. B camom nene

1 1 1
A B 2, 2 _
e’-e —-(E+ A+2'A )(E+-—1|B+—2'B )_

=3 e d'B™, . (83)

k,m=0

1 1 -
A+B _ 2 = k
e _(E+I—!(A+B)+53<A+B) +...)_k§ G A'B”, (84
» M=

TaK KaK (A + B)(A+ B) = A*+ AB + BA+ B? = A> + 2AB + B?
uT.n Ectu A u B — uncna, 10 €4 - ef = 4B, OnHa u Ta xe
GYHKUMA He MOXET pa3naraThcsl B [Ba Pa3HBIX CTEMEHHBIX psna,
NO3TOMY €, = dy,,, M151 BeeX k M m. Ecniu A v B — MaTpHLUH, TO
Cim Y dy,, T€ Xe, M03TOMY BbipaxkeHHst (83) u (84) Taroke paBHBL
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Inasa 3. Jluneiinsie dugpepeHyuansHbie ypasHeHua u cucmemsi

2° Hmeem He4 = Ae*4. B camom nene, audxbepenumpys no-
wieHHo pax (81), nonyuaem

Av i tzA’ —A(E+t24 tzA’ = Ae*A
+l—! +i +...= +E +E +... ] =Ae".

JleBHlit psx paBHOMEPHO cxonMTCs B MoGoM Kpyre |t] < ¢,, Tak kak
m

- Am+l
m!

00
<lAlle,, m=1,2..; > l4la, <oo
. m=1

B CHNly olileHOK B ieMMe 11. IToaroMy nowieHHoe auddepeHMpoBa-
HME 3aKOHHO. '

Cnencreue 1. Mampuua X () = e*4 ydoanemeopsem dudpepenyu-
NbHOMY YPABHEHUIO U HAYANLHOMY YCNIOBUIO
dz

— =AX, X(0)=E.
— =4X, X(0)

4 ¢ynoamenmansHas mampuua cucmembl

Credosamensio, €'
z' = Az,

Cnepcreue 2. Ymobbl Halimu mampuyy e'4 wado waiimu n maxux
pewenuil z¥(t) (k = 1,...,n) cucmems: =' = Az, ymoy k-20 pewe-
Hus HavansHoe ycnosue z*(0) cosnadaem c k-m cmonGyom edunuy-

Hoil Mampuybl. 3mu peweHus aenslomca cmonbyamu Mampuysi e*4,

Cnepcreme 3. deted = e®, s = a,, + a5 +... +a,, — c1ed
Mampuybl A.
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§ 15. loxazamenvHaa QyHKkyus mampuyss '

3mo cnedyem u3 opmynst Jluysunns (li), maK Kak cmonbysl Oe-
mepmuHauma — pewenus u det et ecms sporckuan W (t), a

W(0) = det E = 1.
e ekl .
| _ |
| Mpumep 24. Haittn e'4, ecnu 4 = (; i) |
| - |
L e e e e e e e J

Pewrenue npumepa. Haitnem nBa pewenus cuctemu ' = Az (z €R?)

C HaYanbHLIMU YCNOBUAMU ((l)) u ((1)) CO0OTBETCTBEHHO, ¥ COCTa-

BMM M3 Hux MaTpuLly e'4. CocTaBnaem u pewaeM xapaKTepucT4eckoe
ypaBHeHue

4—-) -3
2 -1-A
Haxoaum co6cTBeHHbIe BEKTOpH

(3 =3\ [e)_ (0

= (33)(5)=()
py 2 3y (1Y (0 7
= (33)(0)-6)
O6wee pewenne = = ¢, é* ( i ) +e (;) . HavansHoe ycnosue

z!'(0) = ((l)) Raet

()es()-(): 4
() ()

=A-3A42=0, A =1, A =2

’ a

B=1

3
2. !
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Inaea 3. Jluneiinsie QugppepenyuansHbie ypasHeHUs u cucmemsl

Hauanuoe ycnosue z2(0) = ((1)) paet

()ea()=(2): s
zz(t)=3e'(:)-e”(:).

U3 HaiigeHHbIX pelieHuit COCTaBASeM MaTpULy

A —2¢' +3e* 3¢t - 3¢®
—2¢' + 2¢% 3¢t —2e% |’

[Zl OyHKUMHA IHATOHAJILHOM M XKOPJaHOBOl MATPHLL.
IMycts MaTpuua B uMeeT XopaaHoBy dopmy

A 1
K, O .A,.l O

B= , , K= .. | =A\E+F,

F= (85)

.
I

wm K; umeer pamep 1 X 1 U COCTOUT U3 OZIHOTO YMCHa A;.
INMpu onpenencunu GyHkuuu f(B) cxomsIMMCS CTEMEHHBIM
psnom (psnom (81) WM psIOM C APYrMMH KO3bGULIMEHTaMH) BCE
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§ 15. llokasamensnas GyHKyua mampuysl

neicTBUA ¢ B npoBoasTCs ¢ Kaxuol Kietkoit K; oTnensHo, Mo3To-

My Matpuua f(B) cocrout u3 xinerok f(K,),..., f(K;), pacnono-
XEHHBIX Ha IIABHOM HMaroHaaM, a OCTAIbHBIE JIEMEHTH MATPHLIBI
f(B) — nynu. Kopoue,

f(B) = diag {F(K)), ..., f(K})};

tK, ., etxg}.

= diag {€""', (86)

B vacTHOCTH, ecnM Kaxzasi KneTka K; COCTOMT TONBKO M3 OIHOro
yucna A;, MaTpulia B HaseiBaeTcs nuaroHanbHoil. Torna f(B) Toxe
NHaroHaJlbHa:

f(B)=diag {r0),.... 200}

b\. tAa } . (87)

= diag {e'",..., €
Haiigem e'¥ , rie K — xopaaHoBa KjieTka pasmepa kX k, k > 2,
10 ectb K = AE + F, F onpegnenexo B (85). UMeem

K = PBHF _ NE tF

¢ nomousio (87) unu (81) monyyaem
2B = diag {e",..., e} = e?E.

Marpuust F2,F3, ... MIMEIOT BUJI, CXOMHBIHK ¢ F, HO Y Kaxnoi
caenyiolieit Kocoit psii U3 eIMHULL CABMTaeTCS Ha OAHO MECTO BNPaBo.
Mpu m > k umeem F™ = 0. Iostomy psin (81) mis A = tF
o6phiBaeTcH,

k-1

t t2
tF__ hd Y om2 Fk-l=
E+ 1'F+ 2'F +ooot T/ k=1
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Inasa 3. Jluneiinsie dugpheperyuansHsbie ypasHeHus u cucmemsi

. ( t N
1 = = ...
TR x-1)
;¢ -2
= T (k=2 |, (88)
. .
\0 1/
Mampuua e'X = ee'’ nonyuaercs ymHOXeHHeM Bcex aneMeHTOB

HaiineHHoM MaTpuus e'F Ha uncno . Us xnerok e'X¢ cocrasnsiercs

marpuua e‘B, cum. (86).

3ameuanue. [ins TpeyronbHOH MaTpUubl COOCTBEHHBIMU 3HAYEHUAMM
ABNAIOTCA 4UCNA, CTOAWME HA MABHOW AWAroHanW, U TOALKO OHW.
NostoMy ans Matpuue €2 (3naunt, n ana e'4) coberBennbiMm 3ua-
YeHUAMM ABAAIOTCA uucna e, me A; — cobcTBeHHble 3HaYeHUA
Marpuusl A.

IlycTb ana mMaTpuilbl A M3BECTHasi MaTbnua C, npusoaswas A
K XopraHosoii matpuue B = C~'AC. Torna
A=CBc™!', A*=cBc™'.-cBCc™'=cBc,
.., A™=CB"C™.
Moncrasnss 310 B (81) U BHHOCH cnesa C, a cnpasa C~!, nonyyaem
= C(E + -ﬁB + %B’ )C.“ =ce'Bc,

Sra dopmyna u (86), (88) maloT eure OMMH CIOCO6 oTHCKaHUs e'4.
Mpumep cM. [8], §22.
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§ 16. Jluneiinbie cucmembl ¢ nepuoduyecKumMu Ko3gduyuenmamu

P
Jpyrne dynxumun Marpun (10Ka3aTeNLCTBa MMEIOTCA B [2], . 4, §4).
Mycts dpyHkuns f(z) onpeneneHa cCTeneHHBIM PSIOM
1(2) =ao+alz+azz2 +.uey

cxopsmuMcs B kpyre |2| < r. Torza ans moGoit KBaapaTHO! MaTpHub A,
Y KOTOpO# Bce COOCTBEHHBIE 3HAYEHHS JieXaT BHYTPH Kpyra |A| < r, pan

2
a,E+aA+a, A +...

CXONMTCA M €ro CyMMa mprHHUMaeTcs 3a f(4).
Ecau matpuua A = CBC™!, 10 f(A) = Cf(B)C™". na xopnanosoit
matpuubl B = diag (K, ..., K|} umeem f(B) = diag {f(Kl), cees f(K,)}.
Hns xopnaHosoit xnetku K = AE + F (F cM. B (85)) pa3mepa k x k

o 1" 11

(f‘?” T —_—(k-—l)!\

_f_'_(é_)_‘ fk-Z(A)

1K) = L T (T
Y 16

\ 0 T,

Gl

§ 16. JinHeiinbie cUcTEMbI
C NepuoAnYEeCcKUMU Ko3pduumueHTamMH

Be———)>
JInHeltHble cCHCTEMB M IHHENHBIE YPABHEHHA N-TO MOPAIKA C MEPHOANYEC-
KUMH xo3¢dduLHeHTaMH — BaXHBII 1A npuiioxeHuit xnace auddepeHun-
aNbHBIX YpaBHEHHUit u cucrteM. PelieHns ypaBHeHMit ¥ CHCTEM 3TOrO Kinacca
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Inasa 3. Jluneiinsie dugpdpeperyuansHsie ypasHeHus u cucmemsl
-

MOryT GHTb HCCNenOBaHB H3BeCTHBIMM MeToaaMu. [Tpu TakoM MCCenoBaHUK
HCNO/B3YeTCA MOHSATHE JlorapudMa MaTPULBL.

@ Jlorapupm marpuup. JlorapudpMoOM BelIeCTBEHHOTO WK KOMILIEKCHOTO
YHCAa 2 Ha3bIBaeTCA TaKoe YHCAO w = In 2, yto ¥ = 2. Tak Kak e"'fp" =
e®(cos B + isin B), To ws uucna z = r(cosy + isiny) nmeem e*¥ = 2
TorAa, Koraa €* =r, B = ¢ + 2wk, k — mo6oe uenoe. Moaromy

‘ Inz=Inr+i(p+2%k), mme r=|z|, p=amgz.
Takum obpa3zoM, Inz — mHorosHauyHas ¢yHkuusa. Ecomm z # 0, 10 Inz
CYLIECTBYET.

Jlozapugmom keadpamnoii mampuy A Ha3pBaeTcs Takas marpuua L,
L
yTo €’ = A.

Teopema 17. [na moboii keadpamrol mampuysi A, umeroujeli det A # 0,
cywecmsyem In A.

Hoxazamenscmeo. ChHavyana Hatinem norapudM XOpPOAHOBOH KJIETKM
K =AE+F = X(E+H),tne A#0, H = A™'F, matpuuy F cm. B (85).
TMokaxem, yto In(E+ H) =N, me N=H-H/2+ H*/3—-....
ITo onpenenenmio norapudma, Wi ITOT0 HalO NMOKa3aTh, YTO eV =
E + H wnnu, yunrsisas (82), uro S = H, roe

z‘(z L_>_H) (39)

Ecnu H — uucno, |H| < 1,70 § = e™*H) — | = H. Tax xax psn (89)
OCTACTCS CXOMALIMMCS M MOCJIE 3AMEHBI BCEX WIEHOB HX MOAY/ISIMH, TO
B pAAE MOXHO NEepeCcTaBHTD YWiEHb ¥ OOBEAMHHUTD WIEHH C ONHHAKOBHI-
mu ctenensamu H, 1o ectb S = ¢, H + ¢,H* + ¢,H* +... . Kaxnoe c,,
NOJTy4aeTCsA U3 KOHEYHOro YKcna KoadduuneHTos B (89) u He 3aBUCHT
or H.Takkak S = H npu |H|< 1,10 ¢, = 1,¢, =0(m > 2).
Mycts Teneps H — matpuua kxk, H = A™'F, Torna H™ = 0 npu
m > k. Paan B (89) NnpeBpaiualoTcs B KOHEYHBIE CYMMbi, NEPECTAHOBKA

146




§ 16. Jluneiinole cucmems! ¢ nepuodudeckumu Ko3gduyuenmamu

M IPYNMHPOBKA YIEHOB 3aKOHHBL, U S = ¢, H + c,H* +...+¢,_ H*'.
KoadpuumeHTn ¢, momyyalorcs ¢ noMouIbIo Tex Xe ACHCTBMI, 4TO
M B cayyae, koria H — uMcno, nosToMy ¢, Te Xe camuie: ¢, = 1,
¢,, =0 (m > 2). 3naunr, u B cnysae H = X"'F umeem S = H, 10
ectb In(E+ H)=N.

PaccmarpuBas DaHHYI0 XOpIaHOBY KIIETKY GepeM Bcerna OmHY
M Ty Xxe BeTBb Jorapudma. Ipu A # 0

FMN — B N — AE.(E+H)=AE+F.
Toatomy npu A # 0 mist xXopnaHosoii kieTkd K = AE + F umeeM
mMK=EInA+N-=

=EInA+ Ip_Lp + Lo + -—(—"—l)h——z-F*"
B AT 2 33 T (k=1AT
Eca¥ XopaaHoBa MaTpula B COCTOMT M3 KJIETOK K,....K,
uBce A; #0, 1o In B ects MaTpnua D, coctosimas u3 Kiaerok In K,
i=1,...,1, Tak kak e® coctomuaxne'roxe"‘x‘,'roec'rbusxneroxK,.,
‘3HaumT, e = B.
Jna mo6oit matpruubl A ¢ det A # 0 cyLIecTByeT Takast MaTpH-
ua C, uro Matphua B = C~' AC xopnaHosa, u det B # 0. Torza

A=CBC™ = Ce"BC™ = LB
10 ectb InA = C(In B)C™'. CymecrpoBanne Matpuusi In A noka-
3aHO. n

JlorapudM BemiecTBEHHOI MATpHLH A MOXeT GbITb KOMIUIEKCHBIM,

Onnako ecnn Marpuua A ¢ det A # 0 paBHa KBaJapary BelECTBEHHOM
MAaTpHLbi, TO CYLECTBYeT BewecTBeH bl In A [7], § 33.

IZI PaccMOTpHM JHHEHHYIO CHCTEMY B BEKTOPHOI 3aMMCH

z' = A(t)z (z €R"). (90)

Mpeanonaraercsi, yro marpuua A(t) — Henpebusnau dyHkums or ¢ ¢ ne-
puoagom T'.
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Inasa 3. Jluneiinbig OugpgpeperyuansHoie ypasHeHus u cucmemsl

Mycts X (t) — moGas pynnamenTansHas MaTpHua cicremsi (90). Torna
marpuua Y (t) = X (¢ + T) — toxe dyHnameHTanbHas, TaK Kak det Y'(t) # 0
u

YY) =X'(t+T)=A¢+T)X(t +T) = A)Y(2).
Mo Teopeme 3 (§9) cymecrByer Takas HeocoGas Matpuua M, uto Y(t) =
X(t)M, 10 ecTb
Xt+T)=X(t)M. (91)
Marpuua M HasuiBaeTCA Mampuueii MOHOOpOMUU, a €& COGCTBEHHBIE 3Haye-

HUR — MYAbMURAUKamopamu.
U3 (91) caenyer, uto ais moGoro uenoro k

X(t+kT) = X(¢)M"*. (92)

Nemma 12, Ana dpyeoil dyndamenmansHoli mampuyst Z(t) umeem dpyayio
mampuyy M, smecmo M, nodo6Hyio mampuye M, mo ecms M, = c'Mc.
Moamomy sce mampuysi MoHOGpoMUU uMelom OGHy u my e xopdaHosy ¢opMmy
U 00HU U Me Je MynbmUNAUKamopb!.

Jokaszamenscmeo. Ecnu Z(t) — npyras ¢byHnaMeHTanbHasi MaTpHLa, TO
no TeopeMe 3 HaiieTcs Takas HeocoGas NocTosHHas Matpuua C, 4To
Z(t) = X(t)C. Torna aHanornyxo (91)
Z(t+T)=2Z(t)M,, 93)
M, =2"'\t)Z¢t+T)=C"'X"'(t)X(t+T)C =C™'MC.
-

TeoMeTpHyecKHii CMBICI MATPHUbI MOHOAPOMHM M MY/IETHILTHKATOPOB.
Mycts X(t) — dynmamentansHas Matpuua ¢ X(0) = E. Ina moGoro
z, € R™ oynxuns z(t) = X(t)z, ecTs pemenue cucremsi (90) ¢ HaYATLHEIM
ycnoeueM z(0) = z,. B cuny (91) 2(T) = X(T)z, = Mz,. To ectb casur
MO MHTETPaNbHLIM KPUBBIM CHCTEMBI 3a MPOMeXYTOK BpeMeHH 0 <t < T

148




§ 16. Jluneiinvie cucmemsl ¢ nepuoduyeckumu Koagpduyuenmamu

€CTb JMHeitHoe npeoGpasosatue 2(T) = Mz(0) ¢ marpuue#t M. Bcnen-
CTBHE NEPHORMYHOCTH cucTeMbl (90) cABHMT 3a BpeMst CleyIOLIEro nepHoaa
T < t < 2T ectb TaKoe xe npeobpasosanue: z(2T) = Mz(T) u 1.4.
Mycts v — cobGerenHbiit BekTop Wis M v Mv = pv. Torna z(t) =
X (t)v — pewenne ¢ z(0) = v. B cuy (91)
2+ T)=X(t+T)v=X({t)Mv = X(t)pv = pz(t).

To ecTb 3a Kaxablii NPOMEXYTOK BpeMeHH WIHHBI T 3T0 pelieHHe yBEIWYH-
Baercs B p pa3 (ecau p > 1), TouHee, yMHOXAeTCA Ha j.

3]

Teopema 18 (Teopema ®noké—Jianynosa). Jna cucmemsi (90) niobas
gyHOamenmansHas mampuya moxem 6sims npedcmasnena 8 sude

X(t) = K(t)e”, (94)

20e mampuya K(t) nenpepwigra u umeem nepuod T, a B — nocmosnHas
mampuya, B=T"'In M.

Jfokaszamenscmeo. Iycts X(t) — mobas ¢yHmaMeHTanbHas MaTpULA.
B cuny (91) umeercs Takas HeocoGast marpuua M, yro X(¢t +T) =
X(t)M. Mo teopeme 17 cymecTpyer Takas Matpuua B, uro eT2 = M,
Bosbmem Matpuuy K(t) = X(t)e™*2. Ona nenpepmsna, K'(t) Toxe.
TTokaxeMm, uto oHa nmeeT nepuon T'. Umeem

K@E+T)=X(t+T)e T = x(t)Me T8 ™8, (95)

Tak xak Me™T8 = B, 1o supaxenue (95) pasto X (t)e % = K(t). To
ects K(t + T) = K(t), v TeopeMa noKa3aHa. * |

?&%l HanoxeHHble pe3yIbTaThl NO3BOMSAIOT HCCAENOBATh PELIEHUS CUCTEMB
90) Ha GeckoHeuHom uHTepBane. Ecam Ha otpe3ke mmHb T HalineHsl
(Hanpumep, Ha DBM) n JHMHEHHO He3aBUCHMBIX peeHHi cucteMmsl (90), To
€cTb M3BeCcTHa MaTprua X (¢) Ha 9TOM OTpe3Ke, TO MOXHO HaiiTu MaTpHuy M.
Toraa dopmynst (92) u (94) NO3BONAIOT CYANTH O MOBEAEHHH BCEX PELICHUM
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Inasa 3. Jluneiinsie duggpeperyuansHsie ypasHeHua u cucmemsl

CHCTeMBl Ha GeCKOHeyHOM MHTepBane. Hanpumep, anst cTpemsieHus Bcex
pelieHuit K Hymo npu ¢ — 00 HeOGXOAMMO M HOCTATOYHO, YTOGH MOIYIH
BCEX MyJIBTHILUIMKATOPOB GbUIH MeHbile enuHuub (Toraa B (92) M* — 0 npu
k— OQr).

B cnyuae, korna cucrema (90) nonydyeHa u3 ypasHenus y" + p(t)y =0
¢ nepHoauyeckoit ¢yHkumeit p(t), A. M. JIanyHos noaydun ycrosus orpa-
HUYEHHOCTH BCeX peLueHuii npu —oo < ¢t < 0o ([2], rn.7, §2, n.2).

L ]




TNABA 4

ABTOHOMHbI@ CUCTEMbI
. W YCTOMYUBOCTDb

DTH BONPOCH COEAUHEHBI B OHY TEMY, TaK KaK MPH U3JIOXEHHUH BO-
MPOCOB YCTOMYHMBOCTH MCTIONB3YIOTCSA TOHSATHS H PE3yIbTaThl TEOPUH
aBTOHOMHBIX CHMCTEM, a NMPH MCCACHOBAHMH OCOGHIX TOYEK HYXHBI
MeTonbl TEOPHH YCTONYMBOCTH. PasymeeTcs, BONPOCH YCTOHYHMBOCTH
H3NAraloTCs He TONBKO ISl aBTOHOMHBIX CHCTEM.

§ 17. ABTOHOMHbIE C.MCTeMbI

IE Cucrema muddepeHIMANBHBIX YpaBHEHHMII Ha3bIBaeTCS aémo-
HOMHOIi, €CIH B HEe HE BXOAWT SIBHO HE3aBMCHMOE INEpEeMEHHOeE.
Hanpumep,

dz

Fti=f.-(:cl,...,zn), i=1,...,n, (1)
WIH, B BEKTOPHOIM 3anucH,
d
710, 2=z @
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Inasa 4. AsmotoMHbie cucmeMsi U ycmoliyusocms

— aBTOHOMHAasl CHCTEMa HOPMAJILHOTO BUIa. ABTOHOMHOCTb CHCTe-
MBI NPUBOIUT K TOMY, YTO PELICHUS CHCTEMBI MOXHO M306paxarnh
JUHUSIMH B NMPOCTPAHCTBE MEHblIEH pa3MepHOCTH. D10 obneryaer
MCCTeIOBAHMUE PElIEHMUIH. \

- Da306sM npocmparcmeom aBTOHOMHOM cucteMs! (1) Ha3siBaeTCs
MHOXECTBO, Ha KOTOPOM OTpPEAENCHB KOOPAMHATH Z,, ..., T, H 3a-
naHa cuctema (1). ®a30Boe NPOCTPAHCTBO MOXET GHITh, HaNpPUMED,
obnacteio B R” wimM rmankoit moBepXHOCTBIO, HanpuMep, GOKOBOIt
MOBEPXHOCTHIO LIWJIIMHIPA.

Hanee cuuraem, uto B (1) dyHkumu f; u 8f; /8zj onpeaeneHbl
U HenpepoiBHH B o6nacT G C R". Torna G — ¢a3oBoe npocTpaH-
cteo. Kaxnoe pemenue cucremu (1) z, = z,(¢), ..., z, = z,(t)
onpenensier B (a3oBOM NMPOCTPAHCTBE JMHUIO (WIM TOYKY, €CIH BCE
&yHkumn z;(t) NoCTOSTHHbI). DTa IMHUA WM TOYKA HA3KIBAETCA Mpa-
exmopueii (nHoroa ¢asoeoii mpaexmopueii). Touka = = a sBnseTCA
TpacKToOpHel Toraa U TONbKO TOrIa, KOTraa B 3Toi Touke Bee GyHKIIMM
J; paBHH Hymo, To ecTb B (2) f(a) = 0. Takasd Touka Ha3bIBaeTCs
ocoboii U cmayuoraproil, UK NoA0NCeHUeM PAGHOBECUA.

NMpumep 1. ABTOHOMHAA CHCTeMa Z| = &,, ), = —Z, UMeeT
peuwenus

z, =¢sin(t+g), ,=ccos(t+gc). (3)

B npoctpauctee ¢, z,, T, pynkuun (3) u3o6paxanTca BUHTO-
BbIMU IMHUAMK, @ B A30BOM NPOCTPAHCTBE (3€Ch OHO ABARETCA
NAOCKOCTLIO T, T,) — OKPYXHOCTAMMU a:f + a:§ = 2. Kaxpan
OKpYXHOCTb M306paxaeT 6ECKOHEYHO MHOTO pelleHui, OTAnYa-
IOWHUXCA TONLKO 3HaYeHUAMU c,. Touka z, = z, = 0 TOME
ABNAGTCA TpaeKTopueH (0cobas Touka).




§ 17. AsmoromHbie cucmemsl

Cucrema (1) unu (2) B xaxnoi Touke z= (=,,...,z,) dasosoro
NPOCTPAHCTBA ONpEAENsieT BEKTOP

1@ = (f,(z)s-. s 2,), e s 125 ,Z,))-

B ocoboit Touke f(z) = 0. Ecnu nunus z = z(t) sABnseTcs TpaekTo-
pHeit CUCTEMBI, TO B KaXI0# cBoeit Touke, rae z'(2) # 0, oHa KacaeTcs
Bektopa f(z), Tak Kak Bekrop z'(t) = (z|(t), ...,z (t)) xacaercs
JIMHHUH, NIapaMETPHYECKU 3aaHHON ypaBHeHusAMu 2, = Z,(t), ...,
z, = z,(t),a z'(t) = f(x(t)) B cuny (1) wm (2). Takum 0GpasoM, aB-
TOHOMHasi CUCTEMa 3a1a€T 6eKkmopHoe nose B ha30BOM NPOCTPAHCTEE,
a TPaeKTOPMH — JIMHUM, KOTOpBIE BO BCEX Toukax, rae f(z) # 0,
KacaloTCsi BEKTOPOB 3TOro moisi. Ha TpaeKTopusix MPUHATO CTaBHTb
CTpeJIKH, YKa3HBAaIOLIME HAMpaBileHHWe NBIXEHHs Touku (i) mpu
BO3pacTaHuu t.

@ Crenyiolue yTBEpXACHMS OMUCHIBAIOT CBOICTBA TPAEKTOPHIA.

1° Ecnu z(t) — peuteHue cucrems (2), To wis mo6oro ¢ € R
dyukums y(t) = z(t + ¢) — ToXe peleHHe, M BCE 3TH PEIUCHUS
MMEIOT OIHY M Ty X€ TPaeKTOPHIO.

Hoxasamenscmeo. Tak Kak z(t) — peweHue, To z'(t) = f(z(t)).
3amensia t Ha t + ¢, uMmeeM Z'(t + ¢) = f(z(t + c)), To ecT
y'(¢) = f(y(t)). 3naunr, y(t) — peweHue. DTH pelIEHUs HMEIOT
ONHY M Ty X€ TPAaeKTOPHIO, TaK KaK 4epe3 JioGyio TOuKy z* =
z(t*) nepsoro pewenus pemeHue y(t) = (¢ + ¢) NPOXOAUT NMpH
t = t* —c. Takum 06pa3oM, Kaxnasi TPAeKTOPHSI, He SBJIAIOIIASCSA
TOYKOM, M300paxaer 6eCKOHEYHO MHOTO pPEeLIeHUIA. |

2° JiBe nmio6bie TPacKTOPHH WIM HE MMEIOT OOLIMX TOYEK, MM
COBIa/aIoT.
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Inasa 4. AsmoHoMHbie cucmembi u ycmoliyusocms

Hoxaszamenscmeo. Tlycts TpaexTopuu peweHuit z(t) u y(t) ume-
1oT obmyio Touky b. Torma cywectsyior Takue ¢, 4 ¢,, 4to
b= z(t,) = y(t,). Pynxumsa 2(t) = y(t +¢, —t,) — Toxe pe-
wenwue, u z(t,) = y(t,) = z(t,). o TeopeMe enMHCTBEHHOCTU
2(t) = z(t), 10 ectp y(t +¢, — t;) = z(t), v pemenns z(t) u
y(t) MMEIOT ONHY H Ty X€ TPACKTOPHIO. |

Cnepcreue. PeweHue asmoHOMHOU cucmeMsl He MOXem 8olimu 8 oco-
6yl0 MOYKY 3a KOHe4YHOe 8peMs.

Jokazamenscmeo. TIycth @ — ocobasi Touka, To ecthb *(t) = @ —
pemenue. Ecnu Tpaektopuu peiueHuit () u z*(t) He coBna-
JAIOT, TO OHH He MMEIOT OGIMX ToyeK. 3HauuT, () # a npu
BCex ¢.

Peutenue z(t) MoXeT MPpUGAMXKATECA K 0COGO TOYKE TOMb-
Ko npu t — +00 wiu npu ¢ — —oo. [ |

3° Ecnu z(t) — pewenue, z(t,) = 2(t,), t, > t,, uz(t) Z const,

TO pellieHHe — MEePHUOAHYECKOe, Y HEr0 €CTh HAUMEHBIIUHM MOJMIOXH-
TeNbHBII Mepuod, a TpaeKTOpUs — 3aMKHYTast KpuBasi 6e3 camorie-
peCeYCHMIA.

Hoxaszamenscmso. ®yukuus y(t) = «(t +¢, — ;) — TOXeE pe-
wenune no ceoiictey 1°, y(t,) = =z(t,) = =(¢,). Mo Teopeme
enuHcTBeHHOCTH Y(t) = Z(2), TO ecTb Z(t + d) = z(t), nepuon
d=1t,—t, > 0. Moryr GHTb H ApyIrHe NepUOMbL.

Tak Kak z(t) # const, To Haitnercs Takoe t*, uto z(t*) #
z(t,), To ectb |2(t*) — 2(¢,)| = r > 0. B cuy HenpepLIBHOCTH
z(t) Haiipercs Takoe h > 0, uto |2(t) — z(¢,)| < rmpu ¢, —h <
t < t, + h. 3naunr, z(t) # =(t*) npu amux ¢. Ho 3a Bpems,
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paBHOeE NepHoxy, peieHne () JOMXHO NPOIATH Yepe3 BCe TOYKH
cBoeit Tpaekropuu. IToaToMy THHA JMIOGOrO MOMOXHATENLHOTO
nepuona He MeHblue, YeM 2h, U HIKHSS PaHb MX JUIMH P >
2h. Ecnu p He eCTb Nepuold, TO UMEETCS MOCAeN0BaTe/IbHOCTh
nepuonos p; — p + 0, z(t + p;) = z(t). Mpu p; — p nonyyaem
z(t + p) = z(t), To ectb p — nepuon.

Tpaexropus z(t) (0 < ¢t < p) — 3aMKHyTas KpuBasi, TaK
kak z(p) = =(0). Ecim oHa uMeeT CaMOMNEPECEYEHHs, TO
z(t,) = «(¢,) npu Hexoropx t,,t, € [0,p], |t, — ¢,| < p.
B cuny nokasaHHOro Bbile, Toraa pemeHue z(t) umeno Gui
nepuon d = |, —t,| < p. DT0 HEBO3MOXHO, TaK KaK p —
HaUMEHBILHI TIONIOXHUTENBHBIN NepHoa. [ |

4° Kaxpnas TpaeKTOpHSI aBTOHOMHOM CHCTEMBI SIBJIAETCS MM

TOYKOI MJIKM 3aMKHYTON KpHBOif 6e3 caMomnepeceuyeHuit, WiIn He3aM-
KHYTO! KpuBOif 63 caMomnepeceyeHuM.

Jokazamenscmeo. Ecnu pewenue z(t) = const, To TpaexTopus —
Touka. Ecnu z(t,) # «(¢,) npu mobeix ¢, u ¢, # t,, T0 Tpa-
eKTOpHA — He3aMKHyTas KpuBas Ge3 camomnepecedeHuit. Eciu
z(t) # const u z(t,) = =(¢,) npu Hexoroprix ¢, u t, # t;, TO
TPaeKTOpHs — 3aMKHyTasi KpuBasi B cuiy 3°. [ |

5° TpenesbHbie MHOXECTBA TpaekTophii. Uist Tpaektropuu T'(z =

p(t), —00 < t < 00) WM AN ee MONOXUTENHON MOMYTPaEKTOPHU
T (z = ¢(t), t* <t < 00) w-npedenvnoii mouxoii Ha3LIBAETCS TaKast
TOYKA P, YTO CYLIECTBYET MMOCAENOBATENLHOCTS ¢, ¢,, ... — 00, 1O KO-
Topoit ¢(t;) — p npu i — co. Muoxectso (T Bcex w-NpefeAbHBIX
ToueK TpaeKTOpMH T Ha3BIBAETCH € W-NpeoetbHoiM MHONCECMEOM.
AHaNoruyHo, HO NpH ¢; — —00, ONIPENENAIOTCS Q-npedenbHbie MoKy
U MHOXECTBA.
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Inasa 4. AsmoHoMHbie cucmems! U ycmoliyusocms

Hanpumep, nns Tpaektopuu z = ¢ (z € R!) mHoxecTBO QAT)
nycro; mis nonyrpaexropun T (z = e, 0 <t < 00) MHOXeCTBo
Q(T*) — Touka z = 0; wis Tpacktopun z, =€’ cost/(1+¢%), z,=
e'sint/(1+¢') a-npenenbHOEe MHOXECTBO €CTh TOYKA z, =2,=0,
w-TIpENIETILHOE MHOXECTBO — OKPYXHOCTb 23 + 23 = 1.

o

Teopema 1. Ecnu nonympaexmopus T*(z = ¢(t) € R", t, < t < )
o2paHuyera u emecme co cgoell €-0KpecmHOCMbIO codepyumca 8 obnacmu
G, & xomopoii sce f; u 8 f../aa:,. HenpepsigHbi, mo mHomecmso SUT)
Henycmo, 02paHuyeHro, 3aMKHYmMo, C8A3HO U COCMOUM U3 yensix mpaexkmopuil.

Horazamenscmso. Iins moGoit nocnenoBaTeNbHOCTH ¢; — 00 Mocnenosa-

TenbHocTb @(8;), § = 1,2, ..., OrpaHMYeHa, 3HAYHT, MMeeT NpeesbHble
Touku u (T*) Henycro. U3 orpannuentoctu T cneayer orpaHuyeH-
Hoctb U(T™). )

3amkuyrocte. Ecin p; € QT*), p;, = p, i = 1,2,..., To mix
n = 2~ HaitneTcs Takoe p;, uto |p; — p| < 7. [ns 3Tor0 P, CymECTBYET
nocnenosatenbHocTh ¢, ., j = 1,2, ..., TaKas, 410 qp(t,.,j) - p; (j = ),
nosroMy Hafinercs Takoe j = j(i), uro ¢, . > i, |¢(t'.d.('.)) - p..] <.
Torna Igo(t,._,.w) —pl <2y =2, t.ja) > i — 0. 3naunT, p € QUT).

HoxaxeM, uto (T*) cocrout U3 uenbix TpaeKTopuii, TO €cTb
yTO uyepe3 moGylo Touky a € Q(T*) npoxomut Tpackropus T,(z =
z(t), —oo < t < o), conepxamasica B T*). Io onpenenexuio
Q(T*) cywecTsyer Takas NOCAeNOBaTENbHOCTD t,t,,... — 00, YTO
@(t;) — a (i = 00). Oynxunn x,(t) = ot; +t) (i =1,2,...) —
pewenus no ceoiictey 1, x;(0) — a (i — 00). OGo3Hauum uepes z(t)
pewenue ¢ z2(0) = a, a yepe3 F — 3aMKHyTyI0 (€/2)-OKpecTHOCTH
nonyrpaexropun T+, Touka t = 0, * = a JEXUT BHYTPH 3aMKHYTOi
HeorpaHuyeHHoit obmactu D(—oo < t < 00, z € F). B cuny cnencreus
Teopembl 4 § 6 pemeHue z(t) MPOXOMKAETCA B KaXIyIO CTOPOHY MM
IO BHIXOAA Ha rpaHuuy obnactd D, wau 10,CKOJIb YroaHO GoibuIMx
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§ 17. AsmoromHble cucmemsi

|t]. Mpeanonoxum, yro z(t) BEIXOAMT Ha rpaHuLy obnacTu D B Touke
t=1¢t, 2 =2(t")=0>. Torna b nexur Ha rpaHMue MHOXecTBa F,

CNIEAOBATENbHO,
pb,T") = 2. @)
CornacHo cencrshio TeopeMbi 6 § 7 u3 x;(0) — a = z(0) cnenyer:
X)) = z{t')=b (i— o). (5)

Tak Kak x;(t*) = ¢(t; +t*) € T* npu t, > ¢, —t*, 10 (5) npoTHBOpE-
uuT (4).

Mostomy peuienne z(t) He MOXET BHIATM HAa rpaHuuy 061acTH
D, cnenosatenbHo, NMPONOMXKAETCA Ha MHTepBan (—o0,00). A Toraa,
KaK Bhile, uMeeM aist moGoro ¢ p(t; +t) = x,(t) — z(t) (i = o).
CnenosarensHo, z(t) € Q(T*) npu scex t.

CBA3HOCTb He JIOKa3BIBaeM, OHAa HHXe HUrae He ucnonbyercs. M

M3ayuenbi u Apyrue CBOHCTBA NpPENENbHBIX MHOXECTB AaBTOHOMHBIX CH-
crem B R?

Teopema BenpuicoHa. OzpanuyeHHOoe w-npedenbHoe MHOXECMBO Ha NAOC-
Kocmu, He codepwauyee ocobbix moyeK, ABAAemcs 3amMKHymoli mpaexmopueil
([7), § 28, meopema 21).

B nmpoctpancree R", n > 3, cTpyKTypa npeaeibHBIX MHOXECTB MOXET GHITh
3HAYMTENbHO OoJiee CIOXHOW U MaJio U3yJyeHa.
Gl

6° Ipynnosoe cBolicTBO aBTOHOMHO# cCTeMB. O603Ha4YUM Yepe3
¢(t, p) pewenue cucreMsl (2) ¢ HayansHBIM yenosuem ¢(0, p) = p.
Toraa

o(t, o(t), ) = o(t, +¢,p) (6)

Ha J0OOM HMHTepBajie, HA KOTOPOM OIMpeAeNieHEl 00€ YaCTU 3TOro
paBeHCTBa.
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Inasa 4. AsmonomHbie cucmemsl u ycmolidusocms

Jfoxazamenscmseo. OGe yacTH paBEeHCTBAa — pelueHus (npasas —
no csoiicty 1°). O6a pewenust npu ¢ = 0 NpoxomsaAT Yepes

onHy TouKy ¢ = ¢(t,,p). ITo Teopeme eNMHCTBEHHOCTH OHH
" COBMANAIOT NMpH BCex t. n

M—>

7° ®yukuus @(t, p) HenpepeiBHa NO COBOKYNMHOCTH MEPEMEHHBIX
(aro cnenyer u3 Teopemu 7 §7).

8° Ilycts Bce pemeHuns cucteMbl (2) onpeneneHb npu —oo < ¢ < 0o
¥ UX 3HauyeHus z(t) 3anonHsoT MHOXecTBO P. Toraa npu io60M NOCTOAH-
HOM p € P v nepeMeHHOM ¢ Touka z = @(t, p) npoberaer TpaekTopuio. [Ipu
moGom noctosHHoM ¢ € R' u nepemennom p dynkums ¢(t, p) onpenensier
HemnpepuIBHOe oTo6paxeHe MHoXecTBa P Ha cebs, 3aBHCs1LIee OT apaMeTpa
t € R'. 910 oTOGpaXEHHE HASHBACTCA COBUZ0M NO MPAEKMOPUAM 33 BPEMS t.

CemelicTBo TakMx oTOOpaXeHMii CABHUIra COCTaB/IsET ONHOMApPaMETPU-
YeCKyl0 KOMMYTATHBHYIO IPYMIy C IPYMMoBOi omepauueii, onpenenseMoit
neBo#t yacThio paBeHCTBa (6) (MocaenoBaTeNbHOE BHINOMHEHHME ABYX 0TO6pA-
XeHu#t U3 AaHHoro cemelicTBa €CTb TaKKe OTOOpaxeHHe, MpHHaIUIEXallee
CeMeiCTBy).

Jloxazamenscmeo. KOMMYTaTHBHOCTh M aCCOUMATHBHOCTb IDYRMNOBOiA
onepauuu ciaeayer u3 (6). ExMHKLA rpynnBl eCTh TOXAECTBEHHOE OTO-
6paxenne ¢(0,p) = p, a obpatHoe orobpaxenue mia ¢(t, p) ects
e(=t, p). n

@ Ipynna oroGpaxeHuit MHOXecTBa P Ha ceGs, obnanaiomas CBOMCTBa-
MH 6°—8°, Ha3biBaeTCA OuHamuueckoii cucmemoii. JJUHAMHYECKME CHCTEMBI
MOTYT M3Y4YaThCs M BHE CBA3M C KOHKDETHHIM BHAOM AH(pdepeHUMaTbHBIX
ypaBHeHu#t (1), To ecTb TONILKO Ha OCHOBE 3ITHX CBOMCTB (Hampumep, [36],
masbl 5 U 6). Pe3ynbTaThi, MoNyYeHHbIE TAKHMH aGCTPAaKTHHIMH METONAMM,
pa3sBHBAJICb C MPHMBICYCHHEM MNOHATHII M3 APYTHX OTAENOB MATEMATHKH
¥ NPUMEHSIUCh K KOHKPETHBIM 3aa4YaM.

Gl
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§ 18. lonamue ycmodyusocmu

§ 18. MoHaTHE YCTOHUMBOCTH

[E MaremaTuueckasi TEOpHSA YCTONYMBOCTM H3ydaeT IOBEICHHE
pemieHuit cucreMbl au@pdepeHUIHANbHEIX YPaBHEHUIT npu ¢ — oo.
OCHOBHOI1 BOIIPOC: B KaKHMX C/Iy4asix MOXHO YTBEpXIaTh, YTO pelle-
HHE Malo MEHSETCH Ha BCEM GeCKOHeYHOM MHTepBaie i) < ¢ < 0o
NMpU JMOOBIX JOCTaTOYHO MAJBIX U3MEHEHHUSX HAYaJIbHBIX YCJIOBHMA
U (QyHKUMI, BXOAAIIMX B YpaBHEHHS pacCMaTpUBAEeMOif CHCTEMHI.
Teopus ycTOHYMBOCTH MMEET 60NbLIOE 3HAYCHHUE B TEXHUKE, TaK KaK
B PeaJIbHBIX 3a/1a4aX MICXORXHBIC JAHHLIE, @ YAaCTO M YPDaBHEHUS JABIXE-
HMS (HanpUMep, U3-3a HEYYUTHIBAEMBIX MIOMEX) U3BECTHHI JIMIIb NPH-
6mxeHHO. JIna co3naHus MaLIMHBI, CIOCOGHOI BHIMOMHUTD ONpeae-
JIEHHYI0 paGoTy, He BCeraa JOCTATOYHO KaueCTBEHHBIX (PHU3NYECKUX
coobpaxeHuit, BO MHOTHX CJIy4yasX Hy>XXeH MaTeMaTU4eCKUii aHaIHn3.

TlepBHIM BaXXHBIM TEXHHYECKHM BOMPOCOM, pPElLIEHHBIM C TO-
MOILBIO TEOPUM YCTOMYMBOCTH, GBUI BOMPOC OO0 YCIOBUSAX paGoTHI
perynsTopa Yarra. B u3zo6pereHHoit YarToM napoBoit MalllMHEe UMe-
e€TC MEXaHM3M — LIEHTPOOEXHEI perynsitop, KOTOpHIif HOJDKEH
MOAAECPXHUBATL NMOCTOSAHHYIO CKOpOCTh paGorhl MamuHH. Ho Kor-
Ja CTaJy CTPOMTH GOJIbIIME NApOBHIE MALIKMHBI, PETYJISATOpP Yarra
YyacTo He cmpaBisUica ¢ pabGoroil. Pycckuit mHxeHep BriniHerpan-
CKMii, yTOOH HATH MPUYMHBI TUIOXOH paGOTHL peryjsaropa, COCTaBMII
cucreMy auddepeHUMANBHBIX YpaBHEHUH, OMMUCHIBAIOIIYIO paGoTy
NMapoBoif MaLIMHBI BMECTE C PErYIATOPOM, H MCCJIEIOBAJ 3Ty CUCTEMY
Ha ycToi4uBocTb (cM. [7], § 27). OH nonyynsn ycaoBHs YCTOHYHNBOCTH
B BHAE OrpaHMYeHHil Ha KOHCTPYKTMBHBbIC MapaMeTpHl peryysTopa.
PerynsiTopbl, H3rOTOBJIEHHBIE C YYETOM 3THX OTpaHHYEHHI, paGoTanu
XOpOLLIO.

B Hacrosiiee BpeMs B CBfI3M C aBTOMAaTH3allMeil MPOU3BOICTBA
BC€ IIUpe MPUMEHSIOTCA CHCTEMBl aBTOMaTHYECKOI'O YIIPaB/ICHH, KO-
TOpbie XOJDKHBI 00eCIeYUTh paboTy ynpaBisieMOro o0beKTa B 3a1aH-
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Inasa 4. AsmoHomHbie cucmeMsi u ycmolyusocms

HOM pexuMe. MaremaTHyeckoe MCCAENOBaHHE YCTOMYHBOCTH TAKMX
CHUCTEM €IIEC Ha CTaOUM MX NMPOCKTUPOBAHUS YCKOPSET M yICLIEBIIsI-
€T CO3J]laHHE TaKUX CHCTEM, MO3BOJIAASI 3apaHee OTOPOCHTh MHOTHE
HEroAHble BApHAHTHI.

- BaxXHad pofib B CO3JaHMM M DPa3BHTHH TEOPMM YCTOHYHMBOCTH
TNIPUHAIVIEXUT COBETCKMM M POCCHIICKMM yyeHBIM, HAYHHas C OCHO-
BOTOJIOXHHUKA 3TOH Teopuu A. M. JIanyHoBga.

@ Ocnosabie onpenenenus. PaccMaTpuBaeTcst CHCTEMA B BEKTOPHOIA.
3aMnucU

dz “

E=f(t’z)a = I (7)

Zn

M ee yacTHoe pemeHue = = (t) (¢, < ¢t < 00). Bekrop-byHKuUMA
J(t, z) npce 8, /aa:,. onpeneNeHs! M HenpephIBHLI NpH |[2—¢(t)| < p,
ty <t<oo.

Pemenne = ¢(t) c HavanbHBIM ycnoBueM ¢(t,) = z, Ha3sBa-
ercsi ycmoiiyueoim (WM ycmoiiuuenim no JIanynoey), eciu st mo6oro
€ > 0 Haiigerca Takoe § > 0, yTO WIS KaXIOro Takoro I,, 4To
|Z, — 24| < 8, pemenne Z(t) c HayanbHEIM ycnoBueM Z(t,) = Z, npu
t, <t < 0o cylecTByeT U

B0 - p)l <& (8 <t < o00). ®)

DTO 3HAYMT, YTO KAaXIOE PellicHHE C HAYaIbHBIM YC/IOBHEM H3
0 -OKPECTHOCTH TOYKH &, NpH ¢ < ¢ < 0O CYIIECTBYET U HE BHIXOMUT
U3 £-TpyGKH, och KOTOpoit — pewenne z = ¢(t) (puc. 12).

- Peulenue z = p(t). Ha3bIBAETCS acuMNMOMu4ecKU YCmouuuebim,
ecnu 1) oHo ycroftumBo mo JIsnyHoBy, 2) Bce pemieHus Z(t) ¢ Ha-
YaJbHBIMU YClOBUSMH Z(f)) M3 HEKOTODOIi &)-OKPECTHOCTH TOYKH
2, HEOTPaHHYEHO COMMXKAIOTCA C pelieHueM z = (&) npu ¢ — +00,
10 ecTb Z(t) — (t) — 0 (t — +00).
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§ 18. loxnamue ycmoliyusocmu

)
s+
i

Puc. 12

TpeGosanus 1) u 2) HesaBucuMmbl. U3 1) He cnemyer 2), Tak
KaK M3 HepaBeHCTBa (8) He cnenyer, uto Z(t) — (t) — 0, a u3 2)
He caenyer 1), cM. cienylowuii npumep.

Fo--—-==—====- ek e A

I Mpumep 2. Nyctb nuHuu Ha puc. 13 usobpaxaloT Tpaektopuu |

: cucTembl dz d :
Y

| —_—= —_— !

, 5 =P 9), < =) ,

b e e e e e e e e e e e Jd

Nycts dyukuun p, ¢ wenpepuiusi; p(0,0) = ¢(0,0) = 0, 3nauur,
z(t) = y(f) = 0 — «Hynesoe» pewenue. Ha OAHOM U3 KPUBbLIX,
naywmux n3 Touku O(0, 0) Bneso, Bo3bMem Touku B u D. Bo3bmem
uncna 0 < € < |OD] u ckonb yropHo Manoe & > 0. Pewenue Z(t),
¥(t) c wavanbHbiM ycnoBuem B Touke B, nexaweit Ha pyre OD B
d-okpectHoctu Touku O, upet no ayre OBD. B touke D umeem
|OD| > €. Henb3sa nopo6patb Takoro § > 0, 4To6bl pewexue U3 Toy-
K B 0CTaBanocb B £-OKPECTHOCTM HyneBoro peueHus. [o3tomy
HyNneBoe pelieHne HeyCTORYUBO.
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Inaea 4. AsmotomHbie cucmeMsl u ycmolyusocms

Hanuuue unu orcyr- Y T
CTBME YCTOWYUBOCTH He 3a- !
BUCHUT OT BbiGOpa Hauanb-

HOro MoMeHTa ¢,. B camom D
Aene, Nyctb NpU Hayanb-

HOM MOMeHTe i, peweHnue

z = p(t) ycroiuneo, 1o z
ectb u3 |Z(2,) — o(t,)| <6
cnepyer HepaseHcTso (8). N
NycTe HayanbHLIA MOMEHT
t, >t (mm it <t)n Puc. 13

() - p(t)] < 9. Ecm

1) ROCTaTOYHO MAno, TO M3 3TOr0 HepaBeHCTBA B CHAY HENPepLIBHOM
3aBMCUMOCTH pelleHns OT HaYaNbHbIX YCNOBUMA CneflyeT HepaBeHCTBO
|Z(t) — ()] < & wa otpeske c koHuamu ¢, u t,, a orciopa —
HepaBencTBo (8). To eCTb M Npu HaYanbHOM MoMeHTe i, peuweHue
z = () ycroituuso. <

HccnenoaHue yCTOWIMBOCTH JI0GOTO peleHns = = p(t) cucre-
MBI (7) MOXHO MPHBECTH K MCCIEAOBAHHMIO YCTOWYHBOCTH HYJIEBOIO
pelieHus apyroit cucreMsl. Ins atoro B (7) JeNIaeTcs 3aMeHa MCKO-
Mot pyHkumun = = () + y. Monyyaercs cucrema ¢'(t) + y'(t) =
" (2, o(t) + y). Tak kak z = ¢(t) — pewenne cucremsi (7), TO
¢'(t) = f(¢, ¢(t)), u MBI MMeeM

¥ = f(t, o) +y) — 1t o(2)). )

Pewenue = = ¢(t) cucrembl (7) mpu Takoif 3aMeHe MEpeXOmMT
B petieHue y = 0 cucremsi (9). YcToiuMBOCTS (MM HEYCTONYMBOCTB)
pelLICHHS MPH 3TOM COXpAaHSieTcs, TaK Kak pasHocTh Z(t) — ¢(t)
TNIEPEXONHUT B PaBHyIo eii pasHocTs F(t) — 0.

162

.
N



§ 18. lonamue ycmod4usocmu

YCTOYMBOCTD HYJIEBOrO pelieHHst CHCTeMbI (9) O3HavaeT, uTo
n3 |§(t,)| < 6 caenyer |3(t)| < € mpu ¢, < ¢ < oo.

[g Hccnenopate ycToifYyMBOCTb, MONB3YACH JIMIUB ONpEACNCHUS-
MM, MOXHO TOJIbKO TOTAa, KOTAAa yNaeTcs HaiiTM B TOM WIM UHOM
puze oblluee pelicHUE NAHHON CHUCTEMBI WIH KOIAa YHAeTcs BhIAC-
HUTb TaKME CBOICTBa pellleHHUH, KaK OrpaHHYeHHOCTb, BO3PACTAHUE
U YObIBaHUE.

ittt !
I Mpumep 3. YcTonunuso nu Hynesoe peuieHUe ypaBHEHUA |
[ |
| _‘!_3_{ _— 29 I
| dt : |
R J

Pewenue npumepa. O6wee pewexne y = 1/(t + ¢), ¢ = const;
y = 0 — Toxe pewenne. U3 Toro, uto y(t) — 0 npu ¢ — +o0,

owuboyHo Obino Obi penatb Bbi- A
BOA 00 YCTOHYMBOCTH HYNeBOro pe-
WweHua. [Ins yCTOMYMBOCTH Hyne- y
BOrO peweHns Hapo, 4ToOH U3 | |
ly(0)] < & cnepoeano 6ui ! :
t)| <e
ly(@)l (10) "0 | .
npu 0<t<oo0.
| |

Mpu y(0) > 0 pewenus y6u- \ | |

BAIOT U CTpeMATCA K Hynwo. Mpu Puc. 14

9(0) < 0 pewenus y6nBaloT U uMe-
10T BEpTUKaNbHbIe acuMnToThl (pUC. 14), TO €CTb He YROBAETBOPAIOT
ycnosuio (10). MNo3ToMy HyneBoe pelweHue HeyCTOHYMBO.

Apyroit cnoco6. Ans pewenus ¢ y(0) = y, u3 dopuynsl y =
1/(t + ¢) nonysaem ¢ = 1/y,, y(t) = y,/(ty, + 1). Ana nwboro
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Inasa 4. AsmoHoMHbie cucmembl u ycmoliyusocms

Yo < 0 umeem ty,+1=0npnt = —1/y, > 0,nostomy y(t) — —oo

npu t — —1/y, — 0. Hynesoe pewenne HeycToiH4MBO. <
_____________________________ -
I Mpumep 4. YcTONYMBO NU HyneBoe pelweHne CUCTeMbl |
[ 1
- dz dy
! —_——=—- = gz? !
! - v oa " l
b e e e e e e e — 4

Pewenue npumepa. [lens BTOpOe ypaBHeHMWe Ha Nepeoe, MOAyYaeM
dy/dz = —z/(4y). O6uee pewenve x> + 4y’ = ¢ > 0. Iv nn-
Huu — anauncel. Ecm 22(0) + y2(0) < 6%, 70 npu ¢ > 0 pewenne
z(t), y(t) waxoputca BHyTpM 3nnunca z? + 4y = 46%, onucanuoro
vA okono kpyra x’ + y* = 6%, Tak
KaK KpuBble, 3o6paxaiowme pe-
WeHUA, He NepeceKaloTcs, To pe-
wenue z(t), y(t) ocraetca BHyTPU
3T0ro0 3anunca (puc. 15), 3Haumr,
W BHYTPM Kpyra x* + ¥y’ = €,
€ = 26, ONUCAHHOTO OKONO 3NNH-
nca. Hynesoe pelleHue yCTOiHYH-
BO. ACMMNTOTUYECKOW YCTOWYMBOCTH HeT, TaK KaK Kawpoe peleHue
OCTaeTcA Ha CBOEM 3nnunce Z° + 4yY> = ¢ W He CTPEMUTCA K HyNio
npu t — oo. <

Puc. 15

“ 3adayu ona ynpawHeHud:
[12]), § 15, N2 884888, 890-892; § 24, Ne 140-147.

VeioBHA YCTOHYHBOCTH 1M JMHEHHOH cHCTeMbl C NOCTOSHHBIMA
ko3¢ duumentamu. Ilycth B cucteMe dz/dt = Az matpuua A umeer

COGCTBEHHBIE 3HAYEHHUS A}, ..., A,.
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§ 18. [lloHamue ycmoliyusocmu

Teopema 2.

1) Ecnu sce Re AJ- < 0, mo Hynesoe pewenue acumnmomuyecKku
ycmodiiyuso.

2) Ecru ece Red; < 0 u ans mex Aj, y Komopsix Re A; = 0,
8ce JopdaHoabl knemKu pasMepa 1, mo Hynesoe peweHrue ycmoii-
yuso.

3) Ecnu umeemcs AJ-, y xomopozo Re AJ- > 0, unu y xomopozo
Re Aj = 0 u mopdarosa Knemxa pasmepa > 2, mo Hynesoe
peueHue Heycmoliyuso.

JAokasamenscmso. Tlo TeopeMe 16 § 14 moGoe pelieHHe UMeeT
Buz (75) § 14, To ecTb B BEKTOPHO#M 3anmucH

z =P )M +... + 2 (t)e™, (11)

rae g}(t) — MHOIOWIEH CTENeHH He Bbillle ch -1, kj — pa3Mep
HauGoNbLIeH U3 XOPAAHOBBIX KIETOK, COOEpXalIuX Aj; Ko3d-
duLHMEeHTH MHOrOYwIEHOB — BekTOphl M3 R”. IIpu A = a + fi

P(t)eM = P(t)e™ (cos Bt + isin Pt), |cos Pt +isin ft| = 1.

Ecnna<0,'roe‘"—>0(t—+oo) M, KaK U3BECTHO U3 Kypca
MaTeMaTHyecKoro aHanusa, 2(t)e® — 0. Hoa'rouy\g ciyyae
1) xaxpmoe peleHue CTPEMHUTCS K HYMO Npu ¢ — 00, 3HAYUT,
orpaHuueHo npn 0 < ¢ < oo. Torna U pyHmaMeHTanbHas Ma-
tpuua X(£), cron6ust Koropoii — pewenus, 4 X(0) = E,
ToXe orpaHuyeHa, || X(#)|| < m (0 <t < o0), u || X ()| — 0
(t — 00). inst mo6oro pemenns umeem z(t) = X (t)z(0). Mo-
atomy u3 |z(0)| < 6 = &/m caenyer |2(t)| < || X(2)l] - |2(0)| < €

(0 < t < o), xpome TOro, z(t) — 0 mpu ¢ — oo. Hynesoe -

pellieHHEe aCMMITTOTHYECKH YCTOUYHMBO.
B cayuae 2) Te cnaraemsie B (11), B kotopeix Re); <0,
orpaHuyeHsl npu 0 < ¢ < 0o, KaK B ciayyae 1). Cnaraembie
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Inasa 4. AsmoroMHble cucmems! u ycmoliyusocms

¢ Re Aj = (0 MMEIOT MHOTOWIEHBI HYJNEBO# CTENneHH, TO €CThb
KOHCTaHTHI, U TOXe OrpaHH4YeHsl. OnATh BCe pellieHUsA OrpaHu-
YeHbl, U B CHJIy T€X X€ OLICHOK, YTO BHILIE, HYJIEBOEe pellleHHe
ycTONYHBO.

B cnyyae 3) npu Hanuumm xots Gl oaHOTO A; = a + Bi

¢ a > 0 umeerca pemenue puna z(t) = e@Ply e v —
COGCTBEHHBI BeKTOP 1151 3T0T0 A;. Tak Kak e® — oo (t = 00),

le‘ﬂ'l = 1, T0 3TO peuieHne HeorpaHuyeHHO npu 0 < ¢ < oo.
Ecnu matpuua A BewectBeHHas M § # 0, To peweHue z(t)
KOMIUIEKCHoe, HO Re z(t) u Im z(t) — BewecTBeHHbIE peLueHHus,
M3 KOTOPBIX XOTAA.6bl 0AHO HeorpaHU4eHHo. ITycts § > 0 moGoe
u ¢ = §/(2|z(0)]). Torna mna pemenus z,(t) = cz(t) umeem
|#,(0)| = 6/2; =,(t) HeorpannuerHo npu 0 < ¢ < oo. Hynepoe
pelilieHHe HEeyCTONYMBO. ‘

Ecnu xe Her AJ- c Rea\i >0, Hoectb A ¢ ReA =0
M XOpAAHOBOI KiieTKoi pasmepa k = 2, To U3 GpopMyi1, JAIOLIUX
pewienue cucteMsl (73) § 14 ¢ XopaaHoBoil KIeTKOii, cieny-
eT, YTO CyliecTByeT peienue una y = P(t)e, rne 2P(t) —
MHOrowieH creneHd k — 1 > 1 co crapmmum ko3dduLUEeHTOM,
He paBHBIM Hymi0. Tak Kak 3aech |€*| = 1, To 3T0 pemenue He-
OrPaHMYEHHO, M HYNEBOE peilieHHe HeYCTOHYMBO, Kak Boiwe. ll

3amevanme. 3aecb AOKa3aHa AOCTaTOMHOCTL YCNOBWIA Teopembl 2.
HeTpyaHo AoKa3aTb TaKKe WX HEOOXOAUMOCTb.

3adayu ona ynpawHeHul:
[12), § 24, Ne 156, 157.

[

[5.]

KpoMe noHsATHIT YCTOHYMBOCTH M aCHMITOTHYECKOI YCTOHYMBOCTH,

O KOTOPHIX TOBOPWIOCH BBIlLIC, ISl MPHUJIOXEHUH BaXHO MOHATHE ycmoii-
yueocmu npu nocmosmHHo Oelicmeyiouux eoamyuenusax. Takas ycToHYMBOCTD
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§ 19. Uccnedosanue ycmolivusocmu ¢ nomouwibio yHkyuli Jianyrnosa

o3HayaeT, 4o npu &) < ¢ < 00 pellleHHe Malo MEHSIETCS He TONBKO M3-3a
MaIBIX M3MEHEHUH HAvYaNbHBIX YCJIOBHIf, HO M H3-3a JIIOOLIX AOCTaTOYHO
MaJIbIX BHELIHMX BO3leiicTBHUil, HarpuMep, noMex, AeCTBYIOLIUX BCE BpeMs
(1341, §70).

Pewenue = = @(t) cucremnt (7) ¢ HavanbHBIM ycnosueM ¢(t)) = Z,
Ha3bIBaETCA YCTOHYMBBIM NPH MOCTOAHHO ACHCTBYIOIIMX BO3MYILEHHSAX, €CIIH
A moboro € > 0 Haitayrcs Takue § > 0 u 1 > 0, yTo NpH MOGHIX T,
h(t,z) € C Takux, uro |Z, - z)| < &, |h(t,z)| < n npu ¢ > t), |zl <e,
KaXa0e pelieHne z(t) 3anaun

E. = f(t,%) +h(t,3), EF(t) =5,

npu ¢) < ¢ < 00 CyWIECTBYET H YNOBJIETBOPAET HEPABEHCTBY (8).

Ycnosus, obGecneynBalomine aCHMNTOTHYECKYIO YCTOHYMBOCTB, YacTO
obecneyrBalOT M YCTOHYMUBOCTD NMPH MOCTOAHHO JCHCTBYIOLIMX BO3MYILICHM-
ax. TakuM sIBNAETCA, B YACTHOCTH, ycnoBue 1) Teopemsi 2.

el

A

§ 19. UccnepoBaHme yCTOMUYUBOCTH
¢ nomouybio pyHKUMK JianyHoBa

ll:l IpousBonHoit dyHKUMH v(t, z) B CHJIy JAHHO# CHCTEMBI
d:c

— =f(t,z) (z€R", feR"), (12)
Ha3BIBaeTCS cbyﬂxum
dv 8v & v
dat (12) T ot 8""1 it t o, oz, I 13)

mevuf,...,[,3asucarort, z,,...,z,. Popmyna (13) nossonser
HalTH NPOM3BOAHYIO CIOXHON DYHKUMHU

o(t, z(t)) = v(t, z,(¢),..., a:”(t)),
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Inasa 4. AsmoHomHble cucmems! u ycmolidusocms

rae z(t) — moGoe peweHue cucteMbl (12), He 3Has peLieHwMi
cucteMsl. ITo Teopeme 0 NMPOU3BONHOIM CAOXHOI DYHKUUHK

d 80 80 d:c o dz
Ev(t,a:,(t) ,zn(t)) n

31 at +...+8$ —at— (14)

Tak xak z(t) = (z,(?),..., a:”(t)) — pemeHue cucremsl (12), To
de,/dt = f;(t,2,,...,2,) u cymma B (14) paBHa (13).

2]

Teopema 3 (Teopema JlanyHoBa 06 ycTo#unBoCTH).

Nycmp z(t) = 0 — pewerue cucmemst (12), u nycms npu |z| < p
(p > 0) cywecmsyem ¢ynkyus v(z) € C', ydosnemsopsowan
yenosusm v(0) = 0, v(z) > 0 npu z # 0, dv/dtl(m < 0. To2da
Hynesoe pewenue z(t) = 0 ycmolivuso.

Hokaszamenscmeo. BosbMem moGoe € > 0 u ¢, = min{e, p}.
HenpepsiBHas yHkuus v(x) Ha MHoxecTse S(|z| = ¢,) mocTu-
raeT B HEKOTOpO#l Touke z* € S CBOEro HAUMEHBLIETNO 3HAYEHHSI
n}qin v(z) = v(z*). Tak kak v(z) > 0 Ha S, 10 v(z*) =m > 0.

®yukuus v(z) HenpepsiBHa, v(0) = 0, moaToMy HaiineTcs TaKoe

6 >0, yto v(z) < m npH |z| < 6.

Ipennonoxum, yto pewenue z(t) c |z(t,)| < 6§ wm cy-
LIECTBYET He Ha BceM MHTepBaie ¢, < ¢ < 00, WIH He OCTaeTcs
B obnactu |z| < ¢,. Torna B cuny crenctsusi TeopeMsl 4 § 6
Haiinercs Ttakoe t, > t,, uro |z(¢,)| = ¢,, |2(t)| < €, mpu
ty < t < t,. Torma v(z(t))) < m, v(z(t,)) > m B cuny cribopa
m U §. 3T0 HEBO3MOXHO, TaK KaK

dv(z(t)) dv

<0
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§ 19. Hccnedosarue ycmoliyusocmu ¢ nomowsio ¢yHkyuii JianyHosa

u v(z(t)) He Bospactaer. UTaK, NpeanonoxXeHUe HEBEPHO, U Te-
opeMa JI0Ka3aHa. ’ |

Teopema 4 (Teopema JianyHoBa 06 acCMMNTOTHYECKOI YCTONYMBO-
ctu). llycms sbinonHens! ycnosus meopeMs 3 € 3aMeHoli nocnedHe20
HepaseHcmea Ha dv/dt|m) < —w(z) <0 npu 0 < |z| < p;
dynryua w(z) HenpepvisHa npu |z| < p. To2da Hynesoe peweHue
acumnmomuyecku ycmoti4uso.

Hokazamenscmso. U3 npenbinyiueit TEOpeMB U ee IOKA3aTesb-
CTBa CleflyeT, YTO HyJN€BOe pElLICHHE YCTOWYMBO M YTO JoGoe
pemenue z(t) ¢ |=(¢,))] < & ocraerca B wape |z| < €, npu
t, < t < 0o. lokaxeM, uro z(t) — 0 npu ¢ — oo.

B NpoTHBHOM cllyyae HauumMch GBI Takue yucina 7 > 0
ut,t,...— o0, uyro |z(t;)| > n (i = 1,2,...). B 3amKHy-
Toit obnactn 7 < |z| < €, umeem v(z) > p > 0, moaromy
v(z) > p >0 (=12,...). Ta kaK dv/dt[uz) <0, 10
v(z(t)) He Bo3spacTaeT; moaroMy v(z(t)) > p npu Bcex t > ¢,.
(Ecu 66t 6but0 v(z(t)) < g npu HekoTopoM ¢, To MpH Beex ¢,
66nbuIMX 3T0TO ¢, TOXE GBUIO GBI ¥(Z(t;)) < 4, 2 3TO MPOTHBO-
PEYMT MPEANONOXEHHIO.)

Bo3spMeMm Takoe §; > 0, yto v(z) < 4 B obnactu |z| < §,.
Pewenue z(t) He MOXET BOUTH B 3Ty 06/1aCTh, TO3TOMY OCTA€eTCs
B 3aMKHyToit obmactu 6, < |z| < ¢,. Tam w(z) > B > 0,
dv/dt| a2 S =B <0, noaromy

t
o) -v(et)= [ D dr<-p-t) -0 (t—o0)
L)
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Inasa 4. AsmoHomHbie cucmeMsl U ycmolidusocms

HO v(z) > 0. ITpoTUBOpeYHe TIOKA3LIBAET, YTO MPEATONIOXEHHE
z(t) -+ 0 HeBepHO. [

3amevanue. [pu BLINONHEHUU YCNOBUIA ITOW TEOPEMbl Hynesoe pe-
weHue GYAET TaKKe YCTONYMBLIM NPU NOCTOAHHO AEHCTBYIOUWMUX BO3-
myuwenuax ([34], § 70).

A. M. JIsnyHoB nokasan Gonee obuiue TeopeMbl — € (yHK-
uueit v(t, z) BMecto v(z), yaOBIETBOpsIOLIEH HEKOTOPHIM APYTMM
OrpaHHYEHHSAM.

®Dyukuns v(z) win v(t, =), npuMeHsieMast IPU JOKA3aTeNIbCTBE
YCTOMYMBOCTH, HA3bIBaeTCA Qynxyueii Jlanynoea. It KOHKPETHBIX
cucrem auddepeHUIHANBHBIX YPaBHEHHUIA ee noadupaTh Henerko. Ins
HECJIOXHBIX CUCTEM MHOrAa MOXHO Gparb (yHkuuio v(z) paBHOM
KBaIpaTy pacCTOSIHMSI TOYKM  OT MOJOXEHHUs paBHOBecusl. Boiee
CIOXHBIE TpUEMEI oa6opa GyHKLKHK JIAnyHOBa OGBIYHO He BKITIOYA-
I0TCS1 B nporpamMMmy Kypca audbepeHUHANIbHBIX YpaBHEHUIA.

e et et === A
I Mpumep 5. YcT0it4nBO nK HyneBoe pelueHue ypasHeHHs [
[

| 2 =sinz-2z? |

Pewerue npumepa. BozbmeMm v = z?. Torpa

d

d—'t' =222’ = 22(sinz —2) <0 (z #0).
Mo TeopeMe 4 HyneBoe pelweHWe aCUMNTOTUYECKM YCTOHYNBO. <
| e A




§ 19. Uccnedosarue ycmodyusocmu ¢ nomowsbio dynkyud JlanyHosa

PeweHue npumepa. NinHeiHas 4aCTb CUCTEMBl UMEET MaTpULLy

-1 1
a=(75 0)-
[na wee A, = 0, A\, = —1, cobcteennnie BexToph v' = (:),

v = (1 nexar Ha npaMbx ¥y — = 0 u y = 0. Bo3bMem

0

v=(y - z)> + y*. Toma
dv

di

=2y-z)(y - o)+ 20y =
(15)

=2y -z)(z -y -2°) - 292°.

IT0 — MHOTOuNeH 2-i cTeneHn OTHOCUTENbHO Y. YTOGbH CyAUTb O ero
3HaKe, BbIiGNAEM NONHBIK KBaApaT
dv

= -2y - z +2°)? - 22*(1 - zP).
dt s)
310 MeHbwe Hyna B o6nactu |z| < 1, kpome Touku (0, 0). Mo Teope-

Me 4 HyneBoe peueHue aCUMNTOTUYECKU YCTOWYUBO. |

Hns cucreM Buaa dz/dt = f(z) (z € R") yacto GriBaeT ynoGHee

BMECTO TeOpeMBbI 4 MOJIb30BaThCA CAECAYIONIEH TeopeMOiA.

Teopema 5 (E. A. Bap6awmn, H. H. Kpacosckuit [20], Teopema
5.2). flyems 8 (2) f € C', £(0) = 0 u nycms npu |z| < p
(p > 0) cywecmsyem maxas pynryus v(z) € C', ymo v(0) = 0,
v(z) > 0(z # 0), dv/dtl(z) < 0, a mHoxecmeo N mex z, npu
Komopbix dv/dt|(2) = 0, He codepxum yensvix mpaekmopudli, Kpome
z = 0. Tozda Hynesoe pelieHue acuMnmomuyecKu ycmoiyuso.
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Tnasa 4. AsmoHomHble cucmeMsl u ycmoliyusocms

[ ]

Jlokazamenscmeo. TIpu NaHHBIX YCAOBHSIX BBLIMOMHEHHI TAKKE YCIOBHA
TeopeMbi 3, MOITOMY HYJIEBOE pellieHHE YCTOWYHBO M BCE PELIEHHMS C
|z(0)] < & ocralorcs B wape S(jz| < €). ¥ moboro Takoro pemeHus
z(t) no Teopeme 1 cyuecTByeT w-npeneabHoe MHOXecTBo 2 C S,
cocrosiiee M3 uenbix Tpaekropuil. @yHkuma v(z(t)) He Bospacraer
H CYILECTByeT ‘hrg v(z(t)) = 1. JioGast Touka b € Q ects lim z(¢;)

IS HEKOTOPO# NMOCNEAOBATENLHOCTH ¢, — 00. B CHily HenpepHBHOCTH
bynkunn v u3 z2(t;) — b crenyer v(b) = limv(z(t)) = 1. Touxka
b € Q npoussonbHa, modToMy Ha 2 Beiony v(z) = 1. B cuny Teope-
Mbl 1 cymectByer pemienne z(t) € Q ¢ z(0) = b. Torna v(2(t)) =1,
M Ha TpaexTopuu z(t)

dv| dv(2(t))

dt @ dt
3uauut, Tpaekropusa z(t) comepxurcs B MHoxectBe N. Tak kak N
HE CONEPXHT LeNbIX TPAaeKTOpHii, kpome Toukn z = 0, To 2(t) = 0,
b = 0. Tak kak b — mioGast Touka u3 {2, TO MHOXECTBO {2 COCTOMT
13 oxHo# Touku = 0. 3nHaumt, Bce pewenus ¢ |2(0)] < § crpe-
MATCA K HYyMIO npu £ — 00, M HYJEBOE pELICHHE ACHMNTOTHYECKH
yCTOH4MBO. n

: Npumep 7. Ypaeuenue z" + az’ + 2° = 0 ceoguTCA K cUCTeMe :
| =y, y=-2"-ay (16) 1
| |
| |

WccnepyeMm, yCTONYUBO NK HyneBoe pelleHue CUCTeMbl.

Pewenue npumepa. B cnyyae a = 0 u3 (16) cnepyer dy/dz = —=z°/y,
2y’ +2* = c. bepa v = 2y’ + 2*, nonyvaem dv/dtl a6 = 0. No Teopeme 3
HyneBoe pelleHue YCTONYUBO. ACUMNTOTUYECKOH YCTOWUMBOCTMU HET, TaK Kak
ana moboro Hewynesoro pewenus z(t), y(t) vmeem 2y%(t) + z*(t) =
const - 0 npu £ — oo.
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§ 19. Uccnedosarnue ycmolivusocmu ¢ nomowsio QyHKyul JlanyHosa

B cnyyae a > 0 Gepem Toxe v = 2y* + z*. Torpa

dv
E = —4¢ly2 <0.
(16)
PaBeHcTBO pocTUraeTca Tonbko Ha npamoit ¥y = 0. Ha 3toii npamoit umeem
y' = -2’ # 0 npu = # 0. CneposatenbHo, BCe peleHUs, NPOXOAAUMeE

yepes To4ku npamoii y = 0, Kpome HyneBOro peleHus, TyT e CXOAAT C Hee.
Mo Teopeme 5 Hynesoe peleHUe aCUMNTOTUMECKM YCTONYUBO.

B cnyyae a < 0 cucrema (16) 3amenoit ¢t u y Ha —t u —y cBopuTCA
K cucteme ¢’ =y, ¥ = —2* + ay, ommuaroueiica ot (16) TONLKO 3HaKOM
nepep a. o pokasaHHOMY, BCe peweHUa 3Toi HOBOWH CUCTeMbl U3 HEKOTOpOM
obnactu z* + yz < p* cipemstca K Hyno npu ¢t — 0o. 3HauuT, AnA
cuctemb! (16) peweHus CTpeMaTca K Hyno npu t — —o0. B npumepe 2 6uino
NOKa3aHo, YTO NPU HANUYUK XOTA Gbl ORHOTO peleHus, crpemuueroca K Hynio
npu t — —00, HyneBoe peweHue HeycToiuuso. <

Gl
[3.]
Teopema 6 (Teopema YertaeBa 06 HeycToiuuBOCTH).
Nycms z(t) = 0 — pewenue cucmemsi (12). fMycms obnacms D
npocmpancmsa = nexum 8 wape S(|z| < €), a ee 2panuya T' =
FLUT,, 0 €T, || <€ wnaT,y |z| = € na T, mHomecmeo T,
Moxem 6bimb nycmoiM. flycms 8 D U T cywecmayem HenpepbigHas
dynryus v(z), v(z) =0 Ha T, a 8 D umeem v € C', v(z) >0,

dv/dt]uz) = w(z) > 0, w Henpepsisha 8 D N T'. Tozda nyneaoe
pewetue cucmemsl (12) neycmoiiuugo.

Jokazamenscmeo. TIpeanonoxum, YTo HyJeBOE pellieHHE YCTOM-
yuso. Toraa Haiinercs Takoe § > 0, yto moGoe peuene z(t)
c HayanbHBIM yenosueM z(ty) € D, |z(t,)| < 8, octaercs B wape
S npu t, <t < oo. Moka z(t) € D, numeem dv(z(t))/dt > 0,
3HauuT, v(z(t)) Bospacraer u v(z(t)) > v(z(t,)) = v, > 0.
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Inasa 4. AsmoHomHble cucmemsl u ycmoliivusocme

Ta vacte D, MHoXecTBa D U T, rae v(z) > v, — orpaHuyeH-
HOE 3aMKHYTOE MHOXECTBO (B €ro npeeIbHBHX TOYKAaX MMeeM
Toxe £ € DUT, v(z) > v, BcnencrBue HENpPepHBHOCTH v(z)).
Pemenue z(t) He Moxer BuitTH M3 D, u60 Ha [ v(z) = 0,
a Ha I'| pemenue He nomanaet, Tak Kak |z(f)| < €. Ha D,
umeeM w(z) = B >0,

So(e () > v(e®) > B, o(et) ~vlalte) > Bt —t) = oo
(t — 00).

9To NPOTHBOPEYHT OrpaHHYeHHOCTH dyHKIMM v(z) B D;. Cne-
JOBaTENLHO, HYNIEBOE PellIeHHE HEYCTONYMBO. |

I Npumep 8. YcToituuso nu Hynesoe peweHue CUCTEMbI
|

| g =ax+by—9y’, ¥y =czx+dy-2
: (a,b,c,d > 0)?

Pewenue npumepa. Npu Mansix z, Y B 1-i yerseptn umeem z' > 0,
y' > 0, 3HauuT, TaMm pewenns ypanaiotca ot Touku (0, 0). Bosbmem
v=zy s obnactn D (z >0,y > 0,2 +y* < £?). Torga

dv .
Z| = z'y+zy = aa:y-+-b_y_2 —g3+_cl2+dzy—g3 = w(z, y).

(17)

Mpu manom € n 0 < 2 < &, 0 < Yy < € cyMMa NOAYEPKHYTBIX YANEHOB
nonoxutenbHa, nostomy 8 D w(z,y) > 0. Mo Teopeme 6 Hynesoe
pewenue HeyCTON4UBO. <

3adavu Ona ynpaxneHud:
[12], § 15, N2 923-930.
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§ 20. Ycmoiiyusocms no nepsomy npubnuxeHuio

e——)>
@ Benencrsue TpyaHocreit npu noa6ope ¢yHkuuu JIsmyHosa BO3HHKaeT
BOIPOC O €¢ CYLIECTBOBAHHM — BONPOC, KOIIa MOXHO NBITATCA Noa6HpaTh
dyuxkumnio v(z) wiu v(t, ), yIORIETBOPSIOMIYIO YCIOBHAM TeopeM 3 u 4
(wn1 nomoGHEIX TeopeM), a KOraa Her. Maccepa JoKa3ai, YTO Ui CHCTEM
Buga ' = f(z), z € R®, B OKPECTHOCTH ACHMITTOTHYECKH YCTOHYMBOIO
NIONOXEHHs PaBHOBECHS BCETAa cyluecTByeT GyHkuus JIsmyHosa v(z), a uns
cucreMm 2’ = f(t, z) ¢ neproanyeckoii no ¢ GpyHKumMelr f — nepuonMuecKas
dynkuus JisnyHosa v(t,z) ([34], §73). dna ycTOHYMBOrO MOMOXEHHUS
paBHoBecusi cuctemnl ' = f(t, z) cywmecrsyer dynkuus Jianysosa v(t, z)
([28], rn. 4, §9), a bynkuus v(z) MOXeET He CYILIECTBOBAT JaXe IS CHCTEMbI
z' = f(z) ([32], c1p.57).

Onnako He CyLecTBYeT OOLIMX METOAOB MOCTPOoeHUA PyHKUMH JIammyHo-
Ba B C/IyyasiX, KOra PeLIeHUA CHCTEMBI HEM3BECTHBI. JUISl HY XM MPUIOXeHH i
pa3pabaThIBAIHCh METOABI MOCTPOSHUA DyHKLUHMI JIANyHOBA I OTACABHBIX
KNIaCCOB CHCTEM, HanpuMep, B [21].

Gl

§ 20. VcroituMBOCTL NO nepBoMy NpubanKeHuio

IZI B TeopeMe 2 GbUIH MOJYYEHBI YCIOBHSI aCHMITTOTHYECKO YCTOl -
YHUBOCTH U YCJIOBMS HeyqroﬁqunocTn 11 TMHEHHOI CUCTEMBI C TO-
CTOSIHHBIMM Ko3(dduimMenTamu ' = Az. Cnenylomas Teopema 7
YTBEpXIAeT, YTo B ciyyae max Re A; # 0 3TH yCNOBUS NMPHUIOAHBI
M 11 HeNMHelHO# cuctemsl ' = Az + ¢(t, z), rie A — NOCTOSIH-
Hast Matpuua, |p(t, )| < ¢*(z) = o(|z|) npu z — 0.

K TakoMy BUAY NpHBOISTCS M MHOrWe Apyrue cucrembl. IlycThb
e=2y=(2,q,...,%,9) — MNONOXEHHE PaBHOBECHS CHCTeMBI &' = f(z)
(z € R"), 10 ectb f(z,) = 0. Pa3naras f(x) BGIM3M TOUKM T = I,
no ¢opmyne Teitiopa 10 4ieHOB NEpBOro NOPSAAKA MaJOCTH, MOMNY-

0
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Inasa 4. AsmonomHbie cucmemsl u ycmolivusocms

YaeM CHCTEMY
z:' = a:'l(zl - "10) +...+ a:'n(zn - ‘”no) + ‘Pi(z)’ i=1..,n

e a;; = 8f,/0z;|,_. , ¢;(2) = o(lx — 2,|) npu z — =,. Mepenocs
HAYaIO0 KOOPIMHAT B TOYKY T, 3AMEHOH T = T, + ¥, TOMydYaeM
(B BexTOpHOI 3ammucH)

v =Ay+o,(¥), ¢ =o(yl) npu y—0,

matpuua A = (a;;); j=y,..ns 8;; CM. BHiIe. B Gonee oGmem ciryuae,

Korma MaTpuua A 3aBMCHT OT £, TeopeMa 7 He PpMMEHHMa.
Teopema 7 (06 ycroitumsoctu no nepsomy npubnwxenuw). Pac-
CMOMPUM cucmemy

' = Az +¢(t,z), z€R". (18)
flyems npu t > 0, |z| < py dywwuus ¢ € C', lp(t, z)| < 7(z)l,
7(z) = 0 (z —0).
- 1) Ecnu mampuya A umeem ece Re A; < 0, mo Hynesoe pewerue

acumnmomuyecku ycmoliyuso.

2) Ecnu mampuya A umeem xoma 6bl 00Ho A ¢ ReA > 0, mo
Hynesoe peuleHue Heycmoliyuso.

3) B «xpumuyeckom» cry4ae, mo ecms k0200 max Re A; = 0, Ha-
AuYUe yemoiiyugocmu unu Heycmoiiyusocmu 3a8ucum He monbKo
om mampuysi A, Ho u om gyrryuu (¢, ).

Jfloxasamenscmso. JlokaxeM TeopeMy B Ciydae, Koraa Bce
Re A" <0.

OueHnM CTONGUBI MATPHLLBI ed. Bra MaTpuua — ¢QyH-
maMeHTanbHas Mns cucteMs y' = Ay, ee ctonbunm 9'(t),...,
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§20. Ycmoiiyusocms no nepsomy npubnuxenuio

¥"(t) — peweHus 310l cucrembi. Kaxnoe pelieHue HUMeeT
Bux (11). Tyers @ > 0 Takoe, yro Bce ReA; < —a < 0. Torna
Red;+a < —p < 0 i Beex j; g;.(t) — MHOTOWIEH, MNO-
3TOMY |g°j(t)e(""+")'| < l?g(t)/e"‘ | = 0 npu ¢t — oo, 3uaunr,
|9’3.(t)e(*"+")‘| <6 (0<t<oo),u
0] = [0 ]e < e
ITosToMy Nnpu HEKOTOPOM € = const HMEEM OLIEHKY
Wt < ce™ (k=1,...,n). o (19)

®yHKuMIo JIANyHOBa BO3bMEM B imne
. w N
v(z) = / le"4z| dr. (20)
0

Peuenne cucteMul y' = Ay ¢ HavansHeM ycnosueM y(0) = z =
(2y5--.,x,)7 ectb
y(t) = ez =2 9'(t) +... + 2, 9"(t),

TaK KaK $*(t) — pewmenue, y xotoporo 9*(0) ects k-it cronGen
eauHnyHoit MaTpulsl. [Toatomy

le™a’ =ly(r)*=y-y=Y _ d;j(r)z;2 ,,' d(r) =9 (1) (7).

i,j=1

i
B cuny (19) |d,;(7)| < ™", Tonsaysich oM, u3 (20) mony-
yaem

v(z) = Ebuz,zj, by = / d;(r)dr =b;. (21

I,J"' 0
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Inasa 4. AsmoHoMHble cucmems! U ycmoiyusocms

B cuny oueHxkH GyHKuUMHA d,-j('r) HHTErpansl OT HUX, a 3HAYUT
u uHTerpan B (20), cxonsres.
Haitnem dv/dt B cuny cuctemn y' = Ay. Umeem

0 R I
ny —a | .= E!le Ayt)|" dr

o)

r . @)

t=0

t=0

rne y(t) — pewieHne cucteMH y' = Ay ¢ HaYaIBHHIM YCIOBHEM
¥(0) = =, 10 ect y(t) = e*4z. MonuHTerpanbLHOE BHpaXeHHE
pasHo |e"e'4z|? = |4z, Mepexoms or 7 k 8 =7 +1,
MoTy4aeM, YTo BHpaxeHue (22) paBHO

d 0
p / le*4z)? ds
t

Teneps Halinem dv/dt B cuny cucremsi (18)

dv(z)
Tdt

- 7|C‘A3|2
t=0

= —Jof. (23)
t=0

= (grad v(z)) - (Az + p(¢, 2)) =
(18)

= (grad v(z)) - Az + (grad v(z)) - ¢(t, z).

Tepsoe cnaraemoe B cuy (13) ects dv/dt|,,_,., 3HauuT, pasHO
BHIpaxeHuio (22) u (23).
Ouenum Bropoe. U3 (21) nonyyaeM, nons3ysich HEpaBeH-

croM Ko (§4) u cunras |b;| < b,i,j=1,...,n,
dv - dv \? 2 -
_ 2 2 _ a2 02
= =1 (E) <428 2 < .
j= i= j=

n dv 2
ras(e)ft =3 (5 <4nlels Il <760l

=1 i

> e
DU OV SR T Vs
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§ 20. Ycmoiiyusocms no nepsoMy npubnuxeHuio

INosTomy
dv(z)
¢ lag)

1
< —l"1+ 2bmlz - 1@l < —3 o’

B Toit o6nactu, rae y(z) < 1/(4bn). Kpome Toro, us (20)
umeem v(0) = 0, v(z) > 0 npu z # 0. CnenosatensHo, v(z) —
dynkuus JIsmyHoBa ansi cucrembl (18), M HyneBoe pelieHHe
aCHMMNTOTHYECKH YCTOIYMBO MO TeOpeMe 4.

Joka3aTenbcTBO yTBEpXICHHS 2) (0 HEyCTONYMBOCTH) He
BXOOMT B mporpaMMy Kypca. OHO uMeercs, Hanpumep, B [28],
cTp. 262-264. '

Y1BepxaeHue 3) 0 KPUTHYECKHUX CITY4asasX MOATBEPXKHAETCS
npumepoM 10. |

A

Npumep 9. Npu Kakux 3Havenusx napametpa a € R Hynesoe |
peiuenue cucTembl

(24)

]

]

]

: z' =z+(2—‘a)y,

: ¥ = az - 3y + (4’ — 2a - 3)2?
|
|

ACUMNTOTUYECKU YCTORYUBO? YCTOMYUBO? HEYCTOMYUBO?

Pewenue npumepa. CocrasnsieM xapaKTrepuctuyeckoe ypasHeHue gns
nuueﬁuqﬁ 4YacTH cucCTeMbl

1-A 2-a
a -3-2A

=0, A+22+d*-2a-3=0.

Mo Teopeme Buera

A +A=-2<0, A-A=a’-2a-3=(a-3)(a+]1).
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Inasa 4. AsmoromHble cucmemsb! U ycmoliyusocms

B 3aBUCHMOCTH OT 3HaYeHNA NapameTpa a nonyyaem

1) -1 <a <3 7103 A, - A, <0, cywecrsyer kopeub A > 0.
Mo Teopeme 7 HyneBoe pelweHne HEyCTOHYHUBO.

2) a<-1nwm a>3, Toraa A <A, >0. Yuuthieas, 4o A, + A, =
—2, nonyyaem pea cnydas. Ecau A;, A, BewecTsenuuie, T0
A, <0, A,<0; ecnn A ,=a*pPi, 10 ReA ,=a=-1. B obo-
UX Cy4anX HyNeBoe pelenne aCUMNTOTHYECKHU YCTORYMBO NO Te-
opewme 7.

3) a=—1 um a=3, Torga A24+-21=0, A, =0, A, =—2. Kopxu
npoctbie, a cucteMa (24) nuxeiHas. B cuny Teopembl 2 Hyne-
BOE pelleHne YCTOHYNBO, HO He ACUMNTOTUYECKH U3-3a HANUYKUA

kopHa A, =0. .
it A
| MNpumep 10. YCTOHYUBO NK HyneBoe pelieHne cUCTeMbl !
|
I g=y-cz’, y =-bc’-cy? (25)
L e e e 4

Pewenue npumepa. Npn b = ¢ = 0 cucrema nuHeitHa, Am =0,
XOpAAHOBA KieTka pasMepa 2. Mo Teopeme 2 HyneBoe pewenue He-
ycroiuuso. Mpu apyrux b u ¢ umeem KpUTHYECKMIF Clyyail, BO3MOXHA

~ Kak yCTOVI‘MBOCTb, TaK U neyaouqusocrb

Mpu b > 0 BoabMem v = 2y* + ba*, kak 8 npumepe 7. Torna
dv
dt 2s)
Ecm ¢ > 0, To dv/dt < 0 (|z] + |yl # 0). No Teopeme 4 —
acumnToTMYecKas ycToinuusocTb. Ecnu xe ¢ = 0, To dv/dt = 0.
Mo Teopeme 3 yCTOMYUBOCTb, HO HE ACUMNTOTMYECKaA, TaK Kak
v(z(t), y(t)) = const = 0.
NMpu b < 0, ¢ < 0 HeycroAunBOCTL — Kak B npumepe 8,
v = zy. <

= —4bez® — 4cy®.
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§21. Ocobsie moyKu

——)

A.M.JIsanyHoB Jaji METOAB MCCJiEIOBAHHA YCTOWYHBOCTH B OCHOBHBIX
KPHTHYECKMX CITyyasx, cM. [34], mi. 4. O6 uccnenoBaHMAX IPYTHX KPUTHYEC-
KHX caydaes cM. [19], . 3.

Teopema 00 yCTOIYMBOCTH MO MEepBOMYy NPUOMDKEHHIO 0GoOIIanach
B Pa3HbIX HaNpaBRNEHUAX, B YaCTHOCTH, Ha ClIy4ail, KOIJa CHCTEMa NepBOro
npubJXKEHHUA HMEET HE MOCTOAHHBIE, a MepHoANYecKHEe KOIPGHHULIMEHTHI
(28], .4, §12).

B paznuyHbIX paGoTax oLeHHBAIACh OOJACTb YCTOHYMBOCTH — 00/1acTh
BO3MOXHBIX HaYaJbHBLIX BO3MYLUEHMI, JUIS KOTOPOH OTKIOHEHHE pelIeHHsA
Z(t) or ¢(t), cm. (8), npu Beex ¢ > t, ocTacTCA OrpaHHYEHHBIM (WIH CTpe-
MHUTCSL K HyJIIO npH ¢ — 00).

O 4acTOTHBIX METOAAX MCCenoBaHMs ycToftunBocTH cM. [27]. Crcok
6onee MO3AHKX PaGoOT MO TEOPHH YCTOMYUBOCTH UMeeTca B [35].

Gl

§ 21. Ocobbie TOUYKH

W3yuaeTcs pacriosioXXeHHe TPaeKTOPHit CUCTEMBI
) = az, + bz,, z),=cz, +dz, (a,b,c,d€R'), (26)

B6aM3M ocoboii Touku (0,0). PaccmaTpuBaeTcsi Takke HelMHeHHas
CHCTEMA JABYX YPaBHEHHIA.

@ Ina uccnenoBaHus cuctembl (26) cHayana Hamo HailTu coG-
CTBEHHBIE 3HAYEHUS A;, A, ¥ COGCTBEHHBIE BEKTODH MATpHUbI A =

c d
A. Yucna A, A, BELIECTBEHHbI, Pa3IHYHB U OTIMYHBI OT HYJIS.
B Ga3unce U3 COGCTBEHHBIX BEKTOPOB MAaTpHLIA TMaroHajlbHa, CHCTe-
Ma (26) npuBOAMTCA K BUAY

V=AY, Y =AY, (27)

(¢ 2)
. Bo3MOXHBI ciienylolue cay4an.
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Inasa 4. AsmoHomHble cucmems! U ycmoliyusocms

n nmee] obuee pemenue y, = c,e’’, y, = e’ ¢ m o —
NMpPOM3BOJNBHEE MOCTOSSHHBIC. Mckimouast &, mojyyaeM ypaBHEHHe
TpaeKTOpuit

L

yz=¢:2(%%)“l (mpu ¢, #0) u y,=0 (npu ¢,=0). (28)

Ecnu A| ¥ A, OIHOrO 3HaKa, TO TPACKTOPUH CXOAHH C AyraMH .

napa6on, KacaiolmMucs ocd Oy, B Touke (0, 0) (ecmm |Ay] > |A,l,
puc. 16 u 17), unu ocu Oy, (ecam |A,] < |A,|); koopmuHaTHEIE
MOJIYOCH TOXE SIBISIOTCA TpaeKTopusaMH. Ocobasi TOYKa Ha3hIBaeT-
cs yaom. TIo BCeM TpaeKTOPUAM MPOMCXOAMT IBIDKEHHE K TOYKE

(0,0), ecn A;, A, < 0 (ycroitumshiit y3en, puc. 16), u ot Hee, eciu .

A A, > 0 (neycroituushiit ysen, puc. 17). HanpasneHue ABUXEHUS
YKa3bIBaeTCs, CTPEKAMM Ha TPAEKTOPHUSAX.

% Y, .

Puc. 16 Puc.17
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§21. Ocobvie moyxu

T

Ecnu xe Aj, A, pa3-
HbIX 3HAKOB, TO TPACKTOPHH
(xpome MIymHMX No Koop-
AMHATHBIM TIONYOCAM) MO-
XOXHM Ha TUnepooNbl, TaK
Kak B cuny (28) ly,| — oo
npu y, = 0 ¥ y, — 0 npu
ly,| = oo (puc. 18). Ocobas
TOYKA Ha3LIBACTCS CedloM.
Cenio Bceraa HeYCTOHYMBO,
TaK KaK OIHO u3 A; > 0.

Ecnu A; <0, A, >0,
TO no 006euM TIOJIOBHHAM
ocu Oy, OBUXEHHE Hampa-
BJIEHO K TouYke O, TaK KaK
y = ¢ it

oT TOYkH O, TaK KaK ¥, = ¢,

B. Ecim A = A, # 0, To MaTpHLia B XopaaHoBo#t ¢opme Mo-
XeT GHITh IMarOHIBHOIM WM HeT. B nepBoM ciyyae cucTeMa uMeer
m Bux (27) ¢ A; = X, u Tpaextopuu (28) — no-
aynpsiMble ¢ KOHLIOM B Touke (0, 0) (puc. 19)
Bcaydae A = A, < 0. Ecn A = A, >0,
TO CTPENKH — B JAPYTYI0 CTOpPOHY. OcobGast

Y1 TOYKA HA3bIBACTCH QUKPUMUYECKUM YIN0M.
Bo BTOpOM cityyae cMCTeMa MMEET BUI
Y| = Ay, +9,, ¥; = Ay,. Obuee pemeHue

\

2\

Puc. 18

— 0 (¢ — o0), a mo oGeum monoBuHaM ocH Oy, —
’ |?I2|""°° (t—’w)'

N
a

At

A
Puc. 19 Y= %eu’ Y =ce by gte™. YpaBHeHus
TPaeKTOPHif
Cl 1 yz
= — — l vs =0.
9% c)ﬂz"')‘yz ﬂc2 M y,=0
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Inasa 4. AsmoHoMmHble cucmemsl u ycmoliyusocms

Oco6asi TOYKa Ha3bIBACTCH 6bipodcdeHHbimM yaaom (puc.20 B cayyae
A < 0). Yansl ABYX NMOCNEAHUX THNOB, KAK M PaCCMOTPEHHHIE Bhillie
Y3NH € A; # Ay, ABIAIOTCA YCTOHMUMBBIMH, €CH A, A, < 0, U He-
' YCTOAYMBLIMH, €cU A, A, > 0.
B COOTBETCTBMM C 3THM CTaBATCH
CTPENKU Ha TPACKTOPHUSIX.
B. Ecmm A ,=axpi, §#0,
Y1 710 COGCTBEHHBIE BEKTOPH KOM-
TUIEKCHBIC, JIMHEHO HE3aBUCH-
Mbie (Tak KaK A, # A,). Iycts
W — COOCTBEHHHA BeKTOp WA
Puc. 20 A, = a+ i, To ecTb Aw =
(a + pi)w. 3amenss Bce umMcna,
BKTIOYasi KOOPAMHATHI BEKTOpa w, HA COMNpSDKEHHBIE, MOJNyYyaeM
AW = (a—Pi)®w, T0 ecThb @ — COGCTBEHHBII BEKTOp 11 A, = a— fi.
IMycts w = u + $v, I1e BEKTOPH % M v — BeLIECTBeHHble. Toraa
W = u — iv. Bexrophl ¥ = (w + @)/2 U v = (w — @)/(2i) nunuei-
HO HE3aBMCHMBI, TaK KaK MOJNY4aloTCAd M3 W U W HEBHIPOXACHHBIM
JMHEHBIM NpeoOpa3oBaHUEM.
Bekrop-dynkuus z = ce®Pw, rne ¢ — mo6oe uucno, aans-
ercst peuenmem cuctemsi (26). TMonctasnas ¢ = pe?, w = u + iv,
nojyyaem

z = pe® PN (y 4 jv) = (y,(t) + i, () (u + iv), 29)

y,(t) = pe™ cos (Bt +0),  y,(t) = pe™ sin (Bt + 6).
Marpuua A — BelECTBEHHasl, MO3TOMY peIIEHHEM CHCTEMbI (26)
apnsieTcs Takke Rez = uy,(t) — vy,(t). BemecrsenHoe pemieHue
Rez B BemecTBeHHOM 0asuce ¥, —v HMEET KOOPAMHATHI yl(t),

y,(t), cM. (29). Mepexons K MONAPHEIM KOOPAMHATAM T, (0, TO €CTb
nojaras y, = r COs 9, Y, = 7 §in @, NoayyaeM

r=pe®, @=pt+0, (30)
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§21. Ocobvie moyxu

rae p > 0 u 6 — npousBonsHHE nocTosiHHBE. Popmyna (30) maer
6ce BELIECTBEHHbIE PELICHMs, TAK KaK HavyalbHas TOYKA peleHUs
¥,(0) = pcosd, y,(0) = psind ¥
€CTh NPOU3BOJIbHAsK TOYKA ILIOC-
KOCTH ¥,,¥,.

B cnyyae a = 0, TO ecThb

A,, = £Pi, TpaexTopuu (30) —
OKDYXHOCTH T = const (puc.21). /

OcoGast TouKa Ha3bIBaeTCS YeH- &

£
mpom.

B cnyuyae o ;é 0 TpaexTto-
pun (30) — norapudpMmuyeckue
CIIHpau

S

B r :
=ZIn=+0 r , Puc. 21
¢ n-+60 (0<r<oo)

Jenaiomnme 6eCKOHEYHO MHOrO 0GOpOTOB BOKPYT Hayajla KOOPAMHAT
(puc. 22). Ocobast Touka Ha3eBaeTcs ghokycom. POKyc yCTOHYMBHIHA,
KaK Ha pHuc.22, ecan a < 0, u HeycToiuuBHIA, ecnmu a > 0.

I. Ecnn mMarpuiia A MMeeT OJHO WIM JIBa COOCTBEHHBIX 3Haye-
HMsl, PaBHBIX HYMIO, TO €€ XOpAaHOoBa ¢opMa MMEET OAMH M3 Tpex

I ) R A ()

Tax xak det A = 0, To cucteMa az, + bz, =0, cz, + dr, = 0 nmeer
GECKOHEYHO MHOTO PELIEHHH, 3HAYHT, OCOGBIX TOYEK Y CHCTEMEI (26)
6GeCKOHEYHO MHOTO.

CrucreMa ¢ Takoi MaTpuLeil Jierko peuiaercsi. PUCYHKM 3nech
He MPUBOMATCSA, TaK KaK MpH A00AaBIEHMH B TaKyl0 CMCTEMY clara-
€MBbIX, MAIBIX MO CPaBHEHMIO C JIMHEAHBIMM, KAPTMHA TPAEKTOPHiA
OGEIYHO PE3KO MEHSETCS.
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Inaga 4. AsmoHomubie cucmemst u ycmodiyugocme

)

\\\\\

(7
D}

W
NS ﬁﬁ\\

Puc. 23

N\

. @ Pucynxu 16—22 n306paxaior TpaeKTOpHH B KOOPIMHATAX Y, , ¥, -
OHH CBSI3aHH CO CTaphIMM KOODAMHATAMH I, T, JMHEHHHIM mpe-
o6pasoBanueM. Ha ryiockocTi z,, &, TPaeKTOpMM MOIYT MMETh, Ha-
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§21. Ocobbie moyxu

MpUMED, TaKkoit Bia, KaK Ha puc. 23. CTpeJKu MOryT GHTh Harpaniie-
Hbl B TY WIH JPYTYI0O CTOPOHY B 3aBUCHMOCTH OT JAHHOI CHCTEMHI.

Y1oOH BBISICHUTh PACMONOXCHUE TPACKTOPHil B KOOpAMHATaX
x,, T, HE HYXHO HaXOAUTb 3TO NpeobpasoBaHue. Tun ocoboit TouKH
U €€ YCTONYUBOCTD MIH HEYCTOHYMBOCTD ONPEHENSIOTCA N0 COOCTBEH-
HBIM 3HAYCHMAM A, A, MaTpuubl A. IIpsmMonuHeitHbIe TpaeKTOpHH
BCeraa MAYT MO HaMpaBleHUSM COOGCTBEHHBIX BEKTOPOB, a KpUBHIE
B caiyyae y3na ¢ A; # A, Kacaiorcst B Touke (0, 0) Toro co6¢TBEHHOrO
BEKTOpa, Yy Kotoporo |A| MeHblie. B ciyyae ¢okyca Hamo B Touke
z,=1,2,=0 (wm 2, =0, £, = 1) NOCTPOUTL BEKTOP CKOPOCTH
(z',, z'z). TpaexTopus, MPOXOAsILasa Yepe3 3Ty TOUKY, KacaeTcs B Heit
3Toro BeKropa. Jlanee oHa nenacT OGOpOTH BOKPYT OCOOO# TOYKH,
npubAKXasach K Hell B ciiyyae yc-roﬁqnnoc'm M YOAISACh B Cly4ae
HEYCTONYHUBOCTH.

r
I Mpumep 11. Mpu Kakux 3Ha4eHUAX NapameTpa a 0cobas Touka
: CUCTEMBI

! . 2'=2z-4y, Yy =az-6y,

: TONLKO ORHA U ABNAETCA ceanoM? y3nom? ¢okycom? [lath yepren
| TpaekTopwii npu a = 8.

L

Peuserue npumepa. Muwem ypasHeHue A A, A, W €r0 RUCKPUMH-
HaHT.

2-)\ -4
a -6-2A

AMCKpUMUHAHT D = 64 — 16a. No Teopeme Buera

<0 npu a<3,
AM+A=-4, A-X=4a-12={ =0 npu a=3,
>0 npu a>3.

=N 4+4r+4a-12=0,
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Tnasa 4. Asmoromrble cucmemsl u ycmolyusocmes

>0 npu a<4, A, —_ BelWeCTBeHHble pa3nuyHbie,
D=< =0 npu a=4, Ap=A,=-2,
<0 npu a>4, A,,A, — KoMNAeKcHbe,

Cneposarenbho, npu a < 3 umeem A, - A, < 0, ocobas- Touka
cepgno; npu @ = 3 umeeM A, =0, A, = —4, 0cobuix TOYeK MHOFO;
npu 3 < a < 4 KOpHU BewecTBeHHHE, A, - A, > 0 — y3en (npu
a = 4 BHPOXAEHHBA, A, = A, = —2), y3nul ycToiuMBLIe, TaK
KaKk A, + X, = —4 < 0; npn @ > 4 kopuu A, A, KOMNAEKCHble,
Re A = =2 < 0 — ycroituussiit pokyc.
Ly Npn a = 8 umeem z' = 2z — 4y,
y' = 8z — 6y, ocobas Touka — yCTOIi-
4yuBblii pokyc. B Touke z =1, y = 0
umeem z' = 2, y' = 8, 3nauut, TpaekTopus
r T w3 toukn (1,0) wper cHavana B obnactb
y > 0, cosepwaet 060poTh NpoTHB Yaco-
BO CTpenku, npubauxasnco K touke (0,0)
Puc. 24 BCNEACTBME YCTOAYMBOCTU (pUC.24). <«

3ameuanue. MnTerpanbHbie KpuBbie YpaBHEHUA

dy cz+dy

dz  az+ by
ABAAIOTCA TPaeKTOpHAMK cucTeMsl (26). Uto6 MccnepoBarh 310 ypas-
HeHKe, HAAo uccnenoBartb CUCTeMy (26) U He BKAIOYATb B OKOHYaTenb-

Hble BHIBOAb 3aKNIOYEHUA 06 YCTOMYMBOCTH (MAM HEYCTOYNBOCTH)
W O HaNpaBAEHUN ABUKEHUA NO TPAEKTOPUAM.

3adayu 0ns ynpaxHeHul:
[12], §16, N2961-980; § 25, N2 161-173.

@ Jnss aBTOHOMHO# CUCTEMBI
z) = f,(2, %), = f(z,,2,) (31
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§21. Ocobbie moyxu

KOOPAMHATEI OCOGBIX TOYEK ONMpEAEAIOTCA U3 YPaBHEHMH

fl(pl’p2)=0! fz(Pl,pz)=0.

- Ans uccaenoBaHuss ocoboit TOYKHU (pl, p2) Halo MEpeHECTH B Hee

Hayano KOODAMHAT 3aMeHOH Z, = p, + ¥,, T, = p, + Y, U Bhlle-
JIUTh JIMHEHHBIE 1O Y, Y, WIEHH, HAMPHMED, C MOMOILBIO (GOPMYbI
Teitnopa. IMonyyaercst cucTtema

Yy =ay, +by,+ 9,1, %)), A___(a b)=(gi)
Y=y, +dy, +9,(9,,%,), c d 0z; ) ; j=1,2

Ppy=o0(r) npu r=4/y}+y}—0.

Z1=P1,
Z2=p2

(32)

Martpuuy A MOXHO HaitTi 13 (32), He NONB3YSCh 3aMEHOM Z; =p,+Y;,
a yCJIoBHE Ha (; BHIMONHEHO, ecnu f,, f, € c? B (31).

Teopema 8. Ecru dna mampuysi A umeem Red; # 0, i = 1,2
(a 8 crydae A, = X, ewe ¢, p, = O(r'*%), € > 0, unu & (31)
11, 1, € C?), mo ocobas mouxa (0, 0) cucmemsi (32) umeem mom xe
mun, 4mo ona cucmemsi (26) ¢ memu xe a,b,c,d. fpu 3mom
COXpaHAIOMCA HanpasneHua nooxoda mpaexkmopuii K ocoboii moyke
(HO npaMonuHeliHble MpaeKMopuu MO2ym 3aMeHUMbCA KPUBBIMU),

HanpasneHus 3aKpy4usaHua u ycmou"qusocmb.

JokasatensctBo Henpoctoe, cM. [7], § 30, oHo B mporpammy
HE BXOIOMT.

3adayu ona ynpaxHeHuii:
[12], § 16, N2981-992; § 25, N2 175, 176, 182, 183.
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Inasa 4. AsmonomHbie cucmemsl u ycmolidusocms

| e

W3BecTHH MeTOAHN, MO3BOJAIOLUNE MCCNEAOBATh 0COObIE TOYKM Gonee
CJIOXHBIX CHCTEM, B YaCTHOCTH, cicteM Buia z' = P(z,y), ¥ = Q(z,¥),
rae P, Q — anreGpanuecKkue MHOTOWIEHB MM CXONAIMECH B OKPECTHOCTH
ocoboit Touku (0, 0) crenennsie panu ([14]; [19], . 5; [16], §20-22).

W3yueHbl yc/OBHA, MPH KOTOPHIX CHCTeMy Buma (32) B OKpeCTHOCTH
ocoGoit Touku (0,0) MOXHO NMPHBECTH K JIMHEAHON CHCTEMe C MOMOLLILIO
auddepeHurpyeMoro npeoGpa3oBaHUA KOOPAMHAT (CM., B YaCTHOCTH, [2],
. 6, §8). Uayuanuch HopMaibHbie HOPMBI, K KOTODHIM MOXHO NPHBECTH
CHCTEMY B TE€X CJiyyasX, KOria OHa He NMPUBOAMTCA K JHHEHHOU cucTeMe
([19], . 5; [2], . 8).

Hnst ocobuix Touek cucreM z' = Az + ¢(z), ¢ € R*, n > 2,
¢(z) = O(|z]*) (z — 0) MsyyanHCh MHOXECTBA pelICHMii, CTPEMAIMXCA
K 0coGoit Touke npu ¢ — 0o win npu t — —o0o. UMeioTcs Merons, no3so- \
JSIOLIKE MOMYYHUTD NPUGAHXKEHHBIE NPEACTABICHHSA TAKUX pelueHuit [25].

S |

§ 22. MpepenbHble UUKADI

[E 3aMKHYTHIE TPacKTOPMM ABTOHOMHBIX CHMCTEM Ha IUIOCKOCTH
yaie BCero ObIBalOT ABYX TUIOB.

A. NMmeetcst 6eCKOHEYHOE MHOXECTBO 3aMKHYTBHIX TPaeKTOpHi,
BJIOXEHHBIX APYr B JApYra M 3amojIHAIOLUX HEKOTOpYI0 o6JacThb.
IIpumep: TpaekTopuH BOIM3U O0CO00I TOUKM THMA LIEHTP.

B. OtnenbHBle 3aMKHYTHIE TPa€KTOPHH, K KOTOPHIM BCe Giu3-
KHE TPAaeKTOPMH HEOrpPaHHYEHHO MpUGIMXaloTcs (HeoGA3aTeNbHO
MOHOTOHHO) nipx ¢ — +00 WiH npu ¢ — —o0o. Takue 3aMKHYyTbIE
TPaeKTOPUH Ha3BIBAIOTCSA NPeGesbHuiMU UUKAGMU.

IpenenbHBle UMKIB OBIBAIOT ycmoiiyueéhe — K KOTOPBIM BCE
GNU3KKE TPAeKTOPUH MPUGIMXaAOTCs npu ¢ — +0o (puc. 25), He-
ycmoiiuuebie — K KOTOPbIM TPAaeKTOPHH NMpUOGIMXKaIOTCS npu ¢ — —00
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§ 22. [lpedensvHsie YuKab!

Puc. 25 Puc. 26

Puc. 27

(puc. 26), v noayycmoiiyuesie — Koraa ¢ OTHOM CTOPOHHI OT LIMKJIA TPa-
eKTOpUM NpuOaMxKaloTcsa npu ¢ — +00, a ¢ apyroit — npu ¢ — —o0o
(puc. 27). Takum 06pa3oM, 34€Ch YCTOHYMBOCTh IOHUMAETCS B HHOM
CMEHICTIe, 4yeM B § 18.

Mpumep 12. Cuctema (B NONAPHBIX KOOPAUHATAX)
f=cr(1-7), ¢'=1 (mEN)

UMeeT 3aMKHyTylo Tpaektopuio T = 1. B cnyyae ¢ > 0 u He-
yeroro m > 1 B obnacth 0 < r < 1 umeem ' > 0, r(t)

|
]
|
|
|
|
|
Bo3pacraer, a B obnactn = > 1, wanpotus, ¥ < 0, =(2) :

[




Inasa 4. AsmoHomHbie cucmemsl u ycmoiiyusocmes

yousaer. Mpu ¢ — +o0o Tpaektopuu ¢ o6Genx CTOpOH Npu-
6nnxanTca K okpyxHOCTM T = 1. OHa ABNAETCA YCTOMYUBBLIM
npeaenHLIM UUKIOM. AHaNOrHYHO NOKA3LIBAETCA, YTO B Cyyae
¢ < 0 u neyetHoro m > 1 yukn r = 1 HeycToiiumBbiit. B chyyae
¢ # 0 ¥ 4yeTHOro M 2> 2 UHUKN NONYYCTOHYUBLIN.

@ IIpenensHble UMKABL GLUIK oGﬁapy)eru IlyaHkape npu wuc-
CNeaoBaHUM HEKOTOphIX avMddepeHUMANBHEIX ypaBHeHUit. [To3nHee
| '_I |'| " ¢bu3nKu obHapyxunu ¢pu-
| ' 3UYECKHE CHUCTEMBI, B KO-
TOPBIX YCTOIYMBBHIE TEPH-
OIMYECKHE NBUXEHHUS BO3-

1
—_

. R
M L C

NMEpUOANYECKO! BHELIHEH
CHJIBI. DTH ABIDKEHUSI Ha-
3bIBAIOTCS A8MOK0ACOaHUR -
Mu. A. A. AHIDOHOB TMOKa-
3a]1, YTO TaKHMe CHCTEMbI
onuchBaloTcst auddepeH-
LMAIbHBIMM YPaBHEHMSIMH, MMEIOIIMMH YCTOMYMBHIE TNpeae/ibHbIE
uMKIisl. TIpMMepbl TaKUX CHCTEM: Yachi, T€HEPATOPHl 3NEKTPHYECKHUX
KoneGaHuii BHICOKO 4acTOTHl, UMEIOLIUECS B paiHornepeaaTiuKax.

ITpocreiinmii samnosbili renepaTop (puc. 28) COCTOMT U3 paauo-
JIaMNBI ¢ HUTHIO HaKajla, aHOIOM M CETKOi, K0IeGaTeIbHOro KOHTYpa
LCR, cBA3aHHOIO MHAYKTMBHOCTBIO M C ceTKoit, aHOAHO# GaTapen
1 Gatapeu Hakana. Cuna Toka I, NpoXonsiero yepe3 CONnpOTHRIECHHE
R m xatymky caMoMHAYKUHH L, yIOBIETBOPSET YPABHEHHIO

H]

Puc. 28

LCI" + RCI' - f(MI')+ I =0 (1’ = ‘%), (33)
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§ 22. [llpedensHsle YuKabl

rie f(v) — xapaKTepuCcTHKa JlaM- Al
nbl (puc. 29), Buipaxaiolias 3aBU-

CHMOCTb CHJIBI aHOAHOro Toka I,

OT HanpspKeHus v Ha ceTke. DyHK-

uus f(v) € C', Bospacraer mpu

v, <v< v, f() =0 (v<v), 4/

J(v) =1, = const (v > v,). = —>

0
3amena tVLC = 7, I(t) - Puc. 29 ’
7(0) = z(7) npuBomuT ypaBHe- .
Hue (33) k Bumy
dz
2"+ F(z)+2=0 (z' = -—),
dr
(34)

Fly) = R@y ~f (%y) + 100).

3necs F(0) = 0. Ot ypaBHeHus (34) nepexomum K CHCTEME
=y, y=-2-F(@). (35)

TonoxeHue paBHOBeCHs TONBKO ofHO: = y = 0, To ectb I(t) =
f(0) = const. C nomoupio TeopeMsl 7 MONy4aeM, YTO B Ciydae
F'(0) > 0 oHO acMMITOTHYECKH YCTONYMBO, a B ciyyae F'(0) < 0
HeyCTONYHUBO.

Teopema 9. Ecou F € C!, F(0) = 0, F'(0) < 0, F(y) < k
(y<-=b), Fly) >m >k (y=>b>0), mo cucmema (35) umeem
nepuoduyeckoe pewenue z(t) # const, y(7) # const. (B cayvae

M{f'(0) > RC ¢yuryus F s (34) ydosnemsopsem smum ycnosusm,
max Kax ¢yHkyus f oepanuvena.)
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Inasa 4. AsmonoMHble cucmeMsl u ycmoliyusocms

[

Joxazamenscmso. Ha IIOCKOCTH 2, y NOCTPOUM 3aMKHYTYIO KOJIBLIEBYIO
obnacte K 6e3 ocoOHIX TOYEK, M3 KOTOPOM HE BBIXOAAT pElCHHS
cucremH (35). _

BHyTpeHHAs rpaHnua Konbua K — okpyxHocTs 22 +y? = r?, e
r TaKoe, YTO yF(y) < 0 npu 0 < |y| < r. Tak kak npu |y| < r B cuny
cuctemut (35) 5 (z? +y?) = -2yF(y) > 0 TO pememm cucremsl (35)
He MOTYT BexoauTb M3 K BHYTpb Kpyra 2% + y? < r?.

HapyxHas rpaHHLIa KOJIbLIa COCTOMT M3 HECKOJIbKMX YacTeit. B no-
JIYTIOCKOCTH y > b rpaHHMua — Ayra oKpyXHocTH (z +m)? +y* = R?,
R sribepem noaxe. Torna B cuny (35)

Zl(z+m)? +y'] = 29(m - F@w)) <0,

TaK Kak F(y) > m npu y > b. AHanornyHo, npu y < —b Gepem ayry
(z + k)’ +y* = R?, puc. 30. Ha Beprukanshuix otpeskax AH u CD
MMeeM cooTBeTcTBeHHO 2 =y > 0 u 2’ = y < 0, nosromy Yyepe3 HUX
TpaekTopuu BXogAaT B K.

Vrnossie xo3dduumueHTol orpe3kos BC 1 EH paBHbH —(7"9;75,

a Ha TpAaeKTOpMAX, NEPECeKalomMX ITH OTPe3KH, :-g = iﬂ!’l
A 3nech |y] < b, F(y) orpatm-

yeHo. Buibupas R mocratou-

\B HO GOJIbLINM, MBI YBEJTHYHBA-

A / eM |z| u nenaem ﬂ- < —(7,.':_—,,).

Torza TpaeKTOpHHM Yepe3 3TH
\ M \C orpe3ku Gyayr Bxoautb B K.
H TakuMm oGpa3oM, H3 3a-
/ / MKHYTO# KOJIbLIEBOI 06acTu

K 6e3 0coObIx TOYEK HE BHI-

E S —b D XONMT HHM OHA TPAeKTOPHA
cucremsl (35). M3 Teopemnt
Benauxcona (§17, n. 2, 5°)
cnenyer, yro B K nMeercs 3a-
Puc. 30 MKHYTasi TPaeKTOPHSI CHCTe-

—
|
3
T
Eo
(T |e

|y
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§ 22. [llpedensHsie YuKAbI

mbl. Tak Kak JOKA3aTe/IbCTBO TeopeMbl BeHAMKCOHA HE TPHBOIWIOCH,
DanuM [N JAHHOTO CJyyasi KOPOTKOE HOKA3aTENLCTBO.

PaccMarpuBasi 3HaK 2’ npu y < 0 u y > 0 v 3Hak ¥ Ha nonyocsx
ocu Oz, BUAMM, YTO TPaeKTOpHs U3 MoGoit Touku (z, 0) orpesxa MC
npH Bo3pacTtaHuu ¢ enaet o6opot Bokpyr ToukH (0, 0) 1 Bo3BpalaeTcs
Ha MC B Touxy (p(z),0). Tak xak F € C', To paannunbie TpaexTo-
pHM He UMEIOT OBLIMX ToueK, mo3ToMy dyHKUMs ¢(Z) Bo3pacTalomwasi,
M B KaXylo Touky orpeska [p(z,,), ¢(z;)] (z,, — abcumcca Touku
M ¥ T.1.) NPUXOAMT ONHA TPAGKTOPHUsl M3 KAKOH-TO TOYKM OTpe3Ka
MC. 3uauut, pyHKUMA @(Z) BO3PACTAET U HE UMEET CKAYKOB, NMOITOMY
HenpepuiBHa. Tak xak ¢(z) —z > 0 npu = = z,, u p(z) — = < 0 npn
T = 2., TO HalineTcA TaKkad Touka z, € [z,,, Z.], yr0 ¢(2,) = z,.
Tpaexropus, BeIXomAlas W3 To4ku (z,,0), — 3aMKHyTas auHuA. Pe-
meHue cuctemsl (35) ¢ HavanbHEIMU yenoBuamu 2(0) = z,, y(0) =0 —
MEPHOAUYECKOE.

@ Bonee noapo6HO O mpeaenbHBIX UMKAax cM. [7], § 28. dpyrue dusnue-
CKMe 3aJlauM C aBTOKOJieGaHusAMHU pa3o6pansl B [15], rnasm 3, 8. U3BecTHH
pa3nuyHbie JOCTATOYHBIC YCIOBHS CYIIECTBOBAHMS 3aMKHYTHIX TPacKTOPMit
H Npede/bHBIX LHKIOB, 8 TAKXKE YCIOBHS MX €AMHCTBEHHOCTH.

Pa3pa6oTaHbl METOAB, MO3BOJIAIOLINE BO MHOTHX CJIyYasX HCCJIEAOBATh

0COGEHHOCTH PacTONIOXEHHSA TPAEKTOPHI aBTOHOMHBIX CHCTEM Ha IJIOCKOCTH
(ocoGbie TOYKM, Npefe/bHBIE UMKABI, CEMapaTPHCH) W WX KayeCTBEHHBIE
u3meHeHUs (6uMdypKauuu) Npu ManoM M3MEHEHWH maHHo# cuctemu ([15],
[16], [17], [19], rnaBu 5, 6, [22]). Tpackropuu B R*, n > 3, usyueHn
3HAYMTEIBHO MEHBLE.

L |




[JIABA 5

AunddepeHunpyeMmoctn
pelieHna NO napamerpy
U ee NpUMEHEeHUs

§ 23. nddepeHuupyeMoCTb peleHuna
no napamerpy

@ PaccmaTpuBaeTcsi CUCTeMa ypaBHEHMIt C mapaMeTpoM g

= 1tan), () = o)
z=(z,...,2,), F=(-..-r 1)

Ipu xaxngoM g cucrema umeer peumieHHe. OHO 3aBMCHT HE TOJb-
KO OT ¢, HO MU OT BHIOPAHHOTO 3HAYEHMUS MapaMeTpa K, NMOITOMY
o6o3Havaetcs z(t, p). '

(1)

Teopema 1. flycms npu (t,z) € D, p € M, (D — obnacms &
R™!, M — unmepsan & R') sce gynxyuu f;, 8f,/0z;, 81,/0u,
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§ 23. [ugdepenyupyemocms pewrenus no napamempy

a'(ps) wenpepsigol. Mlycms npu ecex p € M na ompeswe [t,,1,] 3 ¢,
pewenue z(t, p) 3adayu (1) cywecmeyem u npoxodum e obnacmu
D. Tozda amo peuserue umeem npoussodnsie dz,/8p, HenpepbisHbie
no (¢, p). Pynkyuu u, = 8z;/0p (i = 1,...,n) ydosnemsopsiom
cucmemMe ypasHeHuil 8 8apUAYUAX

— . RN

/%=Zgzﬁw+3—ﬁ, u(t)=ai(p) (i=1,...,n). (2)

=1} J
’ / ! \C}-W~*3m~v\4’:,u_u¢é«uﬂ~x.

T 2
!O('\b

(‘/“’Kw"'wo MGy %wm&
B (2) npoysBonHEie OT f; 3aBUCAT OT aprymeHTOB £, Z, (¢, ), ...,
z,(t, pn), p, rne z;(t, p) — xoopAMHaTH peuieHuss Z(t, 4) NpU TOM
3HAYEHUH M, TIPH KOTOPOM pa3biCKuBaerca 8z/8pu.
Ecnu peuieHue (¢, ) M3BECTHO XOTH GBI MIPHU OMHOM 3HAYEHHH
4, TO cucTeMa|(2) 103BOJIsieT HailTH 8z /8 u npu 3ToM k. Cucrtemy (2)
MOXHO HE 3allOMHHATh, OHA TMOJIyYaeTCs MocpeACcTBOM nuddepeHIH-
pOBaHHUSI 00€MUX 4YacCTeil CUCTEMBbI (1) MO f; NMPU 3TOM CYMTAEM, YTO
z = 2(t, p), n dz;/0p obosHayaeM u,.

e il A

| Npumep 1. Haitth 8z/8x npu i = 0 OT peweHUs 3apayu |

| |
dz

! E=32+4ut+u2, z(l) =2p - 1. @)

S J

PeweHue npumepa. Ycnosua Teopembl 1 BbINONHEHbI, TaK KaK yHK-
um f = z? + 4ut + pz n a(p) = 24 — 1 HenpepbiBHHI U UMEIOT
HenpepbiBHbe NPOU3BOAHBIE N0 & U k. Auddepenyupya (3) no p

u '0603Hauas ), = u, nonyyaem

d'u_

= 2zu+ 4t +2p, u(l)=2. 4)
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Inasa 5. [Jugppepenyupyemocms pewenus no napamempy

" 3pecb p = 0, a x — pewenne 3apaun (3) npn p = 0, 10 ectb
sapaun dz/dt = 2%, z(1) = —1. Orcopa = = —1/t. Teneps (4)
NPUHUMAET BUA

du 2u
Ty +4t, wu(l)=2.

Pewas 370 nuHeitHoe ypaBHeHue (BLIKNAAKK NPONYCKaeM), NOny4aem
u = t® + ct72. U3 HavanbHoro ycnosus Haxopum ¢ = 1. Wrak,
u=1 4172, <

Jokaszamenscmso meopemsl. 3adukcupyeM u € M. UmeeM

— = lim 5
rae Z = z(t, i) — peweHue 3amauu (1), HO c i BMECTO K, TO
ecThb _

dz . _
-d_t = f(t’ z, I‘), z(to) = a(ﬁ) (6)

OGo3Hauum apobsb B (5) yepes v(t, ). Wnes mokKas3aTenb-
cTBa TeopeMbl. CocTaniisieM An(pdepeHUMANEHOE YPABHEHHE [U1st
v(t, i) npu fi # p. Ero npaBast yacTb Npu fi — 4 CTPEMUTCS
K npaBoit yactu ypasHeHusi (2). ITostoMy u pewmeHue v(t, i)
npu i — @, TO €CTb Apo6b B (5), CTPEMHUTCS K PELLICHHIO YPaB-
HeHus (2). 3HauuT, npenen B (5), To ectb 8z/Op, CylecTBYeT
M YIOBJIETBOPAET YpaBHEHUIO (2).

U3 ypaBHeHwit (6) u (1), BbYMTas M aenss Ha i — 4,

MoJNyyaeMm
dv(t,p) _ S, %, B) - 1 2, u)
a e )
a(f) — a(w)
v(ty, ) = g
198

]
1
1
:_Al ; ‘i



§ 23. [uggepenyupyemocms pewerus no napamempy

Ipeo6pasyem nepayio apo6s B (7). Monoxum
F(s) = f(t, =", p*),
B =z+sE-2), W=ptali-p).
Torna

$0.3.0) - f(t.2,0) = F() - FO) = [ P as,
0

o /)
F(0)= 5% E-2)+ 5L~ )

of ( af; ) )
—— ecTb MaTpuua | — .
( Oz* 0z} ) ij=1,..n

ToaTtomy u3 (7) uMeeM

. 1
dv 1
'Et——'f-:—,;/ﬂ(s)ds=

of(t, =", p") , T-—
= / oz* i 8p ®)

Tak kak 8f/8z, 8f/8p HenpepHBHHI O COBOKYITHOCTH Tepe-
MEHHBIX, TO NOALIHTErPATbHBIE GPYHKUMH HENPEPHIBHHI 11O £, 2,
Z,p, 8,8, a uHterpail — no &, z, %, p, 5. U3 (1) z = z(t, p)
HenpepuiBHo no ¢. U3 (6) mo Teopeme 7 § 7 ¥ HenpepHBHO
no (¢, 5) — no coBoKymHOCTH nepeMeHHbIX. [ToaToMy nocnen-
HMe 1Ba uHTerpana B (8) — HenpephBHEE GyHKUMH OT (¢, ),
BKIIoYas 3HaueHue fi = p. OGosHavas ux H(t, %) u h(t, ),
nonyyaeMm

‘;t_” = H(t, B)v + h(t, ). ©)
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Inasa 5. [Jugdepenyupyemocms pewerus no napamempy

®yuxuus v(t, i) 6buia onpeneneHa npu g # p. Joonpenensem
ee MpH & = p KaK pelieHune ypaBHeHus (9) ¢ HaYaIbHBIM yCIo-
BueM v(t,, ) = a'(ps), Mony4eHHBIM U3 HaYabHOTO ycioBus (7)
npu i — u. Ilo Teopeme 7 § 7 dynkumnsa v(t, 5) HenpepupHa
no g, Bkmoyas fi = p. Ilpu i = p umeeMm z* =z = 2(t, u),
p* = p, NOABIHTErpaIbHBIE BEIpaXeHus B (8) He 3aBHCAT OT s.
Torza B (9) Matpuua H u BeKTOp h MPUHUMAIOT 3HAYEHHUS

_8f _(of; _os
Hit.p) =52 (az,-).-ﬁ,...,,.’ Bt 1) = 3

Taxkum o6pasoM, wis v(t, 4) ypasHenue (9) ¥ HayanbHOE yCO-
sue v(t,, p) = a'(p) cosmanaor ¢ (2), T0 ects v(t, p) ymo-
snetBopsier (2). B cuny HempepniBHOCTM (t, i) CyliecTByer
’%lir:‘ v(t, &) = v(t, p). To ectb B (5) cyuiecTByer Npou3BOaHas

dz/dp = v(t, p) u KoopauHaThl u; BekTOpa v(t, 4t) YHOBNETBO-
PSIIOT CHCTEME YpaBHEHHIt U HAYaTbHBIM YCAOBUAM (2).

Tenepb NycTh 4 MeHsAETCS Ha uHTepBajie M. Torna npaBhie
yacTH cucteMsl (2) (1 npou3BoaHsie 8/8u; OT HUX) HEMPEPHIBHBI
no (¢, u). Mo Teopeme 7 § 7 peweHue cucreMu (2), T0 ecTb
TNpOU3BOAHBIE OT,/Op, TOXE HEMpPepLIBHEI 1O (, 1). u

[ZI JnddepenunpyeMocTs pemieHus N0 HAYAMBHBIM yCaoBusiM (crea-
CTBHE TeopeMH! 1). PacCMOTpUM HavyalbHYIO 3anayy

ﬁ_,(t Zirees @)y Bill) =T G=1,...,m).  (10)

Mycts npu (t,2) € D Bce dyHkuuu f; u 8f; /aa: HETpPEPBIBHH,
M Ha otpeske [¢,,t,] 5 ¢, pewenue 3anaun (10) cymecmyer H TIpOXO-
auT B o6nactu D. Torna npu ¢, < ¢ < £, CylIecTBYIOT HeNpepHIBHLIE
npoussoasie pewenus z;(t) (i = 1,...,n) No HadaIbHBIM ycro-
BUAM 2, (k= 1,...,n). Oynkuuu u; = 9z,/0z,, (i =1,...,n)
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§ 23. fJugdeperyupyemocms pewerus no napamempy

YIOBJICTBOPSIIOT CUCTEME

d‘u‘- _ ke 8f' _ 0 (i # k)a
- g oz, " ult) =9 b (11)

3neck f; = fi(t,z,(2),...,z,(t)), rm; z,(),...,z,(t) — pewenne
3anayu (10).

Hokasamenscmso. Tlycts = p, a npu & # k =,y He 3aBUCHT
or u. Torna cucrema (10) ynosneTBopsieT YCJIOBHSAM TEOPEMH 1.
CnenosatenbHoO, MPOU3BOAHbIE Z;/0T,, = Oz,/0p = u, cyme-
CTBYIOT, HEMpPEPHIBHBL M YAOBIETBOPAIOT cucteMe (2), KoTopas
B 3TOM ciiyyae npespaiaetcs B (11). [ ]

3adayu ona ynpaxHeHul:
[12], § 18, N2 1064-1073 u § 26, N2 186-194, 196-199.

Teopema 2. [lycmb sbinonHeHs! ycnosus meopeMsl 1 u, Kpome mo-
20, ¢ynkyuu f;, a;(n), umeom HenpepsigHbie npou3sodHsie no
Zy,...,Z,, b 00 NOpAOKA M = 2 BKMOYUMENbHO, 8 MOM Hucne
cMewanHble npou3sodHsie. Tozda pewenue z(t, js) umeem Henpepbis-
Hble no i, i npou3sodHsbie No s 00 NOPAGKA M BKMIOYUMENbHO.

Hokasamenscmso NPOU3BOAMTCS € MOMOMIBIO MHIYKUMH 1O M.
Ons m = 1 yrBepXaeHHE TEOpEMbI 2 CleAyeT M3 TeopeMhl 1.
IMycTs yTBepXNEHHE BEPHO JUII NPOM3BOOHBIX N0 TNOpPSOKA
m —1 > 1. JlokaxeM, YTO OHO BEpPHO M IJisI TPOU3BOIHBIX
nopsuika m. Tak kak 8™z, /9p™ = 8™ ' u,/0u™", a dyHKUMH
u; = 8z,;/0p (i = 1,...,n) ynosnersopsioT cucteme (2), To
Hallo MPOBEPUTH, YTO NPaBbIe YaCTH B (2) UMEIOT HENPEPHIBHEE
NPOU3BOIHEIE 1O ;, 4 O MOPSAAKA M — 1 BKIIQYHUTEBHO.
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Inasa 5. [Jupeperyupyemocms pewerus no napamempy

Ilo ycnosuio, f; € C™ mno z,,...,x,, s, 3HauurT, B (2)
8f;/0z; n 81,/8p npunamnexar C™ ' no apryMenTam z,, ...,
z,,p. Ho Kaxnoe z, = «,(t, ) ectb KoopauHaTa BeKTOpa
z(t, p), ABnsnowierocs peweHueM 3anauu (1), rae f u a(p) npu-
Hamiexar C™, 3HauuT, npuHaiexatu C™ ' no z,, ..., z,, p.
o nﬁp;gnonoxeumo uHAyKuuM, Bee Z,(¢, p) € C™ ! mo p.
3HauHT, B (2) cnoxHas GpyHKuus

/]
rywl t,z,(@ p),....2,¢ p),8)
j
npuHamiexutr C™ ! no p; ananoruuno df,;/9p; Take a'(p) €
C™ !, o npeanoNOXeHUIO UHIYKUMH, IPUMEHEHHOMY K CH-
creme (2), peleHue u,, . . . , %, CHCTEMH (2) NPHHAIIEXHUT c™!
no u. Tak KaK u; = 8z;/0p, 1o z,;(t, p) € C™ no p. n

§ 24. AcumnToTUYECKUE METOAbI pelleHus
anddepeHymanbHbix ypaBHEHUH

IE ACHMMIITOTMYECKHE METOABI IO3BOJISAIOT OTHICKMBATH TNMpPHOGJIH-
XeHHbe peiieHus audbepeHUMaTbHbIX YPaBHEHH (WM cHCTeM),
GMU3KMX K TAKUM YPaBHEHHSIM (WM CHCTEMaM), PeLIEHUS] KOTOPHIX
M3BECTHHI. B MpHKIIamHBIX 3aMayax 4acTo OBIBAa€T, YTO HA TEYEHHUE
paccMaTpMBaEMoOro (hpM3MYECKOro MPOLIECCA BIMAIOT KaK OCHOBHBIE
dbaKTopsl, onpeAensIole XOH MPOLECca, TaK M JApyrue (akTopHi,
OKa3HIBAIONIME MEHbIlIee BIMSIHME M MEHAIOIHE KOJHYECTBEHHBIE
XapaKTepUCTHKH mpoliecca. IIpu yuyeTe TONBKO OCHOBHBIX (pakTOpOB
MOXHO TOJIyYHTb TOYHOE pellieHHEe CUCTEMbI YpaBHEHMIA, a pH yyeTe
BCEX U3BECTHBIX (PAKTOPOB CHCTEMA CTAHOBUTCS CJIOXHOI M He pellia-
ercs. B Takux ciydyasx aCHMATOTHYECKHE METOAbI YaCTO MO3BOJISIOT
HalTH pellleHHE C HYXHOH TOYHOCTBIO,
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§ 24. Acumnmomuyeckue MemoOsl pewleHus

@ Paznoxenne penieHHs MO CTENEHsM MAJIOr0 NapaMeTpa — OIMH
H3 HauboJsiee yNoTpeOUTENIbHBIX aCHMITTOTUYECKUX METOHOB.

Cnepcteue Teopemsi 2. flycms npu (t, ) € D, |p| < p, evinon-
HeHbl ycnosus meopems! 2, u npu p = 0, ¢, < t < ¢, peweHue
3ada4u (1) npoxodum & obnacmu D; t, € [t,,t,]. Tozda pewenue
z(t, p) 3a0a4u (1) npu t; < t < t, pasnazaemca no ¢popmyne
Teiinopa no cmeneHsm napamempa s 00 p™ BKNIOHUMENLHO:

(t, 1) =v9(t) + v, (8) + 20, () + ...+ g 0, () +0(u™). (12)

3neco z(t, p) M v;(t) — n-mepHHe BekTOp-bYHKUMH, v,(t) =
z(t,0) ectb pemrenne cucteMH (1) mpu g = 0, OHO CUMTaeTcs M3-
BeCTHBIM. UToGbI HaltTH v, (%), ..., v,,(t), Hano noxcTaBUTH pa3noxe-
Hue (12) B cucremy (1) 1 HayaNbHbIE YCOBUS, M PA3NIOXUTH NpaBble
YACTH 1O CTEMEHSAM f N0 4™ BKIIOYUTENbHO. Jlalee HaZO mpUpaB-
HATb KO3GhdHULMEHTH NMPH OXMHAKOBBLIX cTeneHsaX u. Ilomyvaercs

IS vy, ..., 9, cucTeMa A depeHUHATEHBIX YPABHEHHI ¢ Havyasb-

HbIMH ycnoBusaMH. TlocemoBaTenbHO pellias YpaBHEHHSI CHCTEMBI

M NONB3YSCh HAYaNIBHBIMH YCTOBUSAMH, HaxomuM v;(t), ..., v,,(t).
o= - === - - - - - - ———————————=— |
: NMpumep 2. HaitTn pa3noxenue peweHus 3apaymn :
! dz _t_, . oW !
! — =, z()=1-S4+2 13) 1
! itz ¥ (1 2 + 8 (13) ]
[ A I
| NO CTeneHAM napaMeTpa 4 RO 42 BKNIOYHTENLHO. I
b e e e e e e e e e e mme o J

Pewenue npumepa. MNpaBas 4acTb ypaBHeHus 8 obnactu > 0 ume-
€T NPOU3BOAHLIE NIOGOr0 NOpAAKAa NO Z, pb. YCNOBUA Teopembl 2
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Inasa 5. [ugdeperyupyemocms pewerus no napamempy

BuinOnHeHsl ana no6oro m, noka pewenune 3apauu (13) c p =0
npoxoaut B obnactu = > 0. Mpu x4 = 0 3apava (13) npunumaer

gup dz/dt = t/z, (1) = 1, n umeer pewenne z(t) = ¢, oHo.

npoxoauT B o6nact = > 0 npu ¢ > 0. Noatomy v(t) = ¢ (¢ > 0).
Paano»(eu# z =t+py, +;12v2 + o(u?) noactaenseM B ypasHenue
W HayanbHbie ycnoua (13), unenn nopaaka o(u?) He nuwem.

! 2 1 _ t 2
1+,w'+”v2+"'_(t+m),+y21}2+...) 2ut’, (14)
2 po¥
1+uvl(1)+pv2(l)+...=l——i—?. (15)

Pasnaraem ppo6b B (14) nO CTeneHaM f, uneHb C p", k> 2

© He nuweM.
. ¢ _ 1 =
t+po, +plv,+... 14 pt=lo +p2t-lo, + ...
2 2
BB p
=l—(Tvl+-t—vz+...)+(?v,+...) —_— e =
2 2

o I B2
=l—Tvl—Tvz+Tz-vl +....
Mopacrasnsem 310 B (14) M npupasHuBaeMm Ko3pduuueHTH cnesa

U cnpasa Npu OAUHAKOBBLIX CTENEHAX NapaMeTpa i:

1
npu p': o= —%‘- 2%, w()= =3 (16)
2
v, v 1
npu p vy = —72 + t—;, v,(1) = 5 (17)

3pecb HavanbHbie yCnoBUA nonyyeHs U3 (15). Bece puddepenyuans-
Hble YPaBHEHUA ANA vy, ..., ¥, BCeraa nuHeiHuie. N3 (16) nonyyaem
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§ 24. Acumnmomuyeckue MemoOs! pelerus

|

v, = —%. Nopctasnas 310 B (17), HaxopUM v, = 37 + T Urak,

3
o(t) =1t - #5 +p (I;t %) +o(#’).  (18)

TaK KaK ycnoBus TeopeMbl 2 BuiNOAHeHH AnA no6oro m > 2, 10
CNepyioWuiA YNeH Pa3NoNEeHUA UMeeT BUJ 4 v3(t) W, He HaxOAA v,
B (18) mecto o(u?) MoxHO Hanucats O(u?). <

3ada4u ona ynpaxHeHui:
[12], §18, N21074-1078.

IZ' OTpicKanne nepHoanueckux pemennii. Hixecnenyonme remma 2
M Teopema 3 1aloT YCJIOBMSI CYILLIECTBOBAaHMSA NMEPUOAUYECKUX pelIeHUM
COOTBETCTBEHHO IIs1 IMHEHOM CHCTEMBI C MEPUOANYECKOI MpaBoit
YacTbl0 M I HelMHelHOoM cucTeMbl, OM3Koit K nMHEHOI, 1 yka-
3bIBAlOT METOABI OTHICKAHUS TaKUX PELLICHHIA.

Jlemma 1. ﬂycmb npu 0 < t < p sexmop-pynryus z(t) — pewenue
ypasrenus ' = f(t,z), eae sekmop-gyrxyus f u sce df,/0z;
Henpepsighsi u f(t+p, z) = f(t, z). Ecau z(p) = z(0), mo peweHue
x(t) npodomwaemcsa na uwmepsan (—00, 00) ¢ nepuodom p.

Hokazamenscmso. Tak kak

JleB(p) .f(p’ Z(p)) = f(o’ 2(0)) = (D:IM(O),

TO MPOAOIXEHHas C nepuonoM p GyHkuus z(t) € C'. Ona
BCIOAY YHOBJIETBOPSICT NAHHOMY YpaBHEHHIO, H60 st Jo6oro
k € Z umeem

'+ kp)=2'(t) = 1t z(t)) =1t +kp,z(t+kp)). W
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Inasa 5. [Jupgpeperyupyemocms pewenus no napamempy

Jlemma 2. Ecnu dnsa scex cobcmeeHHbix 3HaYeHull mampuysbl A umeem

mo cucmema ' = Az + f(t) ona xaxdoii Henpepsigrol PyHKyuu
J(t) ¢ nepuodom p umeem (u monvko 0dHo) peweHue ¢ nepuodom p.

onk
A# —;—:—i, k=0,%1,2,..., (19)

z/)

Ycnosue (19) HasbiBaeTCs ycao6uem omcymemeus pe3onatca.

Jokaszamenscmso. Tlyctb v(t) — 4YacTHoOe pelieHHe JaHHOM CH-
cremsl ¢ v(0) = 0. B cuny TeopeMnl 5 §9 u cneacteus 1 § 15
obiee pemeHne uMeer BuI ¢ = e'4b + v(t), e b — npous-
BONbHHI BekTop M3 R". YTOGH 3TO pelieHHe UMeNOo NMEPHOX P,
no nemme 1 Hano, uytoGH z(p) = z(0). To ecTsb

b+ v(p) = b+v(0), (e"® — E)b= —v(p).

IT1T0 — JNMHelHaa anreOpanyecKkas CUCTEMA OTHOCHTEJIBHO He-
HM3BECTHBIX KOOpAMHAT BekTopa b. Ilnsi cyliecTBOBaHMS €IUH-
CTBEHHOTO PELIEHUS JOCTATOMHO, 4ToGH det (P4 —1- E) # 0,
TO eCTh 4TOGH! MaTpHLa €4 He MMeNa COGCTBEHHBIX 3HAYEHHI,
paBHbIX 1.

Ecau A, ..., A, — COOGCTBEHHBbIC 3HAYECHMSI MATPULI A,
TO COIJIACHO 3aMEYaHHIo B § 15 eP4 yMmeer coGCTBEHHbBIE 3Ha-
yenust e?¥, i = 1,...,n. Ina A = a + Pi umeem e =
eP*(cos pB + isinpB). Oro uucnao paBHO 1 TONBKO B Ciyyae
a=0, pf = 2xk, k = 0,%1,+2,.... IlosaroMy npu ycno-
Bun (19) umeem e # 1. [

Teopema 3. Nyems ¢ynxyuu f(¢), g(t, =, p) Henpepsisrsl npu = €
R", (t,z) € D, |p| < p,, umeom nepuod p no t; g € C™ no
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§ 24. Acumnmomuyeckue MemoOs! peuleHus

z, p, 20e m > 1. flycms svinonweno ycnosue (19) u pewenue z°(t)
¢ nepuodom p ypaswenus ' = Az + f(t) codepxumca 8 obnacmu
D. To2da npu scex docmamoyrHo mManvix |p| cucmema

2 = Az + £(t) + pa(t, , ) (20)
umeem peuweHue nepuoda p no t, cmpemaweeca K zo(t) npu p— 0.
Taxoe peweHue eduHcmeenHo u npunadnexum knaccy C™ no p.

l

Joxazamenscmso. Tlycts z(t; b, p) — pemenue cucremst (20)
¢ HayanbHeiM ycnoueM z(0; u) = b. Mo nemme 1 oHo Gyner
HMETb Nepuos p, eCiau

z(p; b, p) = b =0. (1)
JlokaxeM, YTO NpH ManbiX p cymwecrsyer b € R", ynosrerso-
psowee ypasHeHuio (21). @yukuus z(p; b, p) € C™ no b, p
B cuny Teopemsl 2. TIpu g = 0 ypaBHeHue (20) nuHeitHoe, Kak
B IeMMe 2, ypaBHeHHe (21) npuHUMaeT BUA

(" - E)b= —v(p), det(e—E)#0 (22)
M MMeeT eIMHCTBeHHoe peieHue b. [lanee, sxoGuaH JieBoit yacTu
paBeHcTBa (21) no koopauHaTaM b,, ..., b, BexTopa b npu p = 0
COBMajgaeT C IETEPMHHAHTOM (22), 3HAaYMT, HE PaBEH HYIIO.
Torma no TeopeMe O HesABHBIX PYHKUMAX ypaBHeHue (21) mpu
JOCTATOYHO MaJibiX p MMeeT peueHue b = b(p), crpemsueecs
x b° npu p — 0, TaKoe pemenne enuHcTBEHHO U b(u) € C™.

Toraa pewenue z(t; b(s), p) € C™ no p, u B cuny (21)
U JIeMMBI 1 MMeeT nepuon p. |

Cnepcreue. /lpu ycnosusx meopemsl 3 HA38aHHOE nepuoduyecKoe
peweHue umeem pasnoxerue no cmenenam  suda (12) ¢ pyHxyuamu
v;(t), umerowumu nepuod p.
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Inasa 5. [Juppepenyupyemocms pewerus no napénempy

Jokasamenscmso. Pewenue z(t, b(p), 1) € C™ 1o p, noaromy
nMeeT pa3jnioxeHue suna (12). CnexosarensHo,
z(t+p,b(w), ) — z(t, b(w), u) =

=dy+dip+...+dp" +o(p"), (23)
e d; = v;(t+p)—v,(t), i = 0,1, ..., m. B cuny nepuoxuyHOCTH

pellleHUs JieBas YacTe B (23) paBHa Hymo, noaToMy Bee d; = 0,
10 ecThb v;(t + p) = v;(t). [ |

3ameuvanue. [lyctb AaHO ypaBHeHue

¥ +a,3" 7V + ...+ a,y = () + pe(t, v, p) (24)

C NOCTOAHHLIMU KO3 (UUNEHTAMU @; W HeNPepLIBHLIMU BYHKLHUAMK
J.gnepnopa pnotuge€C™noy, p a KOPpHU A xapaKte-
PUCTHHECKOTO ypaBHEHUA yAOBNeTBOPSIOT ycnosuio (19). Torpa ana
OTHICKAaHUA peleHna NepUOAa P He HYKHO NEepexOAUTb OT ypaBHe-
HUA (24) K cucTeMe, MOXHO CPa3y OThiCKaTb peuwenue B Bupe (12),
rae Tenepb v;(t) — ckanApHbie yHKUUN C NEPUOAOM P.

| Npumep 3. Haiitn c Tounoctsio o(u?) nepuopuueckoe pewenne !
| YpaBHeHns !
! z" + 3z = 2sint + pz’. (25)

Pewenue npumepa. 3pecb p = 2w, N+3=0 A= +ivV3 #£
2xki/p = ki (k € Z), ycnosue (19) BuinonveHo. Wuem nepuogu-
Yeckoe pewenue B BUAe T = v, + pv, + y2v2 + ... . Noacrasnsas
B ypaBHeHue (25) u npupaBHuBas KO3(PUUNEHTH NPU OAUHAKOBBIX
CTeneHAx fs, NONYYaeM CUCTEMY YpaBHEHWH

vy + 3v, = 2sint, v;'+3'vl=‘vg, vy + 3v, = 2940, ... .
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§ 24. Acumnmomuyeckue MemoOs! peweHus

Hapo HaiiTn peweHus v, v|, v, C NEPUOAOM 27 . [InA KAXKAOFO U3 ITUX
YPaBHEHWH HAR0 HAWTH NNWL YacTHOe peweHue (METOAOM Heonpe-
AeneHHbix KO3(hUUMEHTOB), TaK KaK NO TeopeMe 3 Npu BLINOAHEHUH
ycnosus (19) pewenue ¢ nepuopgoM p epuncteenHo. Mocneposa-
TeNbHO HaxopuM vy = sint; v} + 3v, =sin’¢ = 1/2 — 1/2 cos 2,
v, = 1/6 + 1/2cos 2¢. Nopcraenas v, u v, B ypaBHeHue Ais v,,
UMeem
" A 1 1 _ b 1.
v, + 3v, = 2sint (3 + icos2t) = —gsmt+ Esm3t.

Otciona Haxoaum

v, = -Tli sint — Tlisin3t.
CneposarentHo,
z =sin t+p(l+l cos 2t) +p (—i sin t—-l sin 3t) +o(pd).
6 2 12 12

Kak 8 npumepe 2, BMecto o(u?) moxHo Hanucats O(p’). <

K cucreme Buna (20) cBomMTCS 3amaya O BBIHYXICHHBIX KO-
NeGaHUAX aBTOHOMHOM CHCTEMBI BGJIM3M MOJNOXEHUS PaBHOBECHS,
BBI3bIBAEMBIX NIEPUOMYECKHM MaJIbIM BHEIIHUM Bo3aeicTBueM. Pac-
CMOTPHM CHCTEMY

2 = F(z) +pf@), fE+p)=10), z=(zp....z,)7. (26)

Ilycts 2" — nonoxeHWe paBHOBeCHS NpH p = 0, To ectb

F(z®) = 0; p — manoe uncno, bynkuus f(£) HenpepriBHa, F(z) €
C™! (m > 1) B okpectHocTH Touku z°. 3ameHa z = z° + py naer
py' = F(z® + py) + pf(t). Tak xak F(z°) = 0, o no dopmyne
Teitnopa

OF.(z° .
F(z" +py) = pAy+r(n,y), A= ( '(o )) .
831‘ ij=1,..n
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Inasa 5. [lupgepenyupyemocms pewernus no napamempy

OcTaTouHblit wieH r € C™*! (160 npyrue WieHH B PaBEHCTBE MpH-
Hawexar C™*!), r = u?g(y, p). Monyuaem cuctemy Buna (20)

Y =Ay+f(t)+pg(y,p), geC™. (27)

Ecnn cOGCTBEHHBIE 3HAYEHHUSA MaTpULBI A YIOBIETBODPSIOT YC/IO-
Buio (19) (Her pe3oHaHca), To mo TeopeMe 3 cucrema (27) npu
HOCTaTOYHO MaJbiX |@| MMeeT pelieH!e C MEPUOIOM P.

Pewenue npumepa. Npn p = 0 NONOKEHUA PaBHOBECHA T, = Iu
z, = —1. Haiipem nepuopuyeckoe pewenne, 6amskoe k z = 1.
3ameHa ¢ = 1 + py paer

y" +2y' +2y =sint - By’ (29)

3peck p =27, A = —1x1i # 2xki/p (k € Z), ycnosue (19)
BuinoAHeHo. Mo3ToMy Npu Manbix g ypasHeHue (29) UMeeT pewexne
nepuopa 27 W supa y = vy(t) + pv,(2) + ..., me sce v;(t) umeor
nepuop 27 . Moactaenss 310 B (29), nonyyaem, Kak B Npumepe 3,

vy + 20y + 2v) = sint, v] + 20} + 20, = -},

Otclopa Haxopum v, = acost + bsint, a = -2/5; b = 1/5;
vg = 1/10+ 3/50 cos 2¢ —2/25 sin 2t, v, = h+ c cos 2¢ + dsin 2¢,
h=-1/20, c=-1/100, d = —1/50 u 7. p. CnepoarensHo,

2 1
:c=l+py=1+p(——cost+-sint) +

5 5
+ 4 LI cos 2t — 1 sin 2t) +0(4°) (30)
20 100 50 )
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§ 24. Acumnmomuyeckue MemoOs! pelwerus

YpaBHeHue (28) npu Manbix p& MMEeT U Apyroe pelwexue C ne-
pHOAOM 2. OHO 6NN3KO K HEYCTOWYUBOMY NONOXKEHUIO PaBHOBECUA
Z, = —1 ¥ OTHICKNBAETCA aHANOrUYHLIM CNOCO6OM. MOXHO AOKa3aTb,
YTO OHO HeyCTOHYNBO. |

II 3adayu ona ynpaxHeruii:
[12], § 18, N2 1079-1083.

e———>

@ EcTecTBeHHO BO3HMKAET BOMPOC, B KAKHX CIyYasix pa3lioXeHHs Mo CTe-
MEHsM MapaMeTpa y, TIOJYYEHHBIE B CAEACTBHAX TeopeM 2 M 3, MOXHO
NPONO/LKUTh 10 GeckoHeyHoro psina Teitiopa, cxomaulerocs K HCKOMOMY
PELIECHHIO NMPH MaNbIX f. DTOT BOMPOC PEellaeTcs C MOMOIbI0 TeopeMsl [Ty-
aHKape 006 aHAIMTHYECKOH 3aBHCHMOCTH PELICHHS OT mapamerpa, cM. [13],
. 1, §6, Teopema 1.3 u [2], .6, § 2, Teopema 6.2.1' u §3, n. 1. (

O MeTomax MCCNENOBaHHMA YCTOWYHMBOCTH NMEPHOAMYECKHMX PELUCHHIA,
NOlyyaeMbiX METOZOM Maioro napamertpa, cM. [2], m.7, § 3 u [33], m. 3,
§ 10—-15. B yacTHOCTH, NPH YCNOBUAX TEOPEMB 3 aCHMIITOTHYECKAsl YCTOM-
YHBOCTb MEPHOAMYECKOTO PELIEHHSA NMPH AOCTATOYHO MAHIX || obecneyena,
€CJIH VIS MaTPHLLL A BCe COOGCTBEHHbIE 3HaYEHUS A, uMeloT Re A, < 0, a He-
YCTOHYHBOCTb — €C/IH €CThb XOTs 6b onHO Re A, > 0. IMosromy B npumepe 4
npu Mansix g pemenne (30) aCHMNTOTHYECKH YCTONYMBO, @ NEPHOAMYECKOE
pewenue, 6auskoe K ¢ = —1 (ansg Hero A = -1+ \/3), — HeyCTONYHBO.

MeTon OTHICKAHHA NMEPHOAUYECKUX pEeLICHHI MPH pPe30HAHCE, TO eCTh
korza ycnosue (19) He BbinonHeHo, uanoxeH B [13], . 2, § 8, nyskrsi 2 u 3;
npuMepst TaM Xe; B [2], . 5, §3, n.2 u B [33], 1. 2, §6, 7.

O6 OTHICKAHMM NMEPUOAMYECKHMX pEllieHHI aBTOHOMHOI CHCTEMH &' =
Az + pf(z, p) B ciyuae, korma npu g = 0 NEPHONMYECKOE PELIEHHE W3-
BecTHO, cM. [13], .2, §8, nyukr 4; [2], .5, §3, n.3 u [33], m. 2,
§11-13.

Merox Majioro mapaMeTpa NMPUMEHSICS K IIMPOKOMY Kpyry 3ajad,
B YaCTHOCTH, B [33], maBbi 4—8. MeTtoasl nocenoBaTeNbHBIX NMPHGIIKEHHIH
Inst ypaBHEHMIT ¢ MABIM napaMeTpoM pa3paGoTaHui B [24].

211



Inasa 5. [Jupdepenyupyemocms pewerus no napamempy

CylecTBEHHO OT/JMYHHIM OT MpPEABIAYIUHX ABIAETCS CAydyail, Koraa
MaJiblif napaMeTp SAABNSETCS MHOXMTEIEM TIPH NPOU3BOINHOI, HANpHUMep,

pe' = f(z,y), ¥ =g(=,y).
3nech HET HenmpepbIBHOI 3aBHCHMOCTH OT /4 TipH p#¢ — 0, ¥ peLleHNs: HMEIOT
ApyrMe CBOWCTBa, CM., Hampumep, [13], .4, §6 u [15], . 10, § 3,4.
H3BecTHO MHOTO PaGoT, B KOTOPLIX MOAPOGHO HCCAEAYIOTCH TAKHE CIIY4au.
el

§ 25. Mepsble uHTErpansi

IMepBhie MHTErpalbl NPUMEHSIOTCS NMPH HCCAECAOBAHUH M PELICHUU
cucteM auddepeHUHANBHBX ypaBHEHU. 3HAHHME ONHOrO NepBo-
r0 MHTErpaia Mo3BONSET YMEHBIIMTh YUCIO HEU3BECTHHIX DYHKLMH
B JaHHOM cucTeMe. 3HaHHE M HE3aBMCHMBIX MEPBHIX MHTErpaioB
CHCTEMBI

z; = ft, z),...,2,), i=1,...,n

(¢ 2y5....2,) €Dy, £)5-.., 1, €CY)

MO3BOJISIET NMOJYYUTDb pellicHUE 3TOi CUCTEMH 6€3 MHTErpMPOBAaHUSI.

B npukiagHHIX 3amayax nepBbie MHTETPaJbl YacTO UMEIOT Pu-
3UYECKHil CMBIC/: 3aKOH COXPAHEHHMSA YHEPrUM, 3aKOH COXpPaHEHMS
KOJIMYECTBA ABMXEHHUS — 3TO NEpBHE UHTErpajibl ypaBHEHUit nBH-
XKEHUSI MeXaHMYEeCKO! CHCTEMHI.

(1)

@ Iepevin unmezpanom cuctemsl (31) B obnactu D C D, HasH-
Baercst ynkumsa v(t, z,,...,x,) € C!, coxpaHsiolliasi TIOCTOSHHOE
3Ha4YeHUEe BAOJb Kaxaoi mpoxomsiueit B D uUHTerpaabHOi KpuBoit
cucreMsl. (MHOra mepBHIM HHTErpaoM Ha3HBalOT He (YHKUHMIO
v(t, z,,...,2,), a cootHowenue v(t, z,, ..., x,) = ¢, rae ¢ — npo-
M3BOJIbHAsH MOCTOSTHHASL.)
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§ 25. [lepssie unmezpansi

TeomeTpuyeckuit cMbica nepBoro uHTerpana. Iycrs dv/dz; # 0
Uil HEKOTOpOro. ¢ M ¢ — J06Goe M3 3HAYEeHWil, NMPUHUMAEMBIX
¢ynkumeit v B obnactu D. Torma pasenctso v(t, 2,,...,2,) =
onpenensieT B npocTpaHcTee ¢, Z,, ..., Z, N-MEPHYIO MOBEPXHOCTb,
LIEIMKOM COCTOSILIYIO M3 MHTETPaNibHBIX KPHBBIX cucTeMH (31). To
€CThb Yepe3 KaXIyl0 TOYKY MOBEPXHOCTH NpPOXOAMT HMHTErpajibHas
KpHBasd, Jiexallasi Ha MOBEpPXHOCTH.

JdokaxeM 310. ITycTh TOYKA P JIEXHUT HA MOBEPXHOCTH ¥ = C.
Torna B 310l TOuKe v = ¢. Ha HHTEerpanbHO# KpUBO, Mpoxoasmeit
yepe3 3Ty TOYKY, MEpBblif MHTErPal ¥ COXPaHSET MOCTOSHHOE 3Ha-
YyeHHe — 3HayeHWe c¢. 3HAYMT, 3Ta KPUBas JIEXUT HA MOBEPXHOCTH
v=c. ,
TpeGosanue, yto6bl GyHKUMA v Knacca C! coxpansia mocro-
SIHHBIE 3HAYEHWS BIOMb MHTETPAIBHBIX KPHMBBIX cHCTeMH (31), pas-
HOCWJIBHO TOMY, 4TO €€ MOJIHasA MPOM3BOIHAsA B CHIy cHCTeMHI (31)
paBHA HYMIO, TO €CTh

avav

8
3+ s o ,,)+...+a—:;f,,(t,z,,...,:cn)z:o. (32)

Jho6oit nepnbm uHTerpan cuctemsl (31) ymosneTBopsieT ypaBHe-
Huw (32).

3HaHHe NMepBOro MHTErpana, y Koroporo dv/dz; # 0 K11 Kako-
ro-Hu6yIb 4, Mo3BoseT CBecTH cucTeMy (31) K cMCTeMe ¢ MEHBLIMM
YHCJIOM HEM3BECTHBIX (pyHKUMiA. [/l 3TOro paspellaeM pPAaBEHCTBO
v(t, z,,...,2,) = c (B0O3MOXHO, B MEHblllelt 0GIACTH) OTHOCHTENb-
HO Z; W TMOJACTAB/ISIEM MONYYEHHOE BHIPAXEHHE Z; Yepe3 OCTANbHbIE
nepeMeHHBIe B ypaBHeHHs CUCTEMBI (31), KpoMe i-r0 ypaBHEHHSI.

IZI Hdnst moGoit dyHkuuu ¢ € C'u nepBoro MHTerpaia v (Wiu
HECKO/IBKUX TMEPBBIX MHTEIPANIOB vj,...,V,) CAOXHasA GyHKUMA
¢p(v(t, T a:,,)) (cootBercTBEHHO, ©(V,,...,v;,)) TOXe mocTo-
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Inasa 5. [ugpdepenyupyemocms pewenus no napamempy

SIHHA BIOJIb KAXAOH MHTErpabHON KPHBOI CUCTEMBI, 3HAYHUT, SBIA-
eTcsl nepBbIM HHTErpaioM. [103TOMY nepBhIX HHTErpaIoB 6ECKOHEYHO
MHOTO.

TepBHe HHTETPANH v, . .. , ¥, CUCTeMH (31) Ha3nBalOTCS He3a-
sucumoimu (WM @ynkyuonasbio nesagucumsimu) B obnactu D, ecnu
B K20/ TOUKe IT0H 061aCTH paHT MaTpuLisl (9v;/8z;);_,
paBeH k.

@yHKUMOHATBHAS HE3aBUCMMOCTh OTIHYAETCA OT JIMHEHHOM.
N3 nuHeitHo# 3aBUCHMOCTH dyHKUMI v,, ..., v, creayeT UX ¢yHK-
LIMOHANBHAS 3aBUCHMOCTH (TOrIa CTPOKM MATPHMLBL, CM. BHILlE, JIM-
HellHO 3aBHCUMH M ee paHr MeHblle k). O6paTHOe HEBEpHO, Ha-
npumep, byHkuun v, =t -z, u v, = (t - :n:l)2 dbyHK1UMOHANBHO
3aBUCHMBI, HO IMHEAHO HE3aBUCHMH B JI060I oGnacTH. N

Canenyonias M3BECTHasi TEOpeMa HEONXHOKPAaTHO MpPHUMEHSETCS
B §§ 25, 26.

cokii=1,.,n

Teopema o0 HeasHbix GyHxumax. Jana cucmema ypasHeruli
0i(Yps- 1Y, 2)=0, i=1...,n (z€R™, m>1). (33)

Gynkyuu @; € C' 8 oxpecmmocmu mouxku M(y, = yyq, ..., Y, =
Yno» 2 = %), @ 8 3mod moyke pasencmea (33) ssinonnsiomca
u axobuan det (8¢;/8Y;); ;-,, ... # 0. To2da 8 Hexomopoii okpecm-
Hocmu moyku z, cucmemy (33) MoXHO paspewums omHoCUMeNsHO
Yps -+ » Yy, MOYHEE, Cyulecmaylom maxue HenpepsieHble QyHKyuu
Y(2),...,y,(2),ymoonai=1,...,n

Pi (yl(z)’ s yn(z)’ Z) =0, y.'(zo) = Yo i=1,...,n.

Takas cucmema gynxyuii y,(2), ... , y,(2) eduncmeenna u y; € C',
i=1,...,n. -

~
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§ 25. [llepsbie unmezpansi

TeopeMa 4. B oxpecmuocmu mobod moyku M(ty, Z,, ... , T,,)
obnacmu D, cywecmeyiom m He3aBUCUMbIX Nepebix UHMezpanos
cucmemst (31).

Hokazamenscmeo. Jins moGoit Touku (¢, ¢y, ..., c,) € D, mno Te-
opeMe 2 § 5 cyliecTByeT eAMHCTBEHHOE MPOXOAsIee Yepe3 3Ty
TOYKY pelieHue cuctemsi (31)

z; =gt c,....0), i=1,...,n (34)
B cuny cnenctsust Teopemsi 1 §23 ¢, € C'. Tax xax

ity €ps.-.56)=¢, i=1,...,m,

To npu ¢ = ¢, Marpuua (9¢;/9c;);;_, .o — CAMHWIHAA U ee
AETEPMMHAHT — fAKOOMaH yHKUHMHA @, ... »$p — PpaBeH 1.
ITo TeopeMe 0 HesBHBIX (GYHKUMSX, Ile Tenepb HAXO B3ATh
y=¢,i=1,...,n, z=(t,2,...,2,), cucremy (34) MoxHo
Pa3peIUTh OTHOCHTENBHO Cy, ... , C, B HEKOTOPOH OKPECTHOCTH
ToYku M

=yt 2z,...,z,), i=1,...,n (35)

IMoxaxeM, 4To GYyHKUNM v; — HE3aBUCHMBIC NIEPBBIC HHTE-
rpasinl cucteMsl (31). ITo TeopeMe 0 HesABHBIX HYHKLMSX v; € c'.
Yucna ¢,,...,c, — OIHHM M Te XE€ BO BCEX TOYKAX MHTEIpalb-
Ho# KpHBOii, npoxonsiueii yepe3 Touky (£, ¢, - . . , ¢,). 3HauMT,
GYHKUMH v; OCTOSSHHHE BJOJIb MHTETPAILHBIX KPUBHIX M SIBJISI-
107TC nepBeIMH MHTErpaiamu. Ilpu mo6GoM ¢uxkcupoBaHHOM ¢
(B6mm3M t)) cucreMbl dyHxumit (34) u (35) B3anmMHO 0GpaTHH,
MO3TOMY TPOU3BeiIcHHE UX SKOOGHAHOB PAaBHO €AHHMLIE:

A-A, =1,

A, = det (a‘a') ; Az—det(av) :
8¢; / i j=1...n 0%; /) i jtt,...n
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3Haumt, A, # 0, paHr MaTpHLILI (30,-/821-) paBeH n, U NepBHE
HHTErpaisl vy, ..., v, HE3aBUCHMBIL. [ |

Teopema 5 (0 NonyYeHUH peweHHA C NOMOWLIO NEPBLIX MKTErpa-
nos). flycms v,,...,v, — He3asucuMbie nepevle UHMezpansl cu-
cmemsi (31) 8 o6nacmu D. flycms moyka M (ty, &g, .. . s Z,9) € D
uc=uv(M),i=1,...,n. Tozda pewenue cucmems (31) ¢ Ha-

yansueimu ycnosusmu x,(t)) = z;, & = 1,...,n, onpedensemcs,
KaK HeABHAA QyHKYuS, cucmemoli ypasHeHuli
vt z,...,2)=¢, i=1,...,n (36)

Jfokazamenscmso. DTH ypaBHEHHS! YIORIETBOPAIOTCS B TOYKe M,
U B 310i Touke det (8v;/0z;); ., . o # 0 B CHIy He3aBUCHMO-
CTH TNepBBIX MHTerpanoB. I1o Teopeme O HesBHBIX (BYHKUMSIX
cucreMy (36) B HEKOTOPO# OKPECTHOCTH TOYKH M MOXHO pa3-
PEIHTE OTHOCHTENBHO &y, ..., &, :

zj=(pj(t,cl,...,c”), j=1,...,n. (37)
®dyukuuu (37) ynosnersopstior cucreMe (36), Tak Kak nojiy4eHsl
u3 Hee. C Apyroii CTOPOHEI, pelieHHe cucteMs (31) yaosnerso-
pser (36) mpu ¢ = ¢, B clly BHIGOPa MOCTOSIHHBIX €, ..., C,.
OHo ynosnerBopser (36) U npu Apyrux ¢, Tak Kak nepBbie MH-
TErpajibl NMOCTOSIHHBL BAOAb pelleHUs. BeaeacTsue eamMHCTBEH-
HOCTH HESBHOM (YHKLNH 3TO PellieHHe HMEEeT KOOPIMHATH Z;,
coBnagaiouue ¢ pyHkuusmu (37). [

3adayu 0nn ynpaxHeHul:
[12], §19, Ne 1061-1064, 1066.

Teopema 6. Ecru v,,...,v, — He3asucuMsie nepssle uHmezpa-

ner cucmems! (31) 8 oxpecmuocmu U mowku M*(ty, =5, ..., ),
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§ 25. llepsvie unmezpansi

mo niobol nepesili uwmezpan w cucmemsi (31) 8 Hexomopoii
oxkpecmrocmu moyku M* ssnsemca Qynxyued om wux, mo ecms
w=F(v,...,v,), FEC.

Jokasamenscmeo. Tlyctb Touka M(ty, 2y, ..., 2,0) EU M ¢; =
v,.(M ), §=1,...,n. Toroa, KaK B JOKa3aTe/IbCTBE TEOPEMEI 5,
cucreMa (36) onpenensier pewenue (37) cucremn (31). Takue
pellieHUs] 3anONHAIOT HEKOTOpPYI0 OKpecTHocTh Uy C U TOYKHM
M*. Bions KaX[Ioro 13 3THX pelieHUi MMeeM w = const, TO eCTh

w(t, o, ¢ s6)snn s 0u(tcy,. . u6,)) =
= w(ty ©1(tgs Crs o5 Ca)sovv s Pultys €pseev s €p))-

OGosHauuM npaBylo yacTs uepe3 F(c,,...,c,), Torna F € cl.
Iepexons or ¢,,...,¢, K Z,,...,Z, U K.V|,...,V, COIIACHO
(37) u (36), nomyyaem
w(t,z,...,2,) = ‘
EF(vl(t,a:l,...,a:n),...,vn(t,zl,...,zn)). |

@-Hepme HHTErpanbl ABTOHOMHOM cHcTeMbl. CHcTeMa

2 =fzp....2,), i=1...,n (f..... ,€C") (38

VIOBJIETBOPSIET YCIOBHSIM TEOPEMH 4 M TMO3TOMYy B OKPECTHOCTH
M06Ooi TOYKH MMEET N HE3aBUCHMBIX MEPBbIX MHTErpaioB Buaa (35).
Tak kak B cucreme (38) dyHkumu f; He 3aBUCAT OT ¢, TO 4acTo
GBIBAIOT HYXHbI NIEPBBIE MHTETPabl, HE coaepxaluue ¢.

Teopema 7. B okpecmnocmu nioboli Heocoboli moyku cucmema (38)
umeem n — 1 He3asUCUMBIX Nepsbix UHMezpanos, He codepxawjux t,
mo ecmb umeloujux 8ud v;(z;, ..., Z,).
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—¥

Hokasamenscmeo. Tlycrs Touka B(z,, ... , T,,) — Heocobast, TO
€CTb B Heit x0T Gul otHO f; #0, Hanpumep, f, (2,4, .., %,0) #0.
Torna f, # 0 u B Hekoropoit okpectHoctH U 3TOit TOYKH.
Jlensi Ha n-oe ypaBHEHHE OCTAIbHBIE YPaBHEHHS CHCTEMHI (38),
nony4yaeM B U

dz; Ji(z...,2,)
dz, ~ fn(a:.-,...,z,,—).’

ITo Teopeme 4 3Ta cCHUCTEMa B Hexorropoﬁ'oxpecmocm Touku B
MMEET 1 — | HE3aBUCHMBIX MEPBBIX MHTETPaoB v;(z,,...,2,),
i=1,...,n—1. OHU OCTOSTHHHI BOOJb peLeHuit cuctemsl (39),
TO €CTb BAOJb TPAeKTOPHit CUCTEMHI (38). 3HAYHT, OHM ABJSIOTCH
NepBEIMM MHTerpanamu cuctembl (38). He3aBHCHMOCTb TepBhIX
MHTETpaoB v; cCHCTeMbl (39) O3Ha4YaeT, YTO paHr MATPHLbI
(8v;/02;); ;-1,...n-1 PaBEH n — 1. OTCIONa CTENYET, 4TO M ANSA
cucteMHl (38) 3TH nepBbie HHTErPATB HE3aBUCHMBIL. |

i=1,...,n—-1 (39)

3ameuanne. B TeopemMe 7 Henb3a OTOPOCHTL YCNOBHE «B OKPECTHO-
CTM Heoco6oi Touku». Hanpumep, Nnpu n = 2 B OKPECTHOCTH 0CO6OH
TOUKW THNA Y312 AU OKyCa He CYWEeCTBYeT HI ORHOTO NEPBOro UHTe-
rpana supa v(x,, ,). B camom pene, y TaKoit Touku P ectb okpect-
HocTs W C R?, yepe3 kaayio TouKy KOTOPOil NPOXOAUT TPAEKTOPHS,
ctpemawasca k P npu ¢ — oo (wnu npu ¢ — —o0). Mpepnonoxum,
410 B HekoTopo# okpectHoctH U C W cywecTsyeT nepebiit UHTErpan
v(z,, x,). Toraa v(x,, T,) = ¢ = const Ha TPaeKTOpuM, CTpeMs-
weiica k Touke P. Mo HenpepuigHocTH, v(P) = c. 3HauuT, Ha BCeX
TpaeKTopuaAx, CTpeMaumxca k P, nmeem v(z,, z,) = ¢ = v(P), 10
eCTb v = ¢ B OKpecTHoCTH Touku P. Torpa 8v/8:cj =0(G=12),
paur marpuusl (8v/dz,, 8v/dz,) = rang(0,0) = 0 < 1, u nepsuiil
HHTErpan v = ¢ He ABNAETCA HE3aBUCUMBIM,
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§ 25. [lepssie unmezpans!

@ Cummerpuunas ¢opma cuctemsl auddepeHLMANbHBIX ypaBHe-
HHMI — 3TO TaKas 3alMCh CUCTEMBI, B KOTOPOif HU OHO U3 NepeMeH-
HBIX HE B3STO 3a HE3aBUCHUMOE MEPEMEHHOE, NOITOMY B YPaBHEHUS
BXOASAT He NMPOM3BOAHBIE, a U depeHumnans. Hanpumep,

dz, dz, dz

Lo@gs2ps ..., 2,) - L@gzyenz,) T L@ Zys - 2,)
(40)

— CcHcTeMa B CMMMeTpHuHOit ¢dopme. Ecam o0603HaumTh 06IIyIO
BEJIMYMHY Bcex apoGeit-uepes dt, To cucrema (40) npuBenercs K aB-
TOHOMHO# CHCTEMe

—d—ti = fi(z, 2, ...,2,), i=0,1,...,n.
B obGnactu, rae xakas-nu60 u3 GYHKUMHA f; He paBHa Hymo, CH-
creMa (40) paBHocunbHa cucteMe dz;/dz; = f;/f;, j =0,1,...,n;

Jj # 1 (i duxcuposaHo, f; # 0).

OGparHo, cucteMy (31) HOPMaJBHOTO BHMAA MOXHO 3alMCaTh
B cUMMeTpUYHOit dopme (40), B3sB 2, = ¢, f = 1.

CuMMeTpUYHAas 3aMMCh CHCTEMBI 4acTO OOJIeryaeT OTHICKaHHME
MEPBBIX MHTETPAJIOB.

Ié_LI O pewennn HeMmHeHHMX cucTeM. OTBICKATh PELICHHE C MOMO-
IIbI0 KOHEYHOIO YMClIa ICACTBUI yraeTCs JIMIIB VIS HEKOTOPHIX He-
CNOXHBIX cUcTeM. IIpu NCKMOYEHUH HEM3BECTHRIX HEMTOCPEACTBEHHO
U3 JAHHOI CHCTEMBI MOMYYaeTCsA YpaBHEHHE C MPOM3BOAHBIMM Golee
BBLICOKOIO MOpSIKA, PelIaTh KOTOPO¢ GHIBAET HE Jierye, YeM NaHHYIO
CHUCTEMY.

Yaue ymaercs pellIMTb CUCTEMY ITyTEM OTHICKAHMSA UHTErpUpye-
MBIX KOMGHHAUUiA. Himezpupyeman Kombunayus — 310 WK KOMGH-
HalUs ypaBHEHHUiI CHCTEMBI, coiepXailiag TOJNBKO ABE NMEPEMEHHEIE
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BEJIMYMHBL M MpeACTaBNgOman coboit nuddepeHHaAILHOE ypaBHe-
HHE, KOTOPOE MOXHO peLIMTb, WIH Takas KoMOHHaLMs, 06e YacTH
KOTOpO#ii ABJISAIOTCA NMONHBIMU AuddepeHunanamMmu. U3 kaxnoit MH-
Terpupyeyoﬁ KOMOMHALIUM TIONYYaeTCs MepBhiil MHTErpan AaHHOM
cucteMbl. IIpH MCKIIOYEeHUH HEM3BECTHHIX M3 AaHHOI CUCTEMBI C TO-
MOILBIO NEPBLIX UHTErPaIOB MOPSAAOK NMPOU3BOAHEIX He MOBHILLIAETCH.

_____________________________ -

i Mpumep 5. Haiitu pewenus cucrembl |

! |
dz d d

n g_9__ = (41) !

I z y x4+yi+z I

L e o o e e e e e e e e e J

Pewenue npumepa. [iee nepebie ApoOM AAIOT UHTErPUPYEMYIO KOM-
6unaunio dz/z = dy/y. Orcopa y = c,x. [lanee MOXHO Mam
UCKNIOYUTL Y W3 CUCTEMBl, NOACTABUB Y = C, T, AW HCKaTb BTOPYIO
UHTerpupyemyio kom6utaumio. Mepswii nyTb paer

370 ypaBHeHHe — nuHelHHoe OTHOCUTeNbHO Z. Pewas ero, nonyyaem
z=¢qz+(1+ cf)zz. 310 paBeHCTBO BMecTe C y = C,T Aaer
peweHua cuctemsl, He nexawme B naockoctu £ = 0. Ecnu xe £ = 0,
TO M3 PaBeHCTBA ABYX NOCNeAHUX Apobeit B (41) umeem

dz z 2

—=y+-, z2=cyY+ z = 0). 42
L=Vt r=aytd @=0. @)
Ecnu e UCKaTb BTOPYIO MHTErpupyeMyio KOMGUHaLWIo, TO yRoGHO

HCNONb30BaTh M3BECTHOE CBOWCTBO PaBHbix Apobeit:
a a a+a,+...+a a

e L=2=...=-2 10 1ttt G
b, b b, by+b+...+b, b

(BenuunHb @; M b; MOXHO YMHOXMTb Ha ORHO U TO Xe k;).
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§ 26. YpasHeHus ¢ 4GCMHBIMU NPOU3BOOHLIMU NEPBO20 NOPAOKA

B naHHOM NpuMepe MOXXHO HaNUCaTb, CTapafch NOAYHUTL NONHBINA
avddeperyman,
dz 2zdz 2ydy dz _dz=2zdz-2ydy
Tz 222 2P z4zi+y  z—zP-y?
Nocnepnss apobb ectb nonublit Audpdepenuunan. Oa paBHa nepeoi
Apo6u dz/z. 310 — uuTerpupyeMas komGunaumsa. U3 Hee nonyyaem
eiuje OAUH NepBLli UHTerpan

z—z? —y?

s o (43)

370T nepeuiit MHTErpan U panee NOAy4eHHbIH Y/ = ¢, He3asu-
CUMBI, TaK Kak B (43) BXOAUT 2, a B paHee NOAY4eHHbIH — He BXOAMT.
dopmynul (43) u y/z = ¢, RawT pewenune cucremsl (41) npu z # 0.
Npu = = 0 umeem eule pewenne (42). <

3adayu Ona ynpaxHeHuli:
[12], §19, N21146-1160.

§ 26. YpaBHeHMA C YaCTHLIMU NPOU3BOAHBLIMK

nepBoro nopaaka

Takue ypaBHEHHSA PaCCMATPHBAIOTCS B Kypce OOBIKHOBEHHBIX audde-
PEHLIMAIBHBIX YPaBHEHHI TIOTOMY, YTO MX pEllIEHHE CBOAMTCSH K pe-
LIEHUI0O CHCTEM OOBIKHOBEHHBIX IH(dGdEpPEHIIHANBHBIX YpaBHEHHIA.
YpaBHeHHMSI C YACTHHIMM MPOM3BOAHHIMHK GoJjiee BHICOKOTO MOpsAKa
paccMaTpHBAIOTCA B OTAEJIBHOM KypCe.

@ PaccMOTpUM NHHEHOE OAHOPOIHOE YpaBHEHUE

oz oz
_... —_—= 44
“‘az, +...4+a, oz, 0, (44)
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e 2(z,,...,%,) — uckoMas GpyHKuM, a @,,...,a, — H3BECTHHE
q?'ﬂmuu or; z,...,&,. Cunraem, 4yto @; € c! (E=1,...,n),
ai+...4+a, #0.

L 4

Teopema 8. @ynkyus z € C' asnsemca pewenuem ypasHenus (44)
mo20a u monsko moada, Ko20a OHA ABAAemCA He codepwawum t
nepesiM unmezpanom cucmemsl (3decs x; = dz;/dt)

z =a(z),...,2,), ..., Zp=ga,(z,...,z,). (45)

[okasamenscmso. J11060# nepBbIit HHTErPa v cUCTeMH (45) yao-
RJICTBOPSAET ypaBHeHHIo (32), rme Teneps f; =a; (= 1,...,n).
Mo ycnosuio 8v/8t = 0, noaromy (32) cosnagaer ¢ (44).
O6partHo, ecin GyHKuMA z € C' ynomnerBopsieT ypaBHe-
HHUIo (44), TO MOJNHas NPOM3BOXHAA OT Z B CHIY CHCTeMHI (45)
paBHa JieBoit YactH (44), 3HauuT, paBHa Hymo. Toraa byHKuus 2

NOCTOSTHHA BAO/B PEICHHI CHCTeMBI (45) U ABNsIETCS ee MEPBHM
HHTETPaJioM. ’ |

Nemma 3. Nlycms ay(xy,...,2,) € c!, a, # 0, u nepssie unmezpa-
ot vy(z,,...,2,) (E=1,...,n—1) cucmems: (45) Hesasucumsi
8 obnacmu D. Tozda 3ma cucmema csodumca K cucmeme

dz; a; .
iz, " a, (E=2,...,n), (46)

U me e v; — He3asucuMbie nepebie uHmezpansi u 0nA Hee.

HAoxasamenscmeo. ®yHKUMH v; TIOCTOSIHHH BIONb TPaeKTOpHi
cucremsl (45), To ectb BEONB peieHuit cucreMbl (46). Ilo-
3TOMY v; — TepBble MHTerpansl mis (46). IepBbic MHTErpansl
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§ 26. YpasHeHus ¢ yacmHsiMu NPOU3BOOHbIMU NEPBO20 NOPAOKA

VAOBJETBOPSIIOT YPaBHEHHMIO (32), TO eCTh B HAllleM CITydyae

v,

. ‘ 4
8.1::l "oz, =0 “7)
TepBbie HHTErPAILI CHCTEMBL (46) HE3aBHCHUMBI, €CJIH PaHT

© matpuusl A = (9v,/0%;)i=1,. =L paBeH n — 1, a mis cucre-
1-2’ v
MBI (45) He3aBHCHMMBI, €C/IM PaHT MaTpuLbl A, paBeH n — 1.

Marpuua A, nonydaercs noGasneHueM K A cron6ua dv;/dz,
(i=1,...,n-1). Tak xax a, # 0, To B cuiy (47) 10T CTONGELL
€CTb JIMHEeiHasA KOMOMHALIUS OCTAIBHBIX CTOJIOLIOB MaTPULIBL A.
ITo3ToMy paHru MaTpull A M A, COBMamaloT (PaHr MaTPULLI —
YMCIO JIMHEHHO HE3aBUCHMBIX CTONGLIOB), U M3 HE3aBMCUMOCTH

Vy,..., Y, IS CHCTEMBI (45) ClefyeT MX HE3aBUCHMOCTD U I
cucremH (46). n
Teopema 9. EFcnu vy(z,,...,2,) (=1,...,n — 1) — nesasucu-

Mble nepabie uwmezpans! cucmemsi (45) 8 o6nacmu D, mo 8 oxpecm-
Hocmu moboli moyku M € D obuwee pewenue ypasHenus (44)
umeem 8ud

z=F(v(z),...,Zp)s-. 57, -1(”1a---’“’n))’ (48)
20e F — npou3sonbHas QyHkyus Knacca C!. To ecms & 3moii

oxpecmuocmu popmyna (48) codepmum sce peweHnus ypasHewus
(44) u monsko ux.

Joxasamenscmso. TIpu moGoit F € C' dynkuus (48) nocrosHua
BIOJb PEllieHUs] CUCTeMHB (45), MO3TOMY SIBISIETCS €€ TMePBhIM
uHterpaioM. ITo TeopeMe 8 yHKUUsA 2 — peLICHUE ypaBHE-
Hus (44).

O6paTHO, ecliM GYHKLMSI z — pellieHue ypaBHeHus (44) u
a(M ) # 0, To no TeopeMe 8 OHa ABNACTCS NEPBLIM MHTETPAIOM
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Inasa 5. [jupgepernyupyemocms pewerus no napamempy

cucreM (45) u (46). Torna no Teopeme 6, IPUMEHEHHOI K CHCTe-
Me (46), Haiinercs Takas dynxkumus F € C', uT0 B OKpeCTHOCTH
Touku M uMeeM paBeHCTBO (48), rae ¥),...,V,_; — HE3aBUCH-
MBIe NepBhie MHTErpaibi cucTeMHl (46) wiu (45), 310 BCe paBHO
no nemme 3. Ecnn xe a,(M) = 0, a,(M) # 0, TO U3MECHUM
HYMQRALIHIO TaK, YToGH a,(M) # 0. [

@ Kesa3ununeiinoim Ha3biBacTCsl ypaBHEHHE

=b, (49)

82:1 "oz,

e a,,.. — yHKUMH K.nacca c! orr MEPEMEHHBIX T, ..., T
B o6nac'm D CYMTAEM, 4YTO al+ +a #08B D,
YpaeHeH#ue (49) CBA3aHO C ABTOHOMHOI CUCTEMO#t ypaBHEHH

ns 2

z; = a,(2,,...,%,,2) (E=1,...,n),

2= b(z,,...,z,, 2). (50)

3nech z; = dx,/dt u 1. 1. Tpackropuu cucTeMHl (50) B MPOCTPaHCTBE
Zyy...s L, 2 — ITO IMHUH, HA3HIBACMbIC XaPAKMEPUCMUKAMU YDAB-
HeHus (49), a pemeHue ypaBHeHHs (49) u3006paxaercsi n-MepHO#
noBepxHoCTbIO 2 = f(Z,,...,z,). CunTaeM, uto f € C' B o6nacT
D, CR™, atouku (z,,..., z)CDC]R"+l

Teopema 10. flosepxrocms z = f(z,, ..., ,) A8nAemcA peuieHueM
ypasHenus (49) mo2da u monsko mo20a, K020a OHA yeUKOM Cocmoum
u3 xapakmepucmuk. To ecmb Yepe3 KaxOyl0 MOYKYy nosepxHoCMU
npoxodum xapaKkmepucmuKa, YeJUKOM NIexauas Ha nosepxHocmu.

JHoxaszamenscmeo. Ecnu NMHUS — XapaKTePUCTHKA, JieXalluas Ha
TIOBEPXHOCTH, TO B KaXNOH TOUKE TUHUM BEKTOP (f; 5. - -, fz 5~ 1)
HOPMAIH K NOBEPXHOCTH OPTOTOHANICH KACATE/ILHOMY K 3TOM
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§ 26. YpasHeHus ¢ yacmHbIMU NPOU3BOOHLIMU NEPBO20 NOPAOKA

JMHUU BEKTOpY (al, ..., a,,b). M ckansipHoe mpou3sBencHUe
PaBHO HYJIIO:

afy +...+a,f, —b-1=0. - (51)

Ecnu yepe3 KaX/Iylo TOUKY MOBEPXHOCTH MPOXOAMT TaKask IMHHS,
TO 3TO PABEHCTBO BHINONIHEHO HA BCEil MOBEPXHOCTH, TO €CTH I0-
BEpXHOCTb 2z = f(,, ..., Z,) YIOBIETBOpSET ypaBHEeHUIO (49).

OGpatHo, eciu nosepxHocTs P(z = f(z,,...,2,)) yuo-
BJIETBOpsieT ypaBHeHHUIO (49), TO B KaX[Oit TOYKE MMOBEPXHOCTH
BHINONHEHO (51), To ecth BexTOp (@4, ...,a,,b) OpTOroHaeH
HOPMAH K MOBEPXHOCTH, 3HAYMT, KACaeTCs MOBEPXHOCTH. Ta-
KUM 00pa3oM, Ha MOBEpXHOCTH P omnpeleNieHO Moie Kaca-
TENBHBIX BeKTOPOB. [ToKaxeM, YTO 4epe3 MPOU3BONBHYIO TOUKY
M(z,, ..., %, %)) € P npoxoauT nexamas Ha P TpaexTopus
3TOro BEKTOPHOro nojisi. B o6nactu G — npoeKLHUH MOBEPXHO-
cti P Ha IUIOCKOCTD Z,, ..., £, — PaCCMOTPHM CHCTEMY

zi=a;(z),.... 2, f(Z)s .05 2,)), i=1...,n (52

Yepes TOUKY (2, - . - » T9) € G MPOXOMMT pelicHHe z, = &, (t),
.. s &, = x,(t) o10i cucTembl. JIunua L

z, =z,(t),...,2, =,(), z=[f(z,(),...,2,(t))

JIEXUT Ha TOBEPXHOCTH P(z = f(z,,... ,zn)) U TIPOXOAUT
yepe3 TouKy M. ITokaxeM, yro L — xapakrepuctuka. IlepBpimM
n ypaBHeHusiM cucTeMbl (50) oHa ynomnerBopsierT B cuy (52)

M paBeHCTBa 2 = f(2,,...,2,) Ha P. [lanee,
n af
2(@t) = —z —E (zl,...,x”,f(zl,...,zn))-a?
i=l
IoBepxHOCTh 2 = f(zl, .ees,) YOOBIETBOPSET YPABHEHHIO
(49), noatomy nocnennss cymma paHa b(z,, ..., z,, z). Utak,
[ 4
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nunus L ymnoBNETBOPSieT M MOCHEAHEMY YPaBHEHHIO CHCTEMBI
(50), To ecTb sIBNSAETCS XapaKTEPUCTUKOM, |

Teopema 11. Ecnu v(a:l, «ee s &, Z) — Nepabili uHMe2pan cucmemb!
(50) & ob6namnu D, u 8 moyke M € D umeem v = ¢, 8v/0z # 0,
mo paseHcmso v(Z,,...,T,,2) = ¢ 8 okpecmHocmu moyku M
onpedensiem HeasHyio dyHkyuo 2(2,, ..., z,), ydosremsopsouywo
ypasrenuio (49).

Hoxazamenscmso. Tlo cBOCTBY nepBoro MHTErpaia % (50) =0,
TO eCTh
58—-+ +a,,: +b-g—:—0 (53)

Hns HesiBHOM dyHKUMM 2(2), ..., zn) B OKPECTHOCTH TOYKH M

8z & /v

'5;;"—‘ b—:;.- a, t=1,...,n.
Ioatomy, nens paseHcTBo (53) Ha —8v/8z, nonyyaem, 4To 3Ta
HesiBHasi GYHKUMs YIORIETBOPSET ypaBHeHHIO (49). [ |

Teopema 12 (06 o6uem pewennn KBa3uAUHERHOrO ypaBHeHNA).
Nyems vi(z,, ..., 2,, 2), i = 1, ..., n, — Kaxue-nuGo He3asucumsle
nepeble urwmezpansi cucmemsi (50). ®yuxyus z(z,,...,x,) A6n3-
emcs pewenuem ypasrenus (49) 8 oxpecmuocmu mouku M csoe2o
2paguka, mozda u monsko mo20a oHa yoosnAemeopsem pasexHcmsy

F(v (2. ,24,2)s ..., 0,(2), ..., 2,,2)) =0 - (54)

npu Kakod-nubo gynkyuu F € C' makod, ymo F = 0, F,#0
8 moyke M.
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§ 26. YpasHeHus ¢ YacmHbIMU NPOU3BOOHBIMU NEPBO20 NOPAOKA

>

Hoxasamenscmeo. Jlepas uacts B (54) npu moGoit ¢ynkuuu F € C'
MOCTOAHHA BOJb TpaekTopuil cucreMsl (50), 3HauuT, SIBASETCA €e nep-
BbiM MHTerpanom. Ipu F(M) # 0 pasencTeo (54) onpenesnsier B6au3u
TouKH M HesiBHYI0 GYHKUMIO 2(Z,, ... , Z,), YIOBIETBOPSIOLLYIO N0 Te-
opeme 11 ypaBHenwuio (49).
MokaxeM, 4yTo dpopmyna (54) CONepXHT BCe PEIIEHMA YpaBHe-
Hus (49). Mycrs, Hanpumep, a,(M) # 0. Torza BOMM3M Touku M
XapaKTEePUCTHKH ypaBHeHHA (49) yRORNETBOPAIOT CUCTEME
do o ._ 4 _b
az, " a, (i=2,...,n), iz "o (55)
Mycrs z = f(z,,...,2,) € C' — moboe pemeHHe ypasHe-
Hua (49), M(z,y,...,2,,, 2,) — TouKa Ha ero rpadpuxe. Peuenue
cucTeMbi (55) ¢ HAYAIBHBIMH YCIOBUSMH

z(z,)=¢c, (i=2,...,n), (56)
2(2yg) = f(z), €5 ---1€,) + €,
0603HaYMM
z, =p(2565,...5¢,,,) (=2,...,n), (57)
2=0,,(Z,0.0000,,)
Mpu 2z, =2,, ¢; =z, ({ =2,...,n), c,,, =0 B (57) nonyyaem

Touxy M. B 310if TOouke sixobuan det (Btp../ac’.).. j=2,..n =1 B cwy
(56). B Hexoropoit okpecTHOCTH ToukH M cuctemy (57) no Teopeme

O HEABHBIX PYHKUMAX MOXHO Pa3PELIUTh OTHOCHTENBHO C,, ..., C, '

¢ =wlz,...,2,,2), i=2...,n+1 (58)

Kak B foka3aTeabCcTBE TEOpeMBl 4 MOKA3bIBAETCA, YTO DYHKUMH
w; — mepsbie MHTerpansl cuctembi (55). MosepxHocts w, ,\(z,,...,
z,,z) = 0 coBnanaeT ¢ JaHHOI MOBEPXHOCTLIO 2 = f(2,,...,T,), TaK
KaK OHH 00¢ COCTOAIT M3 XapaKTEPUCTHK — pelleHHii cuctemsi (55)
C HavanbHBIMK yCnoBusAMH (56), rze ¢, ., = 0. o Teopeme 6 Haiinerca

TaKas dyukuns F € C',urow,,, = F(v,,...,v,).30ecb v,,...,v, —
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He3aBHCHMbiE MepBbie WHTErpaIn cucteMbl (55) mwau (50), 310 BCE
paBHO Mo JeMMe 3 (neMMy MPHMEHATL MOXHO, W60 cucremm (50)
u (55) comsires  (45) u (46), ecnu nonoxuts 2 =2, ,b=a,, ).

[okaxeM, yro dw,, l/¢9z # 0 B Touke M. B 3r0it TOUKE Z; = T,
(i=1,... M) uscuny (58) u (56)

W (ZhgseeesZpgs2) =€ =2 = f(Z)g,.00 5 Zp)

CnenosarensHo, dw, ,,/8z =1 # 0 B Touke M. n

3amevyanue. B cnyvae, KOraa z BXOAUT TOALKO B OAMH M3 NEpPBbIX
MHTErpanos, HanpuMep, TOALKO B v, , BMECTO (54) MOXHO Hanucatb
v,(2,...,2,,2) =
=H(vl(zl,...,zn),...,v _l(a:l,...,z,,)), (59)
me HecC' — npoussonbHas (yHkuua. Paspewasn, echu Bo3-

MOXHO, 3TO ypaBHeHWe OTHOCUTeNbHO 2z, nonyyum obujee pelwexue
_ ypaBHeHua (49) B ABHOM BUAe.

I 3adayu Ona ynpaxreHuii:
[12], §20, N21167-1188, 1211, 1213, 1215, 1216.

[3_:' 3anaya Komm 1151 KBasunuHeilHOro ypaBHeHus. YtoGwl ympo-
CTUTH HOPMYIHUPOBKH, OTPAHMYHUMCS ClIy4aeM, KOraa uckoMas hyHk-
UHsl Z 3aBUCHT TOJIBKO OT ABYX MEPEMEHHBIX Z U Y.

TpeGyeTcst HaliTH MOBEPXHOCTD 2 = f(Z, ¥), YAOBIETBOPSIOLIYIO
yYpaBHEHHIO

l(z Y, z) + a2(za Y, z) = b(z, Y, z)\
U MPOXOAs1YIO YEPE3 JIHHUIO L

z=9(s), y=9,(8), z=1;(s).

228

AT



§ 26. YpasHenus ¢ YacmHbIMU NPOU3BOOHBIMU NEPBO20 NOPAGKA

IIpenmnonaraeM, YTO AaHHbIE zA
byHkumum a;, ai, b, ¥, ¥,, ¥,
npuHaanexar C".

ITonb3ysich reOMETPHYECKUM
CMBICJIOM XapaKTepPUCTUK, MOX-
HO TMpeVIOKUTh TaKoOil Crocob
MOCTPOEHUSI PpeIIeHUs] 3amayu
Kouu. Yepes Kaxnyio TOUKY JIU-
Huu L Hajgo npoBeCTH Xapakre-
puctuky. Ecim U3 3THX Xapakre-
PHCTHK COCTaBMTCA IJIaaxas To-
BepxHocTh z = f(z,y) € C!, 10
OHa M GyleT pellleHHeM 3aNnaum Puc. 31
Ko (puc. 31).

Teopema 13. flycms Ha dyee L, (8, < 8 < 8,) nuruu L
o %
o %

To20a s Hexomopodi oxpecmHocmu kaxdoi moyku dyau L, cywecmey-
em eduHcmBseHHoe peweHue 3adayu Kowu.

#0. (60)

Jfokasamenscmso. Tak Kak a;,a,,b € Cc' u af + a§ # 0, T0

yepes kaxuyio Touky (¥,(s), ¥,(s), ¥3(s)) ayrn L, npoxomur
€NMHCTBEHHAs XapaKTePHCTHKA

z=p,(t,3), y=0p,t8), z=py3). (61)

®yukuuu (61) ynosneTBopslOT cucTeMe ypaBHeHMit Buma (50)
(rae Teneps n = 2, £, = y) ¥ HAYAILHBIM YCIOBHAM

z,=a, y=a, 2z="b (62)
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1 4
(pl(O,s) ='/’1(3)’ ‘Pz(oa 3)="/’2(3), ¢3(0;3)='/’3(3)- (63)
IToBepXHOCTD, COCTOALIAS U3 TAKUX XapAKTEPUCTUK, BHIPAXAETCS
dopmynamu (61), rae ¢, <t < t,, 8, < 8 < 8,. Takum oGpa3om,
(61) ecTb mapameTpHyecKoe 3alaHHe MCKOMOI MOBEPXHOCTH.
TTokaxeM, 4To B OKpECTHOCTH MmoGo# Touku ayru L, 3ty
NOBEPXHOCTb MOXHO 3amUcaTh B Buie z = f(z,y). Ana 3toro
HaJlo pa3pelluTh MepBhle ABa ypaBHeHHsi B (61) OTHOCHTENBHO
t, 8 ¥ NOACTAaBUTL B TpeThe. DYHKIMHU @; € C! no Teopeme 1
§23. YpaBHeHus (61) ynoBieTBopsIoTCS B JI06OI TOYKE Ha ayre
L, B cuny (62). B a1oit Touke cornacHo (62) z} = a,, y; = a,,
a B cuny (63) (v,), = 915 (v,), = ¥}, MosTOMY sIKOGHaH

(‘Pl); (%)), _|% ¥
(P (#y), a, ¥

no ycnosuio (60). 3HauuT, B OKPECTHOCTH 3TOM TOYKU MO Te-
opeMe O HesBHBIX (PYyHKUMAX NepBble aBa ypaBHeHus B (61)
MOXHO pPa3pelIuTb OTHOCHTENBHO i,8 M MONYYUTb (YHKLMUM
t = t(z,y) € C', s = s(z,y) € C'. Moacrasnas ux B Tpe-
Tbe ypaBHeHMe (61), MonyyaeM MCKOMOE pelieHHe B BUIE 2 =
@, (t(z, y), 8(z, y)) € C'. CymecrsoBatue peweHus 10Ka3aHO.

Ero, e1MHCTBEHHOCTD CJIEAYET U3 TOrO, YTO JIl0Goe pele-
HHUE €CTb NMOBEPXHOCTb, COCTOSIIAS M3 XapaKTepPHUCTHK, 3HAYMT,
umeiomast Bua (61). B6nusu moGoit Toukn ayru L, byHKUMH
t(z, y), s(z, y), cM. BHILLIE, ONPENENAIOTCA OAHO3HAYHO, TOITOMY
pellieHHe 2 — TOXe. [

#0

Teomerpuyecknii cmbica ycaosus (60). Bekrop (a,, a,, b) xacaer-
Csl XapaKTepPHCTHKH, a BeKTOp (Y], ¥}, ¥3) — nuuuu L. Ycnosue (60)
O3HayaeT, YTo NMPOeKUMH (a,, a,) ¥ (Y], ) ITHX BEKTOPOB Ha IUIOC-
KOCTb Z,y He KOUIMHeapHBI. ClienoBateibHO, MPOeKUHH NUHUK L
1 NEpeceKalolIMX €€ XapaKTEPUCTHK He NODKHB KacaThCs APYT Apyra.
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§ 26. YpasHerus ¢ 4yacmHbIMU NPOU3BOOHbIMU NEPBO20 NOPAOKA

A
Npumep 6. Haittn obuee pewenue ypaBHeHus
0z 0z 2 2
2oe tUgy =% "% ~ V> (64)

a TaKke NOBepXHOCTb z = ((Z, ), YAOBNETBOPAIOUYIO 3TOMY

|
1
|
|
|
|
|
: YPaBHEHUIO U NPOXOAALLYIO Yepe3 NUHUI0
|

|

Peweuue’npunepa. Muwem B cuMMeTPU4HOA OpMe cUCTeMy ypas-
HEeHUi, ONPEAensaIoLlyI0 XapaKTepUCTUKH

dz dy dz

z y z-z2-y9y*

Haxopum He3aBucuMbie nepebie uHTerpansi (noao6GHO npumepy 5)

2, .2
Y z+z° 4y
~=¢, ———— =0 (66)

CornacHo (59), obwee pewenue ypaBHeHus (64) MOXHO Hanucatb
B BUAe -

z+2+y* [y 2.2 y
A )
me f € C' — npoussonbHas pyHKUuA.

Y1060 HaWTH NOBEPXHOCTL, NPOXOAALLYIO Yepe3 AuHKIo (65), Ha-
RO CHayana u3 ypasHetuit (65) u (66) UCKNIOYUTL 2, Y, 2 U NONY4YUTD
PaBeHCTBO, KOTOPOE MOXET COAEePKaTb TOALKO €; U C,. [ina 3Toro
MOXHO, HanpuMep, U3 ypaBHeHuit (65) Bbpa3uTb ¥ U z uyepes &
W NOACTaBUTL 3TH BbipaXeHUs B (66)

1- 1
y=1-=2, z=2z—zz; z=cl, +e
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Uckniovas T 13 nocnegHUx ABYX paBeHCTB, NONyYaeM
g=c¢+1+ ;
¢ +1
MNoacraenas ciopa BMecTo ¢, ¢, nepebie uHTerpansi (66), nocne ynpo-
WeHWik Nony4aeM UCKOMOEe peleHKe:

z=-2' -y +z+y+ (z+y>0). <

z+

3adayu ons ynpaxHeHui:
[12], §20, N21189-1210, 1212, 1214.

P>

[4.]

O HeNMHENHBIX YPAaBHEHHAX C YACTHHIMM MPOM3BOAHBIMM NEPBOro

nopsiKa ¥ METOAAX MX peweHus cM. [6], § 65; [9], rn. 9; [18], §8.

Yoapunie Bosmbl, B 3anaye Komu nis XBaswiMHEHOro ypaBHeHMs

C YaCTHEIMH TPOM3BOIHBIMK GbiBaeT, yTo pemieHne knacca C! cymectsyer
TONIBKO B HeKoTOpoit okpecTHocTH MHUK L, a B 66nbiueit o6nactn Moxer
He CYIeCTBOBATb.

_____________________________ -
| TMpumep 7. Paccmotpum 3apavy Kowm |
| |

9z 9z
| hded 7c _ = |

A 5t v 792 =0 2(0,z) = —arcig z. (67) |

b e e e = J

Pewerue npumepa. XapaKTepucTuKu YROBNETBOPAIOT CUCTEMe YpPaBHEHUM
(50), To ectb 8 panHom cnyvae t. = 1, 2! = z, 2] = 0. Noatomy
z =c,, dz/dt = z = ¢, ® = ¢,t +c,. 3HauuT, XapaKTePUCTUKK — NpaMbie
AuHUK, BROND KAaXKAOH U3 HUX 2 NOCTOAHHO — TO XK€, YTO B HAYaNbHON TOuKe
z = ¢,, t = 0 xapakrepuctuku. B 310/ Touke z = — arctg z = — arctgc,,
|z| < ®/2. Noatomy Ha Bceit xapaKTepucTHke UMeeM

z=tz-tgz, |z|<§. (68)

232



§ 26. YpasHenus ¢ 4acmHbIMu NpoU3B80O0HLIMU NEpPBo20 NOpPAOKa

Mpu niobom nocroauHom ¢ < 1 dyHkuua p(2) = tz — tg 2 MOHOTOHHO
y6biBaeT C pocToM 2, NO3TOMy ypasHeHue (68) onpepenser HenpepbiBHYIO
dyHkumio 2(¢, ) (—00 < z < 00, t < 1) — pewenue 3apauu (67). <

Ipu moboM nocrosHHoM ¢ > | dynkuma z(z) = tz — tg 2 Ha UHTep-
Banie |z] < ®/2 cHayana ybniBaeT, 3aTEM BO3DACTacT, AAjee OMSATH YOLIBAET.
B Touke z, = —arccos (t”'/?) ona MMeeT NOKaNBHEIA MMHMMYM, PaBHBI
z(z,) = —y(t), rae Y(t) = tarccos ¢"*) - vE—1, a B Touke z,=-z —
JOKaNbHBI MakcMMyM, paBHbili 2(z,) = $(t) > 0. CnenosarenbHo, mpu
mobom ¢t = const > 1 He cylecTByeT OQHO3HAYHOI HENPEepHIBHOW QYHKUMHU
2(t, z) (-0 < z < ), yaornersopsioweH paseHCTBY (68). DTO 3HAYMT, YTO
pewieHve 3anauu (67) Henb3s HeMpepHIBHO MPOO/LKUTbL HAa obnacTs ¢ > 1,
-9(t) <z < $(t).

B Hekoropbix ¢M3UYECKHX 3anayax, HaMpuMep, B 3alayax O ABHXKE-
HHH ra3oB ¢ GONBIIMMH CKOPOCTAMM, TOXE BCTPEYAIOTCSA NOXOOHKIE ABICHUSA
(HecymecTBOBaHHE HEMPEPHIBHOTO pelleHHs). B Takux clyyasx BO3HMKAIOT
pa3phBHbIE PeLIEHHS — YAAPHBIE BOJIHBI, CYLLIECTBOBAHHE KOTOPHIX MOATBEP-
XNaeTcA ONBTaMH ¥ HabmoneHusaMu. st pacueTa ABHXKEHMS YIAPHBIX BOJH
HCMONB3YIOTCA He ToNbKO AuddepeHIHANTbHBE YPABHEHHA, HO M dm:mqecxue
coo6paxeHHsi — 3aKOH COXPAHEHHS MacChl M T. IT.

MonpoGHee o pa3puBHBIX pemieHusx cM. [6], § 64; [10], rn. 8.
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